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Foreword to Earlier Series Editions 


More than a generation of German-speaking students around the world have worked 
their way to an understanding and appreciation of the power and beauty of modern 
theoretical physics — with mathematics, the most fundamental of sciences — using 
Walter Greiner’s textbooks as their guide. 

The idea of developing a coherent, complete presentation of an entire field 
of science in a series of closely related textbooks is not a new one. Many older 
physicists remember with real pleasure their sense of adventure and discovery 
as they worked their ways through the classic series by Sommerfeld, by Planck 
and by Landau and Lifshitz. From the students’ viewpoint, there are a great many 
obvious advantages to be gained through use of consistent notation, logical ordering 
of topics and coherence of presentation; beyond this, the complete coverage of 
the science provides a unique opportunity for the author to convey his personal 
enthusiasm and love for his subject. 

The present five-volume set, Theoretical Physics, is in fact only that part of 
the complete set of textbooks developed by Greiner and his students that presents 
the quantum theory. I have long urged him to make the remaining volumes on 
classical mechanics and dynamics, on electromagnetism, on nuclear and particle 
physics, and on special topics available to an English-speaking audience as well, 
and we can hope for these companion volumes covering all of theoretical physics 
some time in the future. 

What makes Greiner’s volumes of particular value to the student and professor 
alike is their completeness. Greiner avoids the all too common “it follows that ...” 
which conceals several pages of mathematical manipulation and confounds the 
student. He does not hesitate to include experimental data to illuminate or illustrate 
a theoretical point and these data, like the theoretical content, have been kept up to 
date and topical through frequent revision and expansion of the lecture notes upon 
which these volumes are based. 

Moreover, Greiner greatly increases the value of his presentation by including 
something like one hundred completely worked examples in each volume. Nothing 
is of greater importance to the student than seeing, in detail, how the theoretical 
concepts and tools under study are applied to actual problems of interest to a 
working physicist. And, finally, Greiner adds brief biographical sketches to each 
chapter covering the people responsible for the development of the theoretical ideas 
and/or the experimental data presented. It was Auguste Comte (1798-1857) in his 
Positive Philosophy who noted, “To understand a science it is necessary to know 
its history”. This is all too often forgotten in modern physics teaching and the 
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bridges that Greiner builds to the pioneering figures of our science upon whose 
work we build are welcome ones. 

Greiner’s lectures, which underlie these volumes, are internationally noted for 
their clarity, their completeness and for the effort that he has devoted to making 
physics an integral whole; his enthusiasm for his science is contagious and shines 
through almost every page. 

These volumes represent only a part of a unique and Herculean effort to make 
all of theoretical physics accessible to the interested student. Beyond that, they 
are of enormous value to the professional physicist and to all others working with 
quantum phenomena. Again and again the reader will find that, after dipping into a 
particular volume to review a specific topic, he will end up browsing, caught up by 
often fascinating new insights and developments with which he had not previously 
been familiar. 

Having used a number of Greiner’s volumes in their original German in my 
teaching and research at Yale, | welcome these new and revised English translations 
and would recommend them enthusiastically to anyone searching for a coherent 
overview of physics. 


Yale University D. Allan Bromley 
New Haven, CT, USA Henry Ford II Professor of Physics 
1989 
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Preface to the Second Edition 


The need for a second edition of our text on Quantum Electrodynamics has given us 
the opportunity to implement some corrections and amendments. We have corrected 
a number of misprints and minor errors and have supplied additional explanatory 
remarks at various places. Furthermore some new material has been included on 
the magnetic moment of the muon (in Example 5.6) and on the Lamb shift (in 
Example 5.8). Finally, we have added the new Example 3.17 which explains the 
equivalent photon method. 

We thank several colleagues for helpful comments and also are grateful to Dr. 
R. Mattiello who has supervised the preparation of the second edition of the book. 
Furthermore we acknowledge the agreeable collaboration with Dr. H. J. Kélsch and 
his team at Springer-Verlag, Heidelberg. 


Frankfurt am Main, Walter Greiner 
July 1994 Joachim Reinhardt 


Preface to the First Edition 


Theoretical physics has become a many-faceted scicnce. For the young student it is 
difficult enough to cope with the overwhelming amount of new scientific material 
that has to be learned, let alone obtain an overview of the entire field, which 
ranges from mechanics through electrodynamics, quantum mechanics, field theory, 
nuclear and heavy-ion science, statistical mechanics, thermodynamics, and solid- 
state theory to elementary-particle physics. And this knowledge should be acquired 
in just 8-10 semesters, during which, in addition, a Diploma or Master’s thesis has 
to be worked on or examinations prepared for. All this can be achieved only if the 
university teachers help to introduce the student to the new discipiines as early on 
as possible, in order to create interest and excitement that in turn set free essential 
new energy. Naturally, all inessential material must simply be eliminated. 

At the Johann Wolfgang Goethe University in Frankfurt we therefore confront 
the student with theoretical physics immediately, in the first semester. Theoretical 
Mechanics | and 11, Electrodynamics, and Quantum Mechanics | — An Introduction 
are the basic courses during the first two years. These lectures are supplemented 
with many mathematical explanations and much support material. After the fourth 
semester of studies, graduate work begins, and Quantum Mechanics II — Symme- 
tries, Statistical Mechanics and Thermodynamics, Relativistic Quantum Mechanics, 
Quantum Electrodynamics, the Gauge Theory of Weak Interactions, and Quantum 
Chromodynamics are obligatory. Apart from these a number of supplementary 
courses on special topics are offered, such as Hydrodynamics, Classical Field The- 
ory, Special and General Relativity, Many-Body Theories, Nuclear Models, Mod- 
els of Elementary Particles, and Solid-State Theory. Some of them, for example 
the two-semester courses Theoretical Nuclear Physics or Theoretical Solid-State 
Physics, are also obligatory. 

This volume of lectures deals with the subject of Quantum Electrodynamics. 
We have tried to present the subject in a manner which is both interesting to the 
student and easily accessible. The main text is therefore accompanied by many 
exercises and examples which have been worked out in great detail. This should 
make the book useful also for students wishing to study the subject on their own. 

When lecturing on the topic of quantum electrodynamics, one has to choose 
between two approaches which are quite distinct. The first is based on the general 
methods of quantum field theory. Using classical Lagrangian field theory as a 
starting point one introduces noncommuting field operators, builds up the Fock 
space to describe systems of particles, and introduces techniques to construct and 
evaluate the scattering matrix and other physical observables. This program can 
be realized either by the method of canonical quantization or by the use of path 
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integrals. The theory of quantum electrodynamics in this context emerges just as a 
particular example of the general formalism. In the present volume, however, we do 
not follow this general but lengthy path; rather we use a “short cut” which arrives 
at the same results with less effort, and which has the advantage of great intuitive 
appeal. This is the propagator formalism, which was introduced by R.P. Feynman 
(and, less well known, by E.C.G. Stiickelberg) and makes heavy use of Green’s 
functions to describe the propagation of electrons and photons in space-time. 

It is clear that the student of physics has to be familiar with both approaches 
to quantum electrodynamics. (In the German edition of these lectures a special 
volume is dedicated to the subject of field quantization.) However, to gain quick 
access to the fascinating properties and processes of quantum electrodynamics and 
to its calculational techniques the use of the propagator formalism is ideal. 

The first chapter of this volume contains an introduction to nonrelativistic prop- 
agator theory and the use of Green’s functions in physics. In the second chapter 
this is generalized to the relativistic case, introducing the Stiickelberg—Feynman 
propagator for electrons and positrons. This is the basic tool used to develop per- 
turbative QED. The third chapter, which constitutes the largest part of the book, 
contains applications of the relativistic propagator formalism. These range from 
simple Coulomb scattering of electrons, scattering off extended nuclei (Rosen- 
bluth’s formula) to electron—electron (Moller) and electron—positron (Bhabha) scat- 
tering. Also, processes involving the emission or absorption of photons are treated, 
for instance, Compton scattering, bremsstrahlung, and electron—positron pair anni- 
hilation. The brief fourth chapter gives a summary of the Feynman rules, together 
with some notes on units of measurement in electrodynamics and the choice of 
gauges. 

Chapter 5 contains an elementary discussion of renormalization, exemplified by 
the calculation of the lowest-order loop graphs of vacuum polarization, self-energy, 
and the vertex correction. This leads to a calculation of the anomalous magnetic 
moment of the electron and of the Lamb shift. In Chap. 6 the Bethe-Salpeter 
equation is introduced, which describes the relativistic two-particle system. 

Chapter 7 should make the reader familiar with the subject of quantum electro- 
dynamics of strong fields, which has received much interest in the last two decades. 
The subject of supercritical electron states and the decay of the neutral vacuum is 
treated in some detail, addressing both the mathematical description and the phys- 
ical implications. Finally, in the last chapter, the theory of perturbative quantum 
electrodynamics is extended to the treatment of spinless charged bosons. 

An appendix contains some guides to the literature, giving references both to 
books which contain more details on quantum electrodynamics and to modern 
treatises on quantum field theory which supplement our presentation. We should 
mention that in preparing the first chapters of our lectures we have relied heavily 
on the textbook Relativistic Quantum Mechanics by J.D. Bjorken and S.D. Drell 
(McGraw-Hill, New York 1964). 

We enjoyed the help of several students and collaborators, in particular Jiirgen 
Augustin, Volker Blum, Christian Borchert, Snjezana Butorac, Christian Der- 
reth, Bruno Ehrnsperger, Klaus Geiger, Mathias Grabiak, Oliver Graf, Carsten 
Greiner, Kordt Griepenkerl, Christoph Hartnack, Cesar lonescu, André Jahns, Jens 
Konopka, Georg Peilert, Jochen Rau, Wolfgang Renner, Dirk-Hermann Rischke, 
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Jurgen Schaffner, Alexander Scherdin, Dietmar Schnabel, Thomas Schonfeld, Ste- 
fan Schramm, Eckart Stein, Mario Vidovic, and Luke Winckelmann. 

We are also grateful to Prof. A. Schafer for his advice. The preparation of 
the manuscript was supervised by Dr. Béla Waldhauser and Dipl. Phys. Raffaele 
Mattiello, to whom we owe special thanks. The figures were drawn by Mrs. A. 
Steidl. 


The English manuscript was copy-edited by Mark Seymour of Springer-Verlag. 


Frankfurt am Main, Walter Greiner 
March 1992 Joachim Reinhardt 
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1. Propagators and Scattering Theory 


1.1 Introduction 


In this course we will deal with quantum electrodynamics (QED), which is one of 
the most successful and most accurate theories known in physics. QED is the quan- 
tum field theory of electrons and positrons (the electron—positron field) and pho- 
tons (the electromagnetic or radiation field). The theory also applies to the known 
heavy leptons (yz: and 7) and, in general, can be used to describe the electromag- 
netic interaction of other charged elementary particles. However, these particles 
are also subject to nonelectromagnetic forces, i.e. the strong and the weak interac- 
tions. Strongly interacting particles (hadrons) are found to be composed of other 
particles, the quarks, so that new degrees of freedom become important (colour, 
flavour). It is believed that on this level the strong and weak interactions can be de- 
scribed by “non-Abelian” gauge theories modelled on QED, which is the prototype 
of an “Abelian” gauge theory. These are the theories of quantum chromodynam- 
ics (QCD) for the strong interaction and quantum flavourdynamics for the weak 
interaction. In this course we will concentrate purely on the theory of QED in its 
original form. Quantum electrodynamics not only is the archetype for all modern 
field theories, but it also is of great importance in its own right since it provides 
the theoretical foundation for atomic physics. 

There are two approaches to QED. The more formal one relies on a general 
apparatus for the quantization of wave fields; the other, more illustrative, way 
originates from Stiickelberg and Feynman, and uses the propagator formalism. 
Nowadays a student of physics has to know both, but it is better, both in terms of 
the physics and teaching, if it is obvious at an early stage why a formalism was 
developed and to what it can be applied. Almost everyone is keen to see as early 
as possible how different processes are actually calculated. Feynman’s propagator 
formalism is the best way to achieve this. Conscqucntly, it will be central to these 
lectures. References to the less intuitive but morc systematic treatment of QED 
based on the formalism of quantum field theory are given in the appendix. 

For the moment we turn to a more general discussion of scattering processes. 
The aim here is to calculate transition probabilities and scattering cross sections 
in the framework of Dirac’s theory of electrons and positrons. These calculations 
will be exact in principle; practically, however, they will be carried out using 
perturbation theory, that is an expansion in terms of small interaction parameters. 
Because we have to describe the creation and annihilation processes of electron— 
positron pairs, the formalism has to be relativistic from the beginning. 

In Feynman’s propagator method, scattering processes are described by means 
of integral equations. The guiding idea is, that positrons are to be interpreted as 
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Fig. 1.1. Schematic represen- 
tation of an experimental ar- 
rangement to measure a scat- 
tering process. Collimators D 
ensure that, at the position 
of the detector no interfer- 
ence occurs between incom- 
ing and scattered waves 


electrons with negative energy which move in the reverse time direction. This 
idea was first formulated by E.C.G. Stueckelberg and was used extensively by 
R.Feynman.!Feynman was rewarded with the Nobel price for his formulation of 
quantum electrodynamics, together with J. Schwinger and S. Tomonaga in 1965. 
The latter gave alternative formulations of QED, that are mutually equivalent. In the 
following we want to convince ourselves of the power of Feynman’s formulation 
of the theory. The more or less heuristic rules obtained in this way fully agrce 
with the results that can be obtained with much more effort using the method of 
quantum field theory. 


1.2 The Nonrelativistic Propagator 


First it is useful to remember the definition of Green’s functions in nonrelativistic 
quantum mechanics. The concepts and methods to be acquired here are then easily 
transferred to relativistic quantum mechanics. 

We shall mainly consider quantum-mechanical scattering processes in three di- 
mensions, where one particle collides with a fixed force field or with another par- 
ticle. A scattering process develops according to the scheme outlined in Fig. 1.1. 
In practice, one arranges by means of collimators D that the incoming particles are 
focussed in a well-defined beam. Such a collimated beam is in general not a wave, 
which extends to infinity, e.g. of the form exp(ikz), but a superposition of many 
plane waves with adjacent wave vectors k, i.e. a wave packet. Nevertheless, in the 
stationary formulation of scattering theory for simplicity one often represents the 
incoming wave packet by a plane wave. Then one has only to ensure that inter- 
ference between the incoming wave packet and the scattered wave is impossible 
at the position of the detector which is far removed from the scattering centre. If 
plane waves are used in calculations, therefore one has to exclude this interference 
explicitly.* 


incoming wave 


> 


scattering centre 
scattering wave 


Fil 


SOUICE 


' See for example R.P. Feynman: Phys. Rev. 76, 749 (1949). 

* For a more detailed discussion of the wave-packet description see for example M.L. 
Goldberger and K.M. Watson: Collision Theory (Wiley, New York 1964), Chap.3, or 
cS Pa Scattering Theory of Waves and Particles (McGraw-Hill, New York 1966), 
Chap 6. 


1.3 Green’s Function and Propagator 


In scattering processes we consider wave packets, which develop in time from 
initial conditions, which were fixed in the distant past. So in general, one does not 
consider stationary eigenstates of energy (i.e. stationary waves). A typical question 
for a scattering problem is thcn: What happens to a wave packet that represents 
a particle in the distant past and approaches a centre of scattering (a potential or 
another particle)? What does this wave look like in the distant future? 

Here the generalized Huygens principle helps us to answer these questions. If 
a wave function 7(a, 7) is known at a certain time ¢, then its shape at a later time 
t’ can be deduced by regarding every spatial point 2 at time ¢ as a source of a 
spherical wave that emerges from a. It is plausible to assume that the intensity of 
the wave, which emerges from x and arrives at x’ at time ¢’, is proportional to the 
initial exciting wave amplitude ~(a,t). Let us call the constant of proportionality 


1G ery, (1.1) 


The generalized Huygens principle can thus be expressed in the following terms: 
(a, t') = i fas G(x',t';2,0Wae,t) , >t . Ge) 


Here v(x’, t’) is the wave that arrives at x’ at time t’. The quantity G(@’,’; x, f) 
is known as the Green's function or propagator. It describes the effect of the wave 
u(x,t), which was at point x in the past (at time t < t’), on the wave ~(a",t’), 
which is at point a’ at the later time ¢’. If the Green’s function G(a’,t’; x,t) is 
known, the final physical state 7)(a’,t’), which develops from a given initial state 
w(w,t), can be calculated using (1.2). Knowing G therefore solves the complete 
scattering problem. Or, in other words: Knowing G is equivalent to the complete 
solution of Schrédinger’s equation. First, however, we want to gain some mathe- 
matical insight and discuss the various ways of defining Green’s functions. 


1.3 Green’s Function and Propagator 


To explain the mathematical concepts it is best to start with Schrédinger’s equation, 


nO) = Aa,t) = (Ao + V(a,0) ve), 
ot (1.3) 
: i 
Ay 2 = ; 


which describes the interaction of a particle of mass m with a potential source fixed 
in space. If we replace m by the reduced mass jt = mym/(m, +m), (1.3) remains 
valid for the (nonrelativistic) two-body problem. The differential equation (1.3) is 
of first order in time, i.e., there are no higher-order time derivatives. Therefore, 
the first derivative with respect to time, O(a, t)/Ot, can always be expressed by 
u(x,t), which is obviously the meaning of (1.3). From this, in turn, it follows 
that, if the value of (a, f) is known at one certain time (e.g. fo) and at all spatial 
points @, i.e. if (a, fo) 1s known, one can calculate the wave function W(a, t) at 
any point and any times (at earlier times (t < to) as well as at later times (¢ > ¢o)). 
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O(r) 


T 


Fig. 1.2. The unit step func- 
tion 


Furthermore, since Schrédinger’s equation is linear in 7, the superposition principle 
is valid, i.e. solutions can be linearly superposed and the relation between wave 
functions at different times (w(a, 74) and (a, fo)) has to be linear. This means that 
w(x,t) has to satisfy a linear homogenous integral equation of the form 


ieee / Pui fon lea) (1.4) 


where the integration extends over the whole space. This relation also defines the 
function G, which is called the Green’s function corresponding to the Hamiltonian 
Be Vi is important to note that relation (1.4) — in contrast to (1.2) — makes no 
difference between a propagation of 7 forward in time (t’ > t) or backward in 
time (¢’ < t). However, in most cases it is desirable to distinguish clearly between 
these two cases. For forward propagation one therefore defines the retarded Green’s 


function or propagator by 


ai de / 
Gt (a, t,t See ele i Say 15 
Ce ay 0 Woe Chey 


It is now useful to introduce the step function O(7) (Fig. 1.2): 


a £4 for a0 

alee ai fOr 0 Cs 
With this the causal evolution of w(a’, t’) from w(x, t), with t’ > f, can be formu- 
lated as follows: 


Ot’ — d(x’) = 1 [ox Gr(a',t';a,pw(a,t) . la 


For tf’ < ¢ this relation is trivial because of (1.5) and (1.6), which together give 
0 = 0, and for t’ > ¢ it is identical with (1.4). Equation (1.7) ensures that the 
original wave packet 7(a,t) develops into a later W(x’, t’) with ¢’ > t. Hence 
there exists a causal connection between 1(a’, ¢’) and (x,t). We will return to 
this question in Sect. 1.6 and Exercise 1.1. If onc wants to describe the evolution 
backwards in time, it is useful to introduce the advanced Green's function G~: 


i ho / 
G~(a', t's, es ie oe fOr of ag 
e Bo) 0 ojo ee, a) 


Then the determination of the former wave packet ~(x’, t’) from the present one 
w(x,t), with t’ < t, proceeds according to the relation 


OG vce == pes CEE aR INGE) (1.9) 


which is again trivial for t’ > ¢ because of (1.6) and (1.8) and is identical with 
(ILA) for 17. 
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1.1 Properties of G 


Problem. Show the validity of the following relations: 
yell > ty) ar: 


Gel ta)=i fPaGt el tia,nG*ernie.0 
it toy < e: 

(ON GO Be 1) $i fadG-@'s 121m) O-ania,s) ; 
Chere Sie 

LG = ie) = [once name enna) ; 
dyit t= fy: 


F(a —2')= [enc @nanmer@rne,9 


Solution. a) The first two assertions (a) and (b) are readily understood because of 
relations (1.7) and (1.9), respectively. If we consider the propagation of an arbitrary 
wave packet 7(a, f) into the future, we are able to conclude that 


pa!,t!) = / dx G+(a!,1';a, (yt) (1) 


if t’ > t. W(a, t) can be chosen at any arbitrary time ¢. Thus we can also insert an 
intermediate step: 


UGE) == jf Pata! e521 0 vert) 
=i farncrea' tian f ds Gui oe) 
=i fasi [nore tsa, nse. 0van @) 


If we compare relations (1) and (2), assertion (a) follows. 
b) The proof of case (b) proceeds along similar lines: 


(a, t’) = =i / dx G(x, t's, Ua, 1) Q) 


if t’ < +t. Again we insert an intermediate step: 


Exercise 1.1. 
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b(a’, t') = <i f PG! Harney) 
= “i [nor @'tse1,ny-9 fas CUZ eel) 


= “i f dx (<i) [G7 a' 121,00 132, 9¥@0 (4) 


if t'! < t; <¢t . Comparing relations (3) and (4) assertion (b) follows. 
c) The proof of relations (c) and (d) proceeds similarly. We first write 


v(a’, t) =i f PG Ca’, nyH(e,t) 
=i fanart’ ie,,ny-i [dx G ite eevee) 
= / By il Px Gt (a!, 1:21, t1)G~ (aw, 3, tC, t) (5) 


if ¢ > t, . For a constant time ¢, v(a@,t) can be expressed with the help of the 6 
function as 


Ve oe / Peoies alee ey (6 


The comparison of relations (5) and (6) yields assertion (c). 
d) The proof of (c) can be exactly copied 


NS =i / oe ae, Cane 


= [es fence, ES ei ti)Gt (x1, HS 8B, twv(z, t) (7) 
if ¢ < 4 . Comparing (7) with the integral representation (6) proves (d). 
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Now we aim for a formal definition of the Green’s function. To this end we still 
want to proceed in a physical, illustrative manner to ensure that the propagator 
method is understood. Since the motion of a free particle is completely known, 
the free Green's function Go(x’, t'; x,t) can be explicitly constructed (see Exam- 
ple 1.3). However, if we switch on a potential V (x,t), then Go is modified to 
G(a’, t’; x,t) and the question arises how the Green’s function G (including the 
interaction) is calculated from the free Green’s function Go. 

To answer this we assume that the interaction potential V (a, t) acts at time ¢; 
for a short time interval Af. The potential during this interval is then V (ay, ty). 
For times preceeding t; the wave function is that of a free particle, ic. for t < ty 
the particle propagates according to the free propagator Go. At ¢ = fh, V (x,t) 
acts, and a scattered wave is created, which can be calculated from Schrédinger’s 
equation 
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ae eee t—‘_il 
pee, “ 
(in 2. as fn P(@1,0) = Vai, yper,n) (1.10) 


As already mentioned, V (a, f,) acts only during the time interval At;. We denote 
the resulting wave with the help of the free wave ¢ as 


0(@1,0) = 6(@1,4)+ Av(ai,t) , (1.11) 


where @ solves the free Schrédinger equation 
Oe os 
ine — Ho Oni) —0 (1.12) 
q 


and where the scattered wave Ay)(x ,t) is zero for t < f. Inserting (1.11) into 
(1.10) and taking into account (1.12), we find 


Cae) - 
(ins - fi) Ap(a@i, t1) = V (x1, 1) (21, 1) + AY(@1, 4) Cay) 


and, neglecting the small term V Aw on the right-hand side, 


Ga zs fy) Aebiicagc tt) Sn GED (1.14) 


This differential equation can be integrated in the time interval t; to ft; + At). 
Taking into account that Ar(ax), t;) = 0 we get 


y+tAn 
ihAd(ax1, ty + At)) = / dt' (Ho Av(ar,t') + V (x1, tbat’). (1.15) 


The first term on the right-hand side is of second order with respect to the small 
quantities Ay and Ar). Then in first-order accuracy the scattered wave is given by 


Avert + An) = FV (er ny6@rndn (1.16) 


Since the potential V (a), t,) is assumed to vanish after the time interval Af), the 
scattered wave propagates according to the free propagator Go too, and we obtain 
at the later time ¢’ > ft 


Age ie ) = i f ax Go(a’, t'3 21, 4) AW(a1, ft) 
] 
= f sx Gola’, 5 21,4) eV (a1, 1) O(a, A) An ‘ (1.17) 


Here we have replaced ¢, + At, by 4 which is justified in the limit of infinites- 
imal time intervals. Note that ¢(21,%,) is the wave that arrives at space-time 
point (a, t;) before it is scattered at the potential V (a1, t1). Then the potential 
V (x1, t)) acts for a short time period Ar. It modifies the incoming wave to 
1/RV (a1, t1)0(a1, t1)At; and this “perturbed” wave propagates freely, described 
by the propagator Go(x’, t’; x,t) from (a1, 1) to (x’, t’). The total wave »)(a’, t’), 
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(a) (x',t') 


Go(a',t'; x, t) 


(x,t) 


th (d) (x', t') 
(x2, t2) 


(Big tn) 
(a, ) 


x 


Fig. 1.3a—d. Graphs illustrat- 
ing scattering processes. (a) 
describes the free motion 
(propagation) of a particle 
from space-time point (a, t) 
to (w’, t’). In (b) the particle 
moves from (a, f) to (a’,t’) 
too, but is scattered once at 
the intermediate point by po- 
tential V(a1,t1). Graph (c) 
shows the same as graph 
(b), but the scattering now 
takes place at (2, f2) instead 
of (a, %). Finally, (d) rep- 
resents a double scattering 
event at (@, f,) and (@2, fh) 


which originatcs from an arbitrary wave packet ¢ in the distant past by scattering 
once at the potential V (a, ¢,) during the time period Af, is then given by 


wa .¢)=o@ tl) ave 7) 
I 
= $(a’,t’) + fax Gola! 15 a1, ti) > V (ar, ty h(a, At 


= i f as (Gola s2,) 


] 
a [asian Gola! 1°; a1, ti) V (a1, th) Go(@1, 11; 2, t)) d(x, t) 
(1.18) 


Comparing this with (1.2) or (1.4) we can identify the expression in brackets as 
the propagator G(a’, t'; x, f): 


Gr fat) = ence ae) 


1 
+ fas At Gola! 15 a1, 4) V (1, t)Go(@1, 5,4) - (1.19) 


Now we have achieved our goal of calculating the propagator G from the free 
propagator Gg — at least for the simple case of an interaction V (a, t,), which 
is turned on only during the short time interval At,. The various terms in (1.19) 
can be illustrated in space-time diagrams, as in Fig. 1.3. The first term of (1.19) 
corresponds to the free propagation of the wave packet from space-time point (a, ft) 
to (x’, t'). This is represented Fig. 1.3a. The second term in (1.19) describes the free 
propagation from space-time point (a, ft) to (a, t)). Here the particle is scattered 
at the potential VY (a), ¢,) during the time interval Azt,. Afterwards it propagates 
again freely to space-time point (a’, t’). This proccss is illustrated in Fig. 1.3b. 

If we switch on a second potential (a2, /2) at time f) > ¢, for a time interval 
At, then an additional scattering wave is created, whose contribution A7y)(a’, t') to 
the total wave 1(a’, t’) at time t’ > t) can immediately be written down according 
to Cas 


Arp(x') = [ax Go(x'5x2)V (x2) Pra) At 
= j / d°x d>x2 AtyGo(x'3x2)V (2) 


x (cotsais) + fax Ati Gilsais) (100633) ) Ox) 20} 


From (1.18) we have substituted the scattering wave y(2), which arrives at space— 
time point (a2, f2). In addition we have introduced the obvious abbreviations 


(w, ft) =x ) 


FV (ttt) = V(x) (1.21) 


Note that we have absorbed the factor 1//. in the potential, since the two always 
appear together according to (1.16). The first term in (1.20), which is proportional 
to Go(x'; x2)V (x2)Go2: x) P(x), represents a single scattering event at space-time 
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point 2 and is illustrated in Fig. 1.3c. The second term in (1.20) is proportional to 
Go(x'3 x2) V (X2) Go(x2; x1) V 1) Goa x) OQ) 


and represents a double scattering event at the potential at space-time points x; 
and x2. This process is illustrated in Fig. 1.34. 

Now the total wave, which arrives at space-time point (a’, t’) after free prop- 
agation and single plus double scattering, is simply the sum of the partial waves 
(1.18) (this is the wave originating from free propagation and single scattering at 
(x1,t1)) and (1.20) (this is the wave originating from single scattering at (22, t2) 
as well as double scattering at (2),f,) and (a, f)). This yields 


bee!) = de") + i dn, Ay Golem V doe) 
Z / 3 xy AtyGo(x!sxa)V (x2)6000) 
+ [ex At) d? x2 Ato Go(x'3 x2) V (x2)Go(x23 x1) V 1) O01) . e22) 


If we now switch on the potential V at n times ft) <2 <p <... <Tn for time 
intervals At,, At,..., then (1.22) must obviously be generalized to yield 


bx’) = o@') + by ie At; Go(x's xi)V (xi) OC) 


of S; d?x; At; d>x; At; Go(x'sxi)V (4) Gomis x) V Oj) OR) 
Eso 

+ bs dx; At; dx; a Ge At, Go(x's xi) V i) 
ii >h >t 

x Golxis xi )V (j) Golxj sxe) V Oi) OOK) 

diene, 4” (1.23) 


Note that one integrates over three-dimensional spatial coordinates in (1.22) 
and (1.23), e.g. fd°x;. The summation runs over a grid of time values 4, 
31, f d3x; At; = D0; Ati f d?x;. This is used in the following, when we take the 
limit At; — 0 and n — co so that 5°; dex, At; becomes a four-dimensional 
volume integral Widens If we express A(x’) and ¢(x;) in (1.23) by 


He) =i / Px Gorda) 
Ley=) / dx Galesx)bG.) (1.24) 


we finally get 
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VO") =i / ax Go +50 / dx; At; Go(x'; x; V (%;)Go(xi3 x) 
i 


+ DD | Bx, Ag dx; Ay Go's )V (:)Golersy)V (Goa), x) 
Li >G 


+ SS pas At; d>x; AG d>x, At, Go(x'3x;)V 0) 


iy i > >y 
x Gomis VV %j)Go(xj 3 x )V Xe )Go(xe; x) +... ee.) 
=I / d*x G(x’; x)b(x) (1.25) 


The complete expression for the Green’s function G(x’,x) including interactions 
results by comparing (1.25) with (1 .2) or (1.4). Expanded in terms of the free Green 
function Go(x’;x) the full Green’s function reads 


GCs) = Cole's) +S) faa An Gole'sx)V ()Gdle152) 


++ SS d*x, At; dx; Ay Go's )V (i) Gols x; V (&j)Go(xj,x) 
iyi >y 

+P 3 pax At; d>x; At; d?x, At Go(x’;x:)V ;) 
iV kits >G >ty 


x Go(x 3.x; )V (x) x Goa XK)V 4 )GoXy3.x) +... : (1.26) 


We have been careful to respect strict time ordering in the preceding expression. 
However it is possible to get rid of the constraints for the multiple sums if we 
introduce the retarded Green’s function Gt (x’;x) (see (1 .5)), Which fulfills 


0 for 7 <7 


Gi (a’, t's: x,t) = 
VCE ety Goleta for aes a 


| 2 
0 ore ( ) 


Gt(e', txt) = 
Ge rt) Ga i eon ey oe 


Furthermore, in the continuum limit At; — 0 etc., we can replace the sums over 
time intervals in (1.25) and (1.26) by time integrals fdt.... This leads to the 
following series expansion for the retarded interacting Green’s function 


GT (x'3x) = Gulee aes fan Go Sx V Gt Osx) 
+ fats da Gy 21) (Go Ors x2)V (2)G (9; x) 
eal: (1.28) 
where we used the abbreviation 


d*x = d3x dt = d3x dx (1.29) 
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In (1.28) the Green’s function G with interaction is expanded as a series of mul- 
tiple scattering events, where the propagation between single scattering events is 
determined by the free Green’s function Go. This multiple scattering series will 
be assumed to converge. We have also ignored complications arising from the 
possibility of bound states in the potential V. 

It is possible to write down a closed expression for the interacting Green’s 
function. This is achieved by formally summing the series (1.28) which leads to 


CC) = Gretsxy + f ats Gale) VAC G na (1.30) 


This is an integral equation for G*. It is often called the Lippmann—Schwinger 
equation. As can be seen immediately, the multiple scattering series (1.28) can be 
generated by iterating the integral equation (1.30). Similarly the series (1.25) for 
the wave function W(x’) can be summed, resulting in 


wee) = tim i fax e's 9e) 


[f= ~—12-9) 


= lim i / d°x (at's) / an, Gi el.) VG" 9) d(x) 
= d(x’)+ tim, f ats Girelmveayi fas G*(x13x)0(X) 
= oy [dimage' nV enven (1.31) 


scattered wave 


This is an integral equation for y(x'). One should realize that up to now nothing 1s 
solved, since one has to integrate over a still-unknown wave function 7. However, 
in some sense the integral equations (1.30, 1.31) are more useful than the original 
differential equation (1.3). They allow a systematic approximation in the case of 
weak perturbations (that is a small perturbation potential V). Moreover, one can 
easily impose the correct boundary conditions (cf. the discussion in Sect. 1.5). 

It should be noted that not only GaGa) vanishes for t’ < t, but also 
Gt(x';x). This property of the retarded Green’s functions expresses the princi- 
ple of causality in an elementary way through (1.31) and (1.25). For example, the 
expansion (1.26) means that an interaction with the potential V at time ¢, can influ- 
ence additional scattering interactions only if these occur later in time (t < t,t). 

Let us return to the scattering expansion (1 .28). If the infinite series is truncated 
after a finite number of terms (1.28) allows us to calculate Gt as a functional of 
V and Go. Given Gt one can immediately solve the initial value problem. ie 
wave function (x’, t’) is obtained by a simple integration according to (1.31) if 
it is known at some former point in time. 
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Fig.1.4. The scattering of 
two particles: the interaction 
Increases as they approach 
each other and decreases as 
they depart 
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1.5 Application to Scattering Problems 


Let us consider a scattering problem. We know the incoming wave packet ¢(z, t); 
it describes a particle in the distant past moving towards the scattering centre. We 
want to construct the wave that originates from the interaction with the potential 
V(a,t), as it looks in the distant future. We idealize the scattering problem by 
assuming that no interaction is present at the initial time, i.e. 


V(@,t)-0 for t+-oo , 


the initial wave ¢ is therefore a solution of the Schrédinger equation for free 
particles, which fulfills certain initial conditions.2 The exact wave (x,t) then 
approaches the incoming wave ¢(z, ft) in the limit t + —oo: 


lim (a,t)=(a,t) . (1.32) 
L—2=6S) 
In the distant future the exact wave WH is, according to (1.25, 1.31) given by 
pa’, t') = jimi i dx G*(a',t'; @, d(z, t) 
== 65 


= 40) + fata Gte'mvonwGn) (1.33) 
- 


scattered wave 


The y)(x;) appearing in this equation is the exact wave that originates from the 
initial wave packets (1.32). The superscript (+) over 7 is meant to express the fact 
that we are dealing with a wave which propagates into the future. As has already 
been mentioned the second term in (1.33) represents the scattered wave. It includes 
all single and multiple scattering events. Now we assume that the potential V (a, t) 
vanishes after a certain time, i.e. 


jim Ve@et)=0 (1.34) 


If the interaction potential has a short range this condition will be met: Consider for 
example the mutual scattering of two particles, where the interaction increases from 
zero during their approach and decreases to zero when they depart (Fig. 1.4). If 
this condition is not fulfilled one may take recourse to the prescription of adiabatic 


> The so-defined adiabatic approximation assumes that the solutions of Schrédinger’s equa- 
tion can be approximated by the stationary eigenfunctions of the instantaneous Hamil- 
tonian, so that a certain eigenfunction at time f transforms continuously into the corre- 
sponding eigenfunction at a later time. If we can solve the equation 


1 (t)On(t) = En(t)on(t) 


at any time, then we expect that a system that assumes a discrete non-degenerate state 
dm(t) with energy E,,(0) at time t = 0 will be in the state ¢,,(¢) with energy E,,(t) at 
time ¢, provided that H(t) varies slowly with time. However, this means that switching 
on or off H(t) cannot cause excitations to other States dx(t)(k # m)! The validity of 
the adiabatic approximation can be readily checked: if the typical excitation energies of 
a system are given by AE & E,, — Ex, then the corresponding time scale is of the order 
At = h/AE. The switch-on time must be large compared to At! 
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switching. This means that the potential is forced to vanish asymptotically, e.g. by 
replacing 


Vix,t) 3 ely, 


The cutoff parameter \ has to be chosen small enough that the switching does not 
introduce spurious transient excitations. 

We are now able to consider the exact wave 1)'+)(a’, t’) in the distant future, i.e. 
in the limit t’ > oo. All information about the scattered wave can be summarized 
in the probability amplitudes. Their squares express the probability that a particle 
from a given, free, initial state ¢; will be scattered into various final states dy in 
the limit t’ —> --oo. Since the potential is assumed to vanish for t + —co as well 
as for tf — +oo, we can consider the ¢’s as plane waves. 


l Q i / 
O@.t)= eam [i¢ky a’ —uyt')| 3s 


The plane wave (1.35) is subjected to the continuum normalization (or 6-function 
normalization). Alternatively one may use the box normalization, where the particle 
is confined to a box of volume V’. Then the momentum variable becomes discretised 
and one has to replace 


l l 
\/ (27h) “ VV 


Dirac’s 6 function 6°(ky — k;) is then replaced by Kronecker’s delta 


& - Dior kp = k; 
Eee On tor ky hi 


(1.36) 


The probability amplitudes are elements of Heisenberg’s scattering matrix or S- 
matrix* 
Sp = jim (d(2',1)YP@')) 
t'-oo \" 
= lim | d?x'df(a’, i (@’,t’) 


t!—0o 


I 


lim lim i farxids | of@! 0G"! tsa nbi(e.0 


OO aa OO 


lim | d°x' df (a, 0’) (oie t')+ if a Gh eV Nea, ») 
t!+0o 


I 


Il 


& (ky — ki) + lim / dx! d'xot(a! ,t)GE (a! tsa, DV (@, NY P@, 1) - 
‘ t!—0o 
aa) 


te is the solution (1.33) of the wave equation, which develops from the plane 
wave that emerges at f — —oo and carries momentum k; during the scattering 
process. The limit ¢ + +00 always means 


4 W. Heisenberg: Zeitschrift f. Naturforschung 1, 608 (1946), see also C. Moller: Kgl. 
Danske Videnskab Selskab, Mat.-Fys. Medd. 23, 1 (1948) and J.A. Wheeler: Phys. Rev. 
52, 1107 (1937). 
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t — large finite time T  , 


at which the particles cease to interact. Typical times are, for example, the collision 
time or the production or detection time for particles. 

Finally, if we insert ~);* from the iterated solution (1.33), we get an expansion 
of the S matrix in terms of multiple scattering events, namely 


Sa = 6 (ky — k,) + lim paras bj (a',t')Gs (a, t's a, t)V (a, t1)¢;(z, t) 
: t! 00 


+ lim if dnd adie (a) 
t!/—00 
x Go (a, 05 01,4) V (a1, Gt (wr, ty 2, t)V (a, t)b; (a, t) 


eS. (1.38) 


The first term (the 6 function) does not describe scattering but characterizes the 
particle flux without scattering. The second term represents single scattering, the 
third term double scattering, etc. Some of these contributions to the S’ matrix 
are illustrated in Fig. 1.3: they are coherently summed to give the total S matrix 
element. 

One can obtain alternative expressions for the S matrix if one starts in a sim- 
ilar way to the above procedure, from the advanced Green’s functions G) and 
G~, cf. (1.8) and (1.9). For example, the state @y(x,t) corresponds to that wave 
function a t), which becomes ¢,(a, t) in the distant future (¢ — oo) after the 
interaction V (x,t) has vanished 


jim YP@D) = oa,n) (1.39) 


Starting from (1.9) we can formulate this boundary condition precisely (now the 
primed (a’, ¢’) and unprimed (sx, t) are exchanged): 


Of (ar, t) = jim a i PxG- (a, t;a',t\b/(x',t') (1.40) 


We expect the S matrix element for the transition 7 —> f, i.e. Sp, to be given by 
the scalar products of Le t) and $;(x,t), calculated at a time ¢ in the distant 


past ( lim I 


Si 


jim (Ye, 1)| Gua, ‘)) 


lim lim iff axa’s' Gene! $F@",ybi(0,0) ee a) 


f+—00 t/ 400 


The equivalence with the previous definition of the S-matrix is indeed immediately 
proved by means of the relation 


Gt(a',t'; x,t) = Gree) (1.42) 


(see Exercise 1.2), since then (1.41) becomes 
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Sa im) lim i ff @aa?s'o* a's t's 0, )0p@" tule, 0 


t——00 t!+00 


Jim (o's YM) (1.43) 


which agrees with the first line of (1.37). Here it is of crucial importance that the 
potential is real, which was used in the derivation of Exercise 1.2. The fact that 
(1.41) does not equal (1.37) for a complex potential V is easily understood phys- 
ically, since an absorptive potential (having a negative imaginary part of V (a, ¢)) 
causes a reduction in the probability of finding the particle in a certain state. This 
means that P(x’, t)|? for t’ + oo is in general smaller than |¢;(a, ‘|? for 
t — —oo, where ¢; is the state from which yO originates. On the other hand, 
oe t)|? for t + —oo is in general larger than \dp(a’, t’)|? for t’ oo. Here 
éy is the state into which pa, t) changes for t + oo. Hence we expect that for 
absorptive potentials (1.41) is larger than (1.37). 

Let us finally remark that the S matrix instead of using (1.37) or (1.43) can 
also be expressed in the following symmetrical way 


G = WO@,)|YP@) (1.44) 


S, thus represents the overlap between the solutions yy? satisfying the incoming 


and Yo satisfying the outgoing boundary condition. The result is independent of 
the moment in time ¢ at which the overlap is evaluated. 


RCS SSS 


1.2 Relation Between G* and G~ 


Problem. a) Show the validity of the relation 
Cu ee (r,t, a st ) 
b) Prove the validity of (1.44). 


Solution. a) We start from the integral equation (1.30) for Gt. In complete analogy 
to its derivation from Schrédinger’s equation (cf. (1.10-19)) and considering the 
definition of G~ in (1.8) and (1.9), we find the integral equation for G~ which 
corresponds to (1.30), namely 


G(a@’,t';2,0) = Gr (al.tsa,)+ f d'nGy esx) OG Gr3) Seah 


Here the Green’s functions GT and Ga have obviously been replaced by G~ and 
Gp in contrast to (1.30). In Example 1.3 we show the validity of the relation 


Git (a! ,t'ya2,1) = Gy (e520) @) 


for the free Green’s functions. If we iterate the integral equation (1), 1.e. 


16 1. Propagators and Scattering Theory 
Exercise 1.2. GQ jx) Gag aoe pax Go (x'5x1)V 1)Gp (13x) 
+ fats d*x» Gy &'sx1)V G1)Gy 1392)V Ga)Gy asx) +--+, (3) 
it is obvious that by complex conjugation of (3) the following relation also holds: 
G-*0'sx) = GF 5x") + / dx, GE (aisx/WV (Git esx) 
+ fat dx Go (x13 x/)V (x1) Got (rs. x1V (2) Got (3x2) $ 
= Gees) +f dtey GF Os VOGe Ox" 
: i dx, d*xy Gy (x5 x2)V a) Go Gas x)V GS Ganx eee 


=—C (a ee (4) 


We have assumed here, that the potential V is real: V(x) = V*(x). This proves 
the validity of the assumption. 

b) The claimed expression for the S matrix element can be expressed in terms 
of the advanced and retarded propagators as follows 


S= fexl lim i f a°x'G-*(@, 152", Nej(a!,1)) 


t!—++00 
x t, lim if @x"G*(@, 1520", 6i(0" ae (5) 
E95) 
The spatial integral over dx can be solved using (4) and Exercise 1.1(a) 
[exer e.c2! Nee, 52",0") = [PxG*(@!,ts2,)6*(@,152!',0" 
= 1G (e hs) (6) 
Thus (5) becomes 
osm i i PIP x" ora! t\Gt (ae! t's 0", tbe", Cae) 
+00 t!’/—>—o0 ; 


which agrees with the third line of (1.37). Exercise 1.2.Exercise 1.2. 


EXAMPLE TT] 


1.3 The Free Green’s Function and Its Properties 


One can deduce an explicit expression for the free Green’s function, i.e. in the case 
where V = 0. 

As above, we denote the free Green’s function by Go(a’, t'; x,t) and remark 
that, according to the defining relation (1.2), arbitrary wave packets w(x, t) develop 
in space and time corresponding to force free quantum-mechanical motion: 


1.5 Application to Scattering Problems 


p(w’, t') =i fds Gola’, t,x, t)Y(a,t) . (1) 


Initially we want to derive a general expression for the Green’s function 
G(a',t';x,t) in the case of an arbitrary time-independent potential V (a). Let 
us consider the complete and orthonormal set (Ug(x’)) of eigensolutions of the 
stationary Schrédinger equation 


2 i 
(-3Y oF r(e)) Uz(a') = EUg(a’) . .) 


If the potential V (a’) is time-independent, and provided that we know the solution 
of the following time-dependent Schrédinger equation 


vet) hd (-= 


Ot! 2m ve ve’) v(@'st') (3) 


at a certain time ¢, we can write down a formal expression for the solution Ya’, t’) 


at any time ¢’. To this end we expand 7(a’,t’) at time ¢’ in terms of the basis of 
energy eigenfunctions Ug(x’), using the closure relation 


we! t')= > Ag(’)Ue(e’) (4a) 
13; 


inf) / dx! UNaye',t) (4b) 


Of course, the expansion coefficients Ag(t’) are time dependent. If we insert ex- 
pansion (4) in (3) and consider (2), we find 


: d i / ! 
Oy Up(@') Act )= Ae )EUR(@’) 
and, because of the orthonormality of the wave functions Uz(a’), 


in Ag(t) = EAg(t') 


dt! 
This equation is solved by 
Ag(t’) = Ag(t)exp [-iE(@' —1)/h] (5) 


It is well known that the probability P(E) of finding the state Ur(x’) as a part of 
Wa! ,t'), P(E) = |Ag(t)|? is not dependent on time. 

Hence, if W(a’,t’) is known at time ¢’ = ¢, then the admixture coefficient Az (t) 
can be determined according to (4b) and its time dependence is given by (5). Then 
w(a', t’) is known at any time t’. We obtain 


be! t/')= d_ Ag(t')Ue(@') 
18: 
= >> Ag() exp [-iE( — t)/h] Uz(a') 
is, 


= / d?°x (= usteyue(a) exp [-i£(r’ —t)/hlv@t) . © 
1B es 
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Example 1.3. 
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Example 1.3. Comparing (6) with (1) yields as the result for the Green’s function 
G(a',t'5a,t) = —1}” Us (@)Ug(a') exp [-iE(t' — yal. (7) 
E 


For t’ = ¢ the right-hand side becomes —i6°(x’ — a) according to the completeness 
relation for the states Uz. Note that we derived the full Green’s function G and 
not just Go, since the above expression is valid if any time-independent potential 
V(x) is present. As a special case for V = 0 we get the free Green’s function 
Go if we insert the free stationary solutions (i.e. plane waves for Ug (a). Using 
nonrelativistic plane waves for Uz(a), i.e. 


1 


Ug (x) = (2rh)3/2 


exp(ik - x) (8) 
with wave vector k = p/h and E = p? /2m leads to 
CHG le peed) = oF [exp [ik - (a — az)| exp [220° — | d*p 
- ca [oo {; [Px@! —x) + py" —y) +p.(2' 2) 


i (p? + p? +p?) 
— gO =) bee doy dpe, (9) 


where we have used the Cartesian representation of the integral over d>p. Further 
evaluation requires the elementary Gaussian integral formula 


i dx exp(—iax”) = Jz : (10) 


First we consider the integration over Px and complete the square of the exponent: 


9 264! 
= Ga oe 
Al 2m Pax ) 
z 
__ 1 | Px hat v2m(x'—x) es ae) 
h| 2m Lf PS AR 2’ - 12) 
Wii gels ae 
ci ome neem oD 
where 
m(x' —x 
é=p, - "3 =—¥) (12) 


With a = (t’ — t)/2mh we consequently obtain for the first integral 
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a8 : 
if dp, exp lk pt! —x)- PE —t) Example 1.3 
ae h 2m a 


ime’ —xP] oe 
mr F 2(t' — t) | | aéexp Ee 2m é| 


ae F m(x' —x) 2amh 
= p h 2(t! = t) i(t! —_ t) (13) 


and finally, after triple application of the integral formula (10), 
—i | 2amh \" [is — soe) 


Goer: 2,1) = 


ae |e =) A4h2(t! — t) 
One ( m a im|a! — x|? 
7 2mih(t' —t) aot DH 2) | : ey 


This is the unrestricted, free Green’s function Go that describes the propagation 
into the future as well as back into the past. The retarded and advanced Green’s 
functions are readily derived from (14) as follows: 


Gia 7 Gy 2,0 —!) 


= fe ee 
- ‘acl exp | a Ce (15) 


and 
Gy (a, tz, t) = —Gola’, t'; @, NOt — £') 


ae m me im|a! — «|? Oo ‘ iG 
a sa cal exp | | Ue 


The relation 
Ge tat) = Gage cat) (17) 


follows directly from (15) and (16). By the way, the result of Exercise 1.2 for the 
full Green’s functions follows straight from the expansion (7). 

In Example 1.5 we will get acquainted with the Green’s function for diffusion 
and notice that this function is equivalent to the above Green’s function (14) for 
the free motion of a quantum particle if we substitute t' + —it', ¢t— —it. This 
result is quite plausible because of the similarity between the diffusion equation 
and Schrédinger’s equation. 


— see 
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1.6 The Unitarity of the S-Matrix 


An important property of the S' matrix is its unitarity, provided that the Hamiltonian 
operator is hermitian. To prove this we have to show that 


S§StanaSts | (1.45) 


where § = {Six } denotes the full S' matrix. We may use any of the above-discussed 
forms of Sq = (f|S|i) for the S matrix. In particular, we could base the proof on 
(1.41), which was established with the advanced Green’s function G~. However, 
we will use the form (1.37), where the retarded Green’s function G+ appears. An 
arbitrary matrix element of $.'*+ then reads, inserting ll = |)(-| 


(B|8S*| a) = 37 (8 |8|7) (y|8+| a) 
= 2 618] 7) (e[8| 9)" 


= inn tin SS / / d°xd°x'g*(a',t'\G* (a', t's a, t)b.(a,t) 
a: 


t/ 00 f-4-00 


x | frxtex" bate’, CG (a ae ous t) 


Here it is advantageous to use the same time arguments f’ and ¢ in the matrix ele- 
ments of both S' and S$ i respectively. As previously mentioned, § matrix elements 
do not depend on these times in the limit ¢/ > FOO, f —+ —00 , since the potential 
is assumed to decrease sufficiently fast. Since the py form a complete set of states, 


> by@, DO%@",) = 8-2"), (1.46) 
= 


(1.45) transforms into 
(6|SS*|a)= lim lim / vi i Gd ada! 
t!++09 [> —00 
x Ga (wt! \G* (a! t'; 2, 1)G~ (a, t; 0", t\ba(x",t’) LA 
Here we have exploited (1.42). Since 
[ance Rao UG? Goainase i) = &(a’ — a") 
(see Exercise 1.1), it follows that 


(B soul a) = lim | [aexextere, t!)63(ar! fact at! \bo(a", t') 


t! +00 


= lim [ a°x'6o" a’, \bala!,1! 
t! +00 


=Spa . (1.48) 


Similarly one can show StS = If , which proves the unitarity of the S matrix.5 


> This proof of the unitarity of the § matrix rests on the assumption that the potential Va) 
is switched on in the distant past and switched off in the distant future. The situation 


1.7 Symmetry Properties of the S-Matrix 


Zi 


1.7 Symmetry Properties of the S-Matrix 


The S matrix possesses symmetries that reflect the symmetries of the corresponding 
Hamiltonian operator. In this context we refer to the detailed discussion in Quantum 
Mechanics — Symmetries, 2nd rev. ed., by W. Greiner, B. Miller (Springer, Berlin, 
Heidelberg 1994). We recognized there that symmetry operations can be represented 
by unitary operators U which act on the states of the Hilbert space. Let U be such 
an operator, which transforms the state ¢g(a, t) of a particle into another state 


bg (x,t) = Udp(a,t) . (1.49) 


Then dg’ has to describe a possible free motion of the particles in the system, too, 


since U commutes with Ho. Moreover, if U also commutes with H , then the state 
We is transformed into Wo? by means of U: 


bo (a, t= Up @,t) , (1.50) 


where w,/‘*? is also a possible state of the system including the interaction V (a, f). 
This follows directly from the iterated equation (1.31) by using (1.49). The plus 
sign (+) characterises the development of the state into the future. We now obtain 
for the S matrix element between such transformed states, according to (1.37): 


(6! |8|a") = (65|¥a) = (Tbs|Uva) 
= (4,|0 'Ova") = (dala) = (81S| a) - (1.51) 
The limit t’ — 00 is implied for all these matrix elements. This equation means that 
the scattering amplitude between an arbitrary pair of states da, bg and caused by, 
e.g., a spherically symmetric potential is numerically identical with the scattering 
amplitude between the “rotated” states bat = Uda and dg = Uda. It is self- 


evident that both states have to be rotated by the same amount. If we explicitly 
insert the rotated states on the left-hand side of (1.51), we get 


(8|8|a) = (4a|5| Oba) =(8|0'80|a) =(B\8la) 5) 
me 
Gases wor US (a= 0 (1.53) 


has to be valid. We therefore have the important statement: if the symmetry trans- 
formation operator CU commutes with H , then U also commutes with the S operator. 


becomes more complicated if V(x) is completely constant in time. In this case one has 
to work with wave packets. The switching on or off of the potential is caused by the fact 
that the wave packet is beyond the range of influence of the potential, when it is in the 
distant past and distant future. Further complications arise because the Hamiltonian might 
possess bound states. In this case one can show that the wave packets are orthogonal to 
these bound states and the set of wave packets is not closed. However, one can nevertheless 
demonstrate the unitarity of the S matrix for real potentials V , since bound states cannot be 
occupied because of energy conservation (therefore they are also called “closed channels’). 
These problems are discussed in texts on the formal theory of scattering, Seee 2: MLL. 
Goldberger and K.M. Watson: Scattering Theory of Waves and Particles (McGraw-Hill, 
New York 1966). 
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Fig. 1.5. A potential essen- 
tially constant in time, which 
is switched on and off at 
times -Efo 
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a 


For the anti-unitary operation of time-reversal® 7 the situation is more com- 
plicated. The time-reversal operator 7 can be written as 7 = UK where U is a 
unitary operator and K stands for complex conjugation. 7 transforms a free state 
(a(x, t) into another state with reversed momentum and reversed angular momen- 
tum. The time-reversed state will be symbolically denoted by ¢_ g- However, one 
still has to pay attention to the fact that the operator 7 reverses the direction of 
time too, i.e. instead of (1.49) the transformation reads 


Tbe(w,t)= ¢-p(w,—-t) . (1.54) 
If, for example, 


g(x, t) = N exp CH a wat)| 


is a plane wave for a spin-0 particle, then the state p-g(x,t), according to (1.54), 
is given by 


~_g(x, t) = N* exp [i(—-kg a i wat)| 


Note that d_ g(a, t) # T op(a, t), but rather d_ g(x, t) = T ba(a, —t). This follows 
immediately from (1.54). Now let us consider the case of the time-reversal operator 
commuting with the Hamiltonian operator, i.e. 


=o (1.55) 


Then we speak of a time-reversal-invariant system. A simple example is a potential 
V(x) that is constant in time but is switched on and off at times —fo and fo, 
respectively, in a manner symmetrical in time (cf. Fig. 1.5). The time-reversal 
operator 7 then transforms the state ola, t) into another state that is also a 
possible state of motion of the system (because of its time-reversal-invariance). This 
state will have reversed momentum and reversed angular momentum compared 
to Wa‘. In the distant future it converges towards ¢_,(x, —f), in contrast to 
ba (a, t), which originated from $.(z,t) in the distant past. We therefore call 
this time-reversed state val (a, —ft) and are able to write, because of (1.54), 


Poe, t) = plea, 1). (1.56) 


The time-reversal operation 7 therefore reverses the direction of the time evolution 
(¢ — —1t), as we already know from (1.54). For a system invariant under time 
reversal and having a hermitian Hamiltonian, from (1.41): 


(-a|8] =) = tim, (pa (@,0)|4-o(@,0)) 
= dim (bee, -9|4-a(@, -0) 


lin, (Pte. 


° See W. Greiner, B. Miiller: Quantum Mechanics — Symmetries, 2nd rev. ed., (Springer, 
Berlin, Heidelberg 1994), Chap.11 and Theoretical Physics, Vol. 3 by W. Greiner: 
Relativistic Quantum Mechanics — Wave Equations (Springer, Berlin, Heidelberg 1990), 
Chap. 12. 
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because of (1.54) and (1.56), and using T=UK 
(-a|$|- 6) = lim (OK dM, N)|OR dp, t)) 
= Jim (Kya (@,0|K o(@, 9) 


tim (da(@, 9 va, 1) = (a[8|a) (1.57) 


Equation (1.57) states that the scattering amplitude Sgq from an initial state kx) into 
a final state \3) is numerically equal to the scattering amplitude from state |~() 
(with momentum reversed compared to |3)) into the state |-a) (with momentum 
reversed as compared to |a)). This is, of course, only valid if the system is invariant 
under time reversal, since only then are the states Tq possible states of the system. 
The interesting relationship (1.57) is called the reciprocity theorem. One can even 
show its validity for complex potentials V (x, t).’ 


1.8 The Green’s Function in Momentum Representation 
and Its Properties 


Until now we have emphasized the physical uses of the Green’s functions. Now 
we want to develop the mathematical apparatus for practical calculations. We aim 
first at a differential equation for the Green’s function and begin our discussion 
with the defining relation (1.7): 


act’ — 1b’) =j / d?x Gt(x'sxyW(x) , (1.58) 


where x = {xo,x} abbreviates the position 4-vector, and O(t' — t) is the step 
function introduced in (1.6). For further analysis it is useful to know the following 
integral representation of the step function: 


[e.e) 


i 
ey d 
ld) 271 aun ae + 1€ 
SASS) 


—iwr 
€ 


(1.59) 


which we prove in Exercise 1.4. 


7 Cf., for example, L. Schiff: Quantum Mechanics, 3rd edition (McGraw-Hill, New York 
1968), Chap. 20. 
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PONDS ry 


1.4 An Integral Representation for the Step Function 


Problem. Show that 


oo F 
1 @q er 
= = | d : 1 
Ae) 201 Aue / i ae (1) 
—co 


is an integral representation of Heaviside’s step function. 


Solution. We perform the w-integral as a contour integral in the complex w plane 
(Fig. 1.6). There is a pole of first order at w = —ie. For T <0 we close the contour 
in the upper half plane, since the contribution from the upper, infinitely distant half 
circle vanishes in this case. With w = oe'® the integrand reads 


flo d = evlet a e ler(cos ¢+isin }) 7 eeierends : 
: w oe'é oel? 


For r < 0 the contribution from the upper half circle to the integral becomes 
smaller than 


moe arisino 


Tolf(o, d)| = +0 (0-0) 


According to Cauchy’s integral theorem the complete integral over the contour 
closed in the upper half plane thus vanishes, since the pole lies outside the region 
enclosed by the integration boundaries. In the case T > 0 for similar reasons one 
can close the contour by means of an infinitely large half circle below the real axis. 
Then Cauchy’s integral theorem states that the residue of the integrand at the pole 
determines the value of the integral. The clockwise direction of integration leads 
to a minus sign. Therefore, we obtain 


1 ever 
= ———(-1)27i li a = 
elGe S0) mi § 127i im Re seam. < =I 


es 


From this we get directly, by differentiating, 


eo re) 


dr) I d ue £ i —1w siwr 
dr © Onilesso dTwt+ie Ti ai lim | —c = 


een) —oo 


rer he —iwr cae 
Zoe Je dw = 6(r) 


—co 


(1.60) 
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So the derivative of the step function yields Dirac’s 6 function. With the help of this 
relation one can specify a differential equation for the retarded Green’s function 
G*(x';x) from (1.58) and deduce some of its other formal properties. We know 
that ~(x’) fulfills Schrédinger’s equation 


eo - 
(in ~ He’) pay=0 . (1.61) 


Therefore, we apply the operator (if(O/Ot’) — H(x')) to (1.58) from the left and 
get 


eo - 
(ins, — H1¢') O(t' — Dvr’) 
= / d>x (in - f(s") Gtelsx)W(x) . (1.62) 
The left-hand side is expanded to yield 
. O ! ! : 0 3 ! i] 
(inew = ») w(x") + OW —1) (ins —He ) W(x’) 
= (new = ») w(x’) = ihd(t’ — t)(x’) GEG3) 


so that (1.62) becomes 


i ii as | (itsp = fic) Ge 6G = 2)oG = | W(x) = 0 


Since this equation has to be satisfied for arbitrary solutions ~(x), the term in 
square brackets must vanish, i.e. 


(ins, ie HG") iG =o (1.64) 


where we have replaced 6?(a’ — x)6(t’ — 1) by the four-dimensional 6 function, 
64(x' — x). This differential equation determines, together with the boundary con- 
dition for propagation forward in time, the retarded Green’s function Gt (x’;x): 


G70 for tf <i (1.65) 


Obviously the Green’s function is exactly the wave emitted from a point-like space— 
time source of strength 


Ree! S22 = aae 


Equation (1.64) clearly illustrates how the Green’s function technique can be used 
to solve an inhomogeneous linear differential equation. Given the Schrodinger 
equation 


(ins H(s)) Wee) = 06) (1.66) 


ae 


with the source term g(x), we can immediately write down a solution 
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WO) = WoO) +5 f dte'Gte,x'\0le" for ¢>t' . (1.67) 


Here y%o(x) is a solution of the homogeneous differential equation. Let us now 
calculate once more the propagator for free particles, but this time with the help 
of the differential equation (1.64) and the boundary condition (1.65). For free, 
nonrelativistic particles the Hamiltonian is 


r) ! ie 12 
Ho(x") = —5_V é (1.68) 


In addition we note that Got(x’;x) will depend only on the difference of the 
coordinates, x’ —x = {x’,t’} — {x,t}. This is because a wave emitted from the 
source at @ at time ¢ and arriving at x’ at time t’ depends only on the distance 
{x’ — x,t’ —t}. The Green’s function, however, is precisely such a wave. Thus 
we are able to write 


(Gh bess = Crees = ae (1.69) 


Mathematically one readily appreciates this fact, since one can easily rewrite the 
differential equation analogous to (1.64) for the free propagator in a differential 
equation involving relative coordinates z = x’—x = {x' — x, t’ —t}, because the 
Hamiltonian operator Ho is homogenous in spatial and time coordinates. 

To proceed with the solution of (1.64) for free particles we consider the Fourier 
representation 


dp dE i 
Go*(x! =x) = | Cayo EE (a! - 2) 
x exp zee" ~ ”) Got (p;E) (1.70) 


and determine with (1.68) and (1.64) the relation for the Fourier transform 
Go! (p;E): 


wae he 
(nz + mv") Got (x’ —x) 


d? pdE 2 
i. ny (© 7 =) Go" (p; E) exp pec! — | exp Fac aa 2) 
! apd : : 
Zz on ee 42 ES | exp pte! = ) : (1.71) 


The last term is the right-hand side of (1.64), i.e. hO* (x! —x) in energy-momentum 
representation. Obviously one can immediately give the solution of the differential 
equation (1.64) in Fourier representation. For E # p?/2m one obtains 

h 
aoe 


2m 


Ch (Rb) = ID) 


This expression is still incomplete, since the treatment of the singularity at E = 
p’ /2m has not yet been determined. This is done using the retardation condition 
(1.65). We proceed as in Exercise 1.4 with the Fourier representation of the step 
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function and add an infinitesimal, positive imaginary part ic to the denominator of 
(1.72) and perform first of all the E integration in (1.70). As illustrated in Fig. 1.7 
the singularity then lies below the real E axis. We obtain 


a? | 
Got @! -x)=h / Game? ip (a! 2) 


oO : 
dE exp [—7E(t' — 1] 
2nh E — p*/2m +ie 


189) 


(1.73) 


With the substitution E’ = E — p*/2m the last integral changes into 


i dE! exp [—7(E! + p*/2m)(t' — 1) 
27h E'’+1¢e 


i p’ = l dE' exp [—-+E'(t' — 0] 
oe 2a E' +1e 


5 gaye : li 
= a eee Nie | 
= exp| ham" || 70 ( h )| 


; - 
a exp ae - o| Oct’ — ft) 
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In the last two steps we have exploited (1.59) and the property of the step function 
that O(ax) = O(x) for positive a@ . Now (1.73) transforms into 


a : 2 
Cue =) = / oa exp 15 Ip (a! — a) — a z 0) \ a(t’ —t) 
= -100' =) f dp dpla'st ere.) (1.74) 


Here we have denoted the eigenfunctions of the free Hamiltonian A, i.e. the plane 
waves, by 


1 i : 
om E (p ie a] 
— | __expfi(k- x —wt)) , hw =p?/2m, Ak=p . (1.75) 


ae, (27h)> 


Equation (1.74) is identical with the result of Example 1.3, (9) and (15). Further 
evaluation of the integral (1.74) proceeds then as above. 

From this example we realize how useful it is to express the Green’s function 
as a sum over a complete set of eigenfunctions of the corresponding Schrodinger 
equation. For such a set of functions 1), (a, t) the closure relation reads 


Sdn(a’, Ov; (@,t) = P@'- a) . (1.76) 


Note that the same time t appears in 1),(x',t) and in w, (a, t). 


i 


Fig. 1.7. The position of the 
singularity of G*(p; E) and 
the integration contour along 
the F axis 
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Now one can easily verify that (1.64) together with boundary condition (1.65) 
is solved by 


Gtx) = 100 -—D> Y@)ne) , (1.77) 


since 


(in - Ane) Gt(x';x) = Ré(e! — OL me’ Wr (w, 1) 


eee bs f 
ie -) > (in - in) ints) pre) 
SY, 
=0 

= hd(t’ — )8 (a — a) 

Ste oy (1.78) 
Next, we point out another important relationship: the same Green’s function 
G*(x’;x) that describes the evolution of a solution Wn(x, t) of Schrédinger’s equa- 


tion forward in time also describes the propagation of the complex-conjugate so- 
lution #7 (x,t) backward in time. From (1.77) we obtain on the one hand 


i i dx Gt (x'sx)Un(x) = C(t’ — DD tn) / eee 


= O(t' — tvy»(«’) (1.79a) 
and on the other hand 


iL Px! ee Gt (e'x) = 00 ND / Bx! d(x WE") WE) 
m 
énm 


= Ot — Dwr). (1.79b) 


As stated above, (1.79a) expresses the propagation of w,(x) forward in time and 
(1.79b) the corresponding backward propagation of y*(x’). The latter results may 
also be obtained by complex conjugating (1.9) and using Exercise 1.2. Conversely, 
starting from (1.9) and (1.79b) one easily proves the relations between G+ and 
G~ outlined in Exercise 1.2. 


1.9 Another Look at the Green’s Function 
for Interacting Particles 


Here we want to reconsider the iteration method for the Green’s function Geen) 
(cf. (1.28)) from a slightly different point of view. The starting point of our present 
discussion is the differential equation (1.64) for G*(x’;x), which can be formulated 
with H = Ay +V: . 


(nz - fics’) GG x) — 1 (ee WAGE ECR Te (1.80) 
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The right-hand side can be interpreted as the source term in an inhomogeneous 
Schrodinger equation as in (1.66): 


ee! - 
(ins. — fits’) ie Ve ON) a (1.81) 
Using the free Green’s function Go the solution of (1.81) is given by 
1 
wey=5 fdinate'smen) . (1.82) 


Replacing y(x’) by Gt(x’,x) this leads immediately to the following integral 
equation for the interacting Green’s function 


G (@>x)= [as Go (e'sx1) (64G — x) + V0n)Gt(x1;x) ) 
Gi (5x) fats GG 1)) GG VG (1.83) 


Here we again replaced V (x)/h — V (x) as in (1.21). Equation (1.83) is identical 
with our earlier result (1.30). The iteration of (1.82) leads to the multiple scattering 
expansion (1.28) for the Green’s function. This can be used to construct the S- 
matrix (1.37) 


Si = lim lim i | d°x'd’xbe(x')Gt(x'sx)bi(x) . (1.84) 


i — Cot! oo 


Using the equations (1.79a,b) for free particles 


[#6890600 = —10,(%)) forh >? , (1.85a) 


[es'eerare'x =-i¢f() fort’ >t , (1.85b) 
the x and x’ integrations can be carried out and (1.28) leads to 
oF Oh i f atm 7 (1) V G1) Gi) 
= | dx, d'xy ber) V (xi)GG (ersx2)V (x2) Gia) 
= i f ate d'xy d4x3 be(x1) V Ce )GG (15 %2)V (x2) Gy (ras x3) V (3) $i (3) 


fee (1.86) 


This is the expansion of the S matrix in terms of multiple scattering events. bf 
describes the absence of scattering, the second term where V appears once describes 
single scattering, the next term double scattering, etc. 
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1.5 Green’s Function for Diffusion 


Typical diffusion phenomena, e.g. heat conduction or two mutually permeating 
fluids, are determined solely by the gradients of the density. For example, a fluid 
of density o(a,t) tends to flow from a point, where the density is high, towards 
a region of low density. The current J is therefore assumed to be proportional to 
the gradient of the density: 


where the constant D is called the diffusion constant. If we combine (1) with the 
continuity equation 


de 

ple eae 2 
we obtain the diffusion equation 

do 2 

—=DV : 3 

ey 0 (3) 


In the case of heat conduction, @ is the “heat contents” per unit volume and is pro- 
portional to the temperature: e = CT. The constant C is the specific heat capacity 
of the material. For later considerations we note that the transformation t > —it 
changes the diffusion equation (3) into a differential equation of Schrédinger type. 

Now we want to construct explicitly the Green’s function Gt (a’, t’; x, t) of the 
diffusion in an infinite three-dimensional region. Again we start with the defining 
differential equation 


OG 
2 —_—_ 
is ot! 


with the constants a? = 1/D. The factor 47 on the right-hand side (instead of h 
as in (1.64)) is a matter of convention. This changes the Green’s function only by 
a factor of 47/h. Since the Green’s function depends only on the time difference 
t’—t and the spatial difference x’ — x, we introduce the following abbreviations: 


V?G = SS eam a) (4) 


pa ees 
R=2' -« (6) 
As an ansatz for the Green’s function we write down the Fourier transform 
CE ae aU dp eiP:(2'—2) Ga.) (6) 
2 > >] Cay ? ? 


where the function g(p, 7) is not yet known. We insert (6) into the defining equation 
(4) and once again use the following three-dimensional Fourier representation of 
the 6 function: 


| : 
ee aos / apers (7) 
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The left hand side of (4) becomes Exercise 1.5. 


OG 1 0 
V2G 2 ii ad ip-R 2 a 2 lj . 
Or (27)3 ie a = 8) 
This results in a differential equation in time for g: 
Og 
2 2 

ae == Al a 

a? = + pg = 4n 6(7) 0) 


This differential equation has the following causal solution: 


An —(p?r/a? 
p= er/8") Or) (10) 


To prove this we insert solution (10) into (9) and use the relation 


dO(r) = 
aS d(r) (11) 


between the step function © and the 6 function: 


—p* 4 dO 
pon at (4) eo ?'7/2") Br) 4 a? = Sa co ae 


a* \ a2 dr 
+ p? an eP'T/2°) Or) = Ané(r) (12) 
a 


Summarizing, we get 


4n 
(Zee 


2 
G(e',t';2,t) = ( ) tr) | ap exp(ip - R) exp (-=) (13) 


or explicitly in Cartesian coordinates 


oo 

* 4n Dee = - 2 a*)r 

G(a',t'; 2, j= (ase) A(r) / dp,e?*™ ) (py /a*) 
—oo 


[o-e) [o.@) 
xf dee ele f dpc’ e-ehlor | (14 
68) —0o 


Let us consider the exponent in the first integral: 


2 iaR,\* — a? R? 
ips ~ Pe r= (Beye - :) = ; 


2/7 4r 
2 p2 
ee Ga (15) 
a 4r 
with 
Waele 


With this transformation the first integral in (14) can be rewritten as 
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(17) 


II 

oO 

Pa 
me} 
a. 

g 
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Aj 

Hp 
See 
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In the derivation for the result (17) we have exploited the following elementary 
Gaussian integration formula: 


jl dx exp(—p’x”) = S f (18) 


After performing all three integrals of (14) we obtain the Green’s function for 
diffusion 


3 
1 T a? R2 
Gaia = F77q1 OM) (a=) exp (- fe ) 


2 p2 
= sagen (-FE) om . (19) 


The transformation t’ — —it’ and t — —it changes the Green’s function (19) into 
the free Green’s function for Schrédinger’s equation. This was already expected 
according to the relationship between both differential equations. 

The Green’s function for diffusion has a Gaussian shape with a maximum 
at R = 0. The width of the distribution grows with increasing 7. The quantity 
\/47/a? is a measure of this width. For 7 = 0 the width is still zero. In the case 
of heat conduction this means that all the heat is focussed at a point. As soon as 
7 becomes larger than zero, the temperature increases at R > 0 while it decreases 
continuously at R = 0. Eventually (for 7 — oo ) the heat is uniformly distributed 
over the whole space. 


E NANT? LE ccc ay 


1.6 Kirchhoff’s Integral as an Example 
of Huygens’ Principle in Electrodynamics 


We start our examination with the solution of the wave equation in classical elec- 
trodynamics and the derivation of the corresponding Green’s function. The defining 
equation for the potential follows from Maxwell’s inhomogeneous equations: 


Wen ab ah ee (1) 


WA- a Ge -¥(v arise) = y (2) 
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Here ® denotes the scalar potential, A the vector potential, 9 a given charge 
distribution and J the current. In Lorentz gauge (V- A + (1/c)(0®/Ot) = 
these differential equations decouple: 


1 oe 
2 
le A An 
D 
On the other hand we get in Coulomb gauge (V- A = 0) 
Vb = —4r0 (5) 
with the solution 
/ 
Oe, 1) = joes (6) 
|e — 2’ 
and 
10°*A —4r 1_o@ 
VA- say = J+-Vo . 
Bee c i: ca Ot 7) 
All of the wave equations (3), (4), and (7) have the form 
2 1 
(v? - 4 Bua aes) (8) 


where f(a, t) is a given source distribution. To solve (8) it is useful to introduce 
the Green’s function G for the wave equation which is defined by 


2 
(v: ae =) Gla, t;0',t) = —40P(a@ — a’) -2') . (9) 
(EC 


The Green’s function depends only on the difference of the coordinates (a — 2’) 
and times (t — ¢’). In further calculations we use the 6 function in the Fourier 


representation: 
1 mm ' 
caf athe fia oe) erie (10) 


First, we introduce the Fourier transform 


Gs [a [aw g(k, w) cik(a—2') eT iw") (ly) 


P(e —2')6¢ —t') = 


as an ansatz for G, where g(k,w) is not yet known. We insert the transform (11) 
into the defining equation (9) to obtain 


2 : t t 
(Vv; — - =) [a [aw g(k,w) elk-@—2') g-iwtt—t) 
c 


= in / ak i dup ek (@-#) g-iwt—") (12) 
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Application of the differential operators yields 
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Hence, g(k, w) is determined as 
I 
BO iia orears | a 
and we can express the Green’s function as 
1 1 s if a “ 
eee 3 aoe ik-(@—2") .—iw(t—t’) 
G@naty= [bk [du Zs ea e . (lap 


Using Cauchy’s theorem the integrals can be solved in closed form with the result 


CG te ea ye) 


Cat) |ja — x’| 


(16) 


This is the retarded Green’s function which describes the propagation of a wave on 
the light cone |a’ — | = c(t! — t) forward in time, ¢ > ¢’. Causality was enforced 
by introducing the negative imaginary part —ie in (14). The solution of the wave 
equation (8) can now be written as 


(x,t) = fl a dG Cie (ra an (17) 
Indeed it follows that 
v= ee = | (¥ _ 2 5) Gita at fia ad aie 
— / 4n & (a — x')5(t — t') f(x’, t') dx! dt’ 
a) (ee (18) 
With the Green’s function ( 16) we obtain for 


we, ty= f Hele = egy da! dt! (19) 


jz — a’| 


The integration over ¢’ can be performed and the result is the retarded solution 
ae iff 
(x,t) = i dy LOM (20) 


where [  Jret means ¢’ = ¢ — |a — x'|/e . Hence we can specify the potentials A 
and @ in closed form, 

For further discussions we use Green’s second theorem and integrate over time 
from t'=%% to t/=nh: 


ty aT 


Ow aw 
[ot fav (6V°vr — wv") = [et faa’ (ox - i » (21) 


ty V f S 
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where ® and W are — for the present — arbitrary scalar fields and 0W/On’ is the 
normal derivative of Y on the surface $. For Y we now insert relation (20) and 
for ® Green’s function (16). Now we can rewrite the left hand side of (21) : 


th ’ 
ie pw pes (GV?~ —-¥V"G) 
to V 


hy 
_ ; A 1 ow 
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— U( 4 5%(a' — w)6(e! — 1) + a os) 


C2 Or’ 


ty 
= jw pes lax W(x! ,t') O(a’ — x)d(t' — t) —4n f(a’, t')G 
to V 


1 Ow OG 
+5 (655 -" Fn) : ee 


where we have used the defining equations (8) and (9). The first term reduces to 
4x U(x, t), the second term will be kept, and the last two terms are integrated by 
parts with respect to time. This yields 


t 
L=4n U(a,t) —4n fat! f as! fea’. G 
to V 
! aa aw = aG = 
a 3 at! at) |p. 
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ty 
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The last term in (23) is zero. Since the retarded Green’s function vanishes for 
t! = t; > ft, the integral in the third term of (23) vanishes at the upper integration 
boundary. Now we combine (21) and (23) to get 


__! ge ot eee 
He.) = aos | see (« BH BE | Ninn 
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Let us consider the so-called Kirchhoff representation of a field, which is expressed 
by the values of © and 0W/On' ina surface S. To this end we assume that there 
are no sources inside the volume V and that the initial values of W and OW/Ot' 
vanish at ft’ = fy . Then according to (24) the field is given by 


t 
Ee iq | ae fae (c= — vn) @s) 
to . 
We put 
or (26) 
with 
VR== ~ : ED 


We use the explicit form of the Green’s function (16) to obtain, with 
0 


ey =T: ws ; (28) 
OG RO (&t'+R/c—2) 
/ = Sas / == Cee ea eae osclee (SA 
egy a R OR ( R 
ee 6’ +R/e—t) 6! +R/e-f 
R ( R2 y cR 2) 
n is the unit vector normal to the surface §. Here we have used the following 
relation: 
) R ] R 
ae Of pe So ee 
aR Ge ) seuss ? ; (30) 


where the prime denotes the derivative of the 6 function with respect to its ar- 
guments. Furthermore, we make use of the relation for the derivative of the 6 
function 


[reds -aae =-f'@) , G1) 
which helps to give as a partial result 
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It follows in conclusion that 


if i PAG 
U(x, t) = qf aa'n. oe 


R 
= R dW(2',t') ca 
ey ee ee 
Re Tt) ea ae le 


We emphasize that this is not a solution for the field W. It is only an integral 
representation for Y, expressing ¥ in terms of W and its corresponding spatial 
and time derivatives on the surface S. However, these quantities cannot be chosen 
independently. 

Kirchhoff’s integral (33) is the mathematical expression of Huygens’ principle 
which postulates that any point on a wave front behaves like a pointlike source that 
emits a spherical wave moving at the speed of light. Then the field at a given point 
and at a later time is a superposition of all fields emerging from these sources. 
The envelope of all these waves forms the next wave front. Kirchhoff integral 
(33) serves e.g. as starting point for the discussion of problems related to optical 
diffraction. 
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FEYNMAN, Richard Phillip, American physicist. *11.5.1918 in New York, {15.2.1988 
in Pasadena. F. studied at physics MIT and Caltech where he received his PhD in 1942. 
After working for the Manhattan project (Los Alamos) he became professor of physics at 
Cornell University (1946) and subsequently at the California Institute of Technology (since 
1951). F. did pioneering work related to the formulation of quantum electrodynamics which 
earned him the 1965 Nobel prize in physics (with J. Schwinger and S. Tomonaga). He 
also explained the superfluidity in liquid helium and did fundamental work in the area of 
weak interactions. F. advanced the use of the path integral method in physics. In later years 
F. fostered the quark model by putting forward the parton picture to describe high-energy 
hadronic collisions. 


SCHWINGER, Julian Seymour, American physicist. *12.2.1918 in New York, +16.7.1994. 
S. studied at Columbia University (NY) where he got his PhD in 1939, Subsequently he 
worked at the Universities of Berkeley, Cambridge (Mass.), Chicago and Boston and in 
1947 became professor of physics at Harvard University. In 1972 he went to the University 
of California in Los Angeles. In 1948/49 S. developed a covariant formulation of quantum 
electrodynamics. Introducing charge and mass renormalization he was able to evaluate the 
anonmalous magnetic moment of the electron and the Lamb shift. For this work he received 
the Nobel prize in physics in 1965 (with R. Feynman and S. Tomonaga). S. made numerous 
important contributions to quantum field theory, many-body physics, gravitation theory etc. 
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Swiss physicist. *1.2.1905 in Basel, } 4.9.1984 in Geneva. S. studied physics in Basel and 
Munich (with A. Sommerfeld) and got his PhD at Basel University in 1927. He was research 
assistant and later professor at Princeton University (1927-32), and at the Universities of 
Zurich and Geneva (since 1935). In 1942-57 in addition he held a combined professorship 
at the University of Lausanne and the Federal Institute of Technology. The first theoretical 
work of S. was in the area of molecular physics. Later S. made pioneering contributions to 
quantum field theory. In 1942 he first conceived the idea that positrons can be interpreted 
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as electrons running backward in time. The use of the causal propagator for calculating the 
scattering matrix was introduced in 1949 independently by R. Feynman and by S. (with his 
student D. Rivier). Later S. (with A. Petermann) developed the idea of the renormalization 
group. In his later years S. turned his main interest to the foundations of thermodynamics. 
In 1976 S. was honored with the Max Planck Medal of the German Physical Society. 


TOMONAGA, Sin-itiro, Japanese physicist. *31.3.1906 in Kyoto, t8.7.1979. T. studied 
physics at Kyoto Imperial University where he graduated in 1929. Subsequently he worked 
at the Institute of Physico-Chemical Research in Tokyo in the laboratory of Y. Nishina. In 
1937 he went to Leipzig University and joined the group of W. Heisenberg. In 1941 he 
became professor of physics at the Tokyo University of Education. In his later years he 
became involved in science administration, serving as president of his University and of 
the Science Council of Japan. The early work of T. was concerned with the creation and 
annihilation of positrons, with the stopping of cosmic-ray mesons in matter, and with the 
liquid-drop model of the nucleus. Later he turned to quantum field theory for which he 
developed a manifestly covariant formulation, incorporating renormalization. For this work 
he received the Nobel prize for physics in 1965 (with R. Feynman and J. Schwinger). 


2. The Propagators for Electrons and Positrons 


In the following we will generalize the nonrelativistic propagator theory developed 
in the previous chapter to the relativistic theory of electrons and positrons. We 
will be guided by the picture of the nonrelativistic theory where the propagator 
G*(x‘;x) is interpreted as the probability amplitude for a particle wave originating 
at the space-time point x to propagate to the space-time point x’. This amplitude 
can be decomposed as in (1.28) into a sum of partial amplitudes, the mth such partial 
amplitude being a product of factors illustrated in Fig. 2.1. According to (1.28), the 
_ probability amplitude consists of factors that describe the propagation of the particle 
between the particular scattering events (caused by the interaction V (x)) and when 
integrated over the space-time coordinates of the points of interaction represent 
the nth-order scattering process of the particle. 

Each line in Fig. 2.1 represents a Green’s function; e.g. the line Xj; %; sig- 
nifies the Green’s function Gy (x;,Xj-1), ie. the amplitude that a particle wave 
originating at the space-time point x; propagates freely to the space-time point 
x;. The space-time points where an interaction occurs are represented by small cir- 
cles (e). At the point x; the particle wave is scattered with the probability amplitude 
V (x;) per unit space-time volume. The resulting scattered wave then again prop- 
agates freely forward in time from the space-time point x; towards the point x;41 
with the amplitude Ge (x;41,x;) where the next interaction happens, and so on. The 
total amplitude is then given by the sum over contributions from all space-time 
points at which an interaction occurs. The particular space-time points at which 
the particle wave experiences an interaction are termed vertices. One may also 
describe the individual scattering processes by saying that the interaction at the 
i-th vertex annihilates the particle that has propagated freely up to X;, and creates 
a particle that propagates on to X;+1, with tj41) = . 

This latter interpretation of scattering events is well suited for a generalization 
to relativistic hole theory since it contains the overall space-time structure of the 
scattering process and the interaction. 

Our aim is now to develop, by analogy with the nonrelativistic propagator the- 
ory, methods to describe and calculate scattering processes mathematically within 
the framework of the Dirac hole theory. We need to focus on the new feature of 
pair creation and annihilation processes that are now contained in our relativistic 
picture of scattering processes. We shall adopt many of the calculation rules intu- 
itively by requiring them to be consistent with the dynamics of the Dirac equation. 
A more rigorous mathematical justification of these rules can be given using the 
methods of quantum field theory. Some references on this subject are given in the 
appendix. In the following we shall use mainly heuristic arguments. 


Fig.2.1. Illustration of the 
nth-order contribution to the 
Green’s function G*(x’;x) 
which describes the proba- 
bility amplitude for multiple 
scattering of a particle 
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Fig. 2.2a-f. Some examples 
of processes encoun- 
tered within the electron— 
positron theory. The dia- 
grams represent: (a) electron 
scattering; (b) positron scat- 
tering; (c) electron—positron 
pair creation; (d) pair an- 
nihilation; (e) electron scat- 
tering that in addition in- 
cludes an electron—positron 
pair creation process; and (f) 
a closed loop describing vac- 
uum polarization 
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Let us now take a look at the typical processes that must be described within 
the relativistic theory. These are collected in Fig. 2.2, illustrated by diagrams that 
we shall learn to understand in the following. 

In addition to the ordinary scattering processes of an electron (Fig. 2.2a) or 
a positron (Fig.2.2b) there are also pair production and annihilation processes 
(Fig. 2.2c—f). Let us first take a look at the pair production illustrated in Fig. 2.2c: 
The electron-positron pair is created by a potential acting at space-time point x). 
The two particles then propagate freely forward in time, the positron to x’ and 
the electron to x. Similarly, Fig. 2.2d shows the trajectories of an electron and a 
positron which start from the points x and x’, respectively, and meet at the point 
x, where they annihilate. 

Diagram 2.2e represents the scattering of an electron originating at x moving 
forward in time, experiencing several scatterings, and ending up at x’. Along its way 
from x to x‘ a pair is produced by a potential acting at x,; the two created particles 
propagate forward in time. The positron of this pair and the initial electron converge 
at x3 and are annihilated. The surviving electron of the pair then propagates to x’. 

Diagram 2.2f shows a pair produced at x, propagating up to x), and being 
annihilated in the field there. It was only “virtually” present for a short intermediate 
time interval. Below we will recognize this process as the polarization of the 
vacuum. 

These simple considerations already show that the relativistic electron—positron 
theory contains more ingredients than its nonrelativistic counterpart: we need to 
describe not only the amplitude for a particle (electron) to propagate from x, to 
x2 but also the amplitude for the creation of a positron that propagates from one 
space-time point to another, where it is destroyed again. It is this positron amplitude 
we have to construct in the first place, enabling us then to find the total amplitude 
for the various processes illustrated in Fig. 2.2 by summing, or integrating, over all 
intermediate points (interaction events) that can contribute to the total process. In 
a scattering event (e.g. Fig. 2.2e) in general both electron and positron amplitudes 
will contribute. 
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The Dirac hole theory (see Theoretical Physics, Vol. 3 by W. Greiner: Relativis- 
tic Quantum Mechanics — Wave Equations, hereon referred to as ROM) interprets 
a positron as a hole in the Dirac sea, i.e. the absence of an electron with negative 
energy from the filled sea. Thus we may view the destruction of a positron at some 
space-time point as equivalent to the creation of an electron with negative energy 
at this point. This suggests the possibility, e.g. in Fig.2.2e, that the amplitude for 
creating the positron at x; and destroying it at x3 1s related to the amplitude for 
creating a negative-energy electron at x3 and destroying it at x; where ty) < fy. 
In this picture a pair creation process such as in Fig. 2.2e,c therefore leads to the 
following definition of positrons: Positrons with positive energy moving forward 
in Space-time are viewed within the propagator theory as electrons with negative 
energy travelling backward in space-time. 

This is the Stiickelberg—Feynman definition of positrons, which we already en- 
countered in the discussion of the time reversal and PCT-symmetries (see ROM, 
Chap. 12). Electrons are represented by particle waves with positive energy prop- 
agating forward in space-time. A process such as in Fig.2.3 can therefore be 
interpreted using two different but equivalent languages as follows. 

An electron originating at x propagates forward in time, is scattered into a state 
of negative energy at x2 by the interaction V (x2), propagates backward in time to 
x1, where it is scattered again into a state of positive energy, and finally propagates 
forward in time to x’. Alternatively one may say that an electron originating at 
x moves forward in time up to x2, where it is destroyed by the interaction V (x2) 
together with the positron of the et — e~ pair that has been created earlier at x) 
by (x1). The electron of this pair propagates forward in time to x’. 

Processes that are represented by closed loops as illustrated in Fig.2.4 are 
interpreted in terms of an e+ —e7 pair being produced at x, by V (x1) that propagates 
forward in time to x», where it is destroyed again by V (x2). Equivalently, within 
the picture of the hole theory, we can say that the potential V(x) at x, scatters 
an electron from the sea of negative-energy states into a state of positive energy 
leaving a hole behind; it is then scattered back into the sea, recombining with 
the hole at x» under the action of V (x2). Or, in propagator language, the electron 
created at x; is scattered back in time at x2 to destroy itself at x;. 

Our next aim is to find a unified mathematical description for the various 
processes making use of the relativistic propagator formalism. The first step is 
to construct the Green’s function for electrons and positrons. It is known as the 
relativistic propagator! 


Sp(x',x; A) (2.1) 


and is required in analogy to the nonrelativistic propagator (1.64), to satisfy the 
following differential equation: 


4 
Sy as pee — <4") — me] Spies 4) — hibap 6" (x —x). (2.2) 
= : Ox ec ag 


! The symbol Sp has been aptly chosen, bearing in mind that the originators of the relativistic 
propagator formalism were Stiickelberg and Feynman: the propagator Is commonly called 
the Feynman propagator. The original references are E.C.G. Stiickelberg and D. Rivier: 
Helv. Phys. Acta 22, 215 (1949) and R.P. Feynman: Phys. Rev. 76, 749 (1949). 


Fig. 2.3. Electron scattering 
with involving an intermedi- 
ate pair creation process 
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Fig. 2.4. A loop diagram 
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By means of this definition the propagator Sp(x’,x;A) is a 4 x 4 matrix corre- 
sponding to the dimension of the 7 matrices. The third argument of Sp serves as 
a reminder that the propagator defined by (2.2) depends on the electromagnetic 
field A,,. 

In relativistic quantum theory usually one employs “natural units” and sets 
h = c = 1, implying the substitutions 


=e ; oe + mg | (2.3) 
Thus in matrix notation with indices suppressed (2.2) becomes 
GV" — ef’ — mo)Sp(x',x;4)= O'@’ — x). (2.4) 


Note that the definition of the relativistic propagator (2.2,2.4) differs from the 
nonrelativistic counterpart (1.64): the differential operator i0/Ot’ — H (x’) occurring 
in (1.64) has been multiplied by 7° in (2.2,2.4) in order to form the covariant 
operator (iV’ — ed’ — mo). The unit matrix in spinor space on the right-hand side 
of (2.4) is most commonly suppressed, i.e. 


GV" — ed! — mo)Spx',x;A) = 6°’ —x) . (2.5) 


However, it must be kept in mind that (2.5) is a matrix equation so that the delta 
function in (2.5) is meant to be multiplied by 1. 

The free-particle propagator must satisfy (2.5) with the interaction term ef’ 
absent, i.e. 


GW" — mo)Sp(x’,x) = 6°@' — x). (2.6) 


As in the nonrelativistic case we compute Sp(x’ ,x) in momentum space, using 
the fact that Sp(x’,x) depends only on the distance vector x’ — x. This property 
is a manifestation of the homogeneity of space and time and in general would 
not be valid for the interacting propagator Sp(x’ ,*;A). Fourier transformation to 
four-dimensional momentum space then yields for the free propagator 


d‘ 
Se(a!sx) = S60! —x) = [ Gani xP [-ip -(e"—x)] Sep) (2.7) 


Inserting (2.7) into (2.6) we obtain an equation that determines the Fourier ampli- 
tude Sr(p), namely 


d' ae, d! a, 
J Gait — 00 -p-—2) = f FF 0 [ip 9) 


which implies that 


(~ — mo)Sp(p) = I (2.8) 


or, in detail, restoring the indices, 


4 
YG = mo)ar(Srp))ae = bap - (2.9) 
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Equation (2.8) can be solved for the Fourier amplitude Sp(p) by multiplying with 
(g + mo) from the left: 


(J + mo)(p — mo)Se(p) = (P +m) . (2.10) 
Since 
PR = pep’ p” = s(t Eno 2 ap p pip (2.1!) 


(2.10) becomes 


(p> — m5)Se@) = ( + mo) (2.12) 
Or 
Se@) = ans for p2#m2 . (2.13) 
0 


In order to sommplete’ the ecinmon of Sp(p) we must give a PIesenpion to handle 


the singularities at p? = mg which is just the mass-shell condition jae i = 


or po = +1/m2 + p* = +E,. From the foregoing discussion of the nonrelativistic 


propagator formalism we know that this additional information comes from the 
boundary conditions that are imposed on Sp(x’ — x). We will now put into prac- 
tice the previous interpretation of positrons as negative-energy electrons moving 
backwards in time. In order to implement this concept we return to the Fourier 
representation (2.7) and the Fourier amplitude (2.13) and perform the energy inte- 
gration (dpo integration) along the special contour C shown in Fig. 2.5. We obtain 


<P se(p) exp [—ip - e’ — x)] 


; d*p 
Sp(x ae x)= (27 4 


=: / 5s) exp {-i [po(t’ —f=—p-(@’— a) 


3 


x [eee sem : (2.14) 


25 p?-—m 
Cr 
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Fig. 2.5. Integration contour 
Cr that defines the Feynman 
propagator. The singularities 
are located on the real po axis 
at po = —E, and po = +E, 
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For t’ > t we close the integration contour in the lower half plane, since in this 
case the integral along the lower semicircle, parametrized by po = oe!?, does not 
contribute for @ — oo. By means of the residue theorem then only the positive 
energy pole at 


Po = Ep = +4/p? + mj 


contributes to the po integration. Hence, we obtain 


dpo exp |—ipo(t’ —t 
i Do PI Pol. Dis 

2m py — p? — mG 
Cr 


2 / dp exp [—ipo(t’ — t)| 
Te Vay = Ep (Po ep) 
Crt+c; 
~iE,(t' —t 
= ee ee | ph ) 
oq 25, 
so that (2.14) yields 


3 
Se’ —x) = =i f on exp [ip - a’ — a)] exp [—iE,(t’ — t)| 


Ex? = P+ +mo) 


2E, 


(poy? + piv + mo) 


(Exy —p-y+mo) , Gis 


fori Sree (2.16) 


The minus sign in (2.15) results from integrating along the contour in a mathemati- 
cally negative (clockwise) sense. This propagator describes particle motion from x 
to x’ forward in time (t' > t). At x! = (a’,t’) Sp contains positive-energy compo- 
nents only, since the energy factor occurring in the exponent of exp(—iZ£,(t’ — r)) 
is defined to be positive, E, = +,4/p2 + ae 

On the other hand, considering the particle propagation backward in time im- 
plies that t’ — t is negative so that the po integration must be performed along the 
contour closed in the upper half plane in order to give a zero contribution along 
the semicircle for @ — oo. Then only the negative-energy pole at 


Dy = Sy > pis 
contributes (Fig. 2.5). This yields 
} dpo exp [—ipo(t’ — t)| 
20 (Po = Ep XPo st iB) 


_,_.exp [—i(—£, Xt’ — 2)] 
aE 


(poy? + pix! + mo) 


(-Ehy —p-ytm) . (2.17) 
Thus the propagator (2.14) for the case t’ < t reads 
fie p 
SiGe 29) = «if (ns O%P lip - (w' — x)| exp [+i£,(¢’ — t)| 


f (-E,y° —p-y +m) 
OE 


‘Pp 


a ae (2.18) 


2. The Propagators for Electrons and Positrons 


45 


This propagator describes the propagation of negative-energy particle waves back- 
ward in time, as can be read off the factor exp (-i(-E,)(t' — t)). These negative- 
energy waves are absent in the nonrelativistic theory, since no solution of the 


energy-momentum relation at pp = —E, = —,/p? + mi exists. Here, in the rel- 
ativistic case, they are unavoidable owing to the quadratic form of the energy— 
momentum dispersion relation. 

We note that other choices of the integration contour C, e.g. as in Fig. 2.6, 
would lead to contributions from negative-energy waves propagating into the fu- 
ture (case a) or positive-energy waves into the past (case b). As we can see, the 
choice of the contour Cr according to Fig.2.5 results in positive-energy waves 
moving forward in time and negative-energy waves backward in time, just as we 


required. These negative-energy waves propagating backward in time we identify 
with positrons. 


Re po 


Re po 


As we recall from hole theory it is the definition of the vacuum (specified by 
the position of the Fermi surface Er) that prescribes which of the particle-wave 
states are to be interpreted as electrons and which as positrons. It is assumed that 
particle states with E < Ef are occupied and that the absence of such a particle 
state is interpreted in terms of a positron. The choice of the propagator is based 
on this definition of the vacuum, which determines the choice of the integration 
contour C, i.e. the transition of C from the lower to the upper complex po half 
plane. For example, in supercritical fields (see Chap. 7) the vacuum carries charge. 
Consequently, some of the negative-energy states are to be interpreted as electrons 
propagating forward in time. For an atom the Fermi surface is usually located at 
a bound state. Hence, in this case the propagator is required to be evaluated along 
an integration contour that passes over from the lower half plane to the upper 
half plane at an energy slightly above the highest occupied bound state. Another 
example of a modified ground state (and thus a modified propagator) is the Fermi 
gas of electrons, which will be introduced in Exercise 2.2 below. 

The integration contour Cr determining the propagator Sp(x’ — x) may be 
alternatively characterized by adding a small positive imaginary part +1 to the 
denominator in (2.14), where the limit ¢ — 0 is to be taken at the end of the 


calculation: 


Fig. 2.6a,b. Possible alterna- 
tive choices for the inte- 
gration contour that lead to 
propagators with the wrong 
asymptotic behaviour 
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d‘p exp [—ip - (x! — x)] 
(27)* pp? — me +ie 


Then the singularities corresponding to positive-energy states, 


Po = +1/p? + mo — ie = +4/p? + me —inle) , (2.20a) 


lie below the real po axis while the poles corresponding to negative-energy states, 


Po = —1/p? + mj —ie = —-1/p? + m2 tine) , (2.20b) 


are located above the po axis, just as required for the contour Cp. The prescription 
of (2.19) is most easily remembered in the form of a rule: To ensure the correct 
boundary conditions, the mass has to be given a small negative imaginary part. 
The two propagators describing positive-energy particle waves (2.16) and negative- 
energy particle waves (2.18) moving forward and backward in time, respectively, 
may be combined by introducing the energy projection operators Ax(p)(see ROM, 
Chap. 7) 


SEQ =a) (d+ mo) . (2.19) 


A,(p) ae Erp + mo 


2mMo j 


(2.21) 


aes +1. for waves of positive energy 
"| -1 for waves of negative energy 


Then, by changing the three-momentum p to —p in the propagator for negative- 
energy waves (2.18), which does not alter the result since the integral f @p in- 
cludes all directions of the three-momentum, we can write 


; d> : : 
Spx! — x) = i / or exp [—i(+E,)(t' — 1] exp [+ip - (a — 2) 
y Ee = Py + mo) 
2E, 
+ exp [-i(—E,)(t’ — t)| exp [—ip - (w’ — x)| 
Gea ao) / 
8 ee 
aj |e 
(Qn) E, 
x (Pot + pir’ + mo 
2mo 


Oct’ — t) 


exp {-i [po — 1) — p- (a — 2)]} O(t' — 1) 


_ Oe at 
SE sale Put’ —1) —p-(@’ —a}} 6 ~ 15) 


2mo 
a, d*p mo { p +m 
(2a)? Ep 2M 


sa IED exp [tip -(x’ — x)| O(@¢ — ry} 


2mo 
fad , . 
= =i f GEE Ase [-ip -@’ —x)] et’ —1) 


+A_(p) exp [+ip - @e’ — x)] 0 — ye. (2.22) 


exp [—ip -(x'-x)] @@’ — 4) 
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Equivalently, by means of the normalized Dirac plane waves (see ROM, Chap. 6) 


wo = [2 = wl (pyexp(—iep x), (2.23) 


Sr(x’ — x) can be transcribed to the following form (cf. Exercise 2.1): 


2 
Sele! <x) = 106 =) f ap 7 vy) 
ail 


4 

+ iO(t — t’) / Pr Va Wx) . (2.24) 

3 

This result is the relativistic generalization of the nonrelativistic Green’s func- 
tion (1.77). The propagator Sp now consists of two parts: the first describes the 
propagation of positive-energy states forward in time, the latter the propagation of 
negative-energy states backward in time. With the aid of (2.24) the following re- 
lations for positive-energy solutions (x)‘+*)) and negative-energy solutions (~p'”?) 
are easily verified: 


a6! — Hua’) =i fa sSe(0' — rove) (2.25) 


a(t —t')pP@') = -i i POSer oan ce) (2.26) 


In analogy to the nonrelativistic propagator theory (cf. (1.7) and (1.9)) the oc- 
currence of an additional minus sign in (2.26) results from the difference of the 
direction of propagation in time between (2.25) and (2.26) corresponding to prop- 
agation of positive-energy solutions forward in time and negative-energy solutions 
backward in time, respectively. The validity of (2.25) can be seen by writing 


i) BPxSe(x! — xox) 


2 
= 00! 1) fp Dye [exvgtowoP@ 
Ill 


4 
— Ot —t') / Bp S vie’) Hf Bx fx pte) (2.27) 
F=3 


and expanding the general positive-energy solution w(x) in terms of Dirac 
plane waves 


4 
pre) = [ee Sarpy vp () ; (2.28) 


r=) 


. . oe E, 
The coefficients a,(p) vanish except for r = 1,2, since by definition ptr) de- 
scribes a wave packet containing only positive energies or “frequencies”. By means 
of the orthonormality relations of the y,(x) 
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Cup) = i Pep Oxypta)y#0 (=1,2) , (2.29) 


ao) = farvPouplay=0  @=3,4) , (2.30) 


the second term in (2.27) vanishes, while the first term gives 


2 
a0 =) fay S apyuple') = OU — HWM’) 22.31) 
r=] 


Thus we have proved the relation (2.25). 

Equation (2.26) can be verified in similar manner. Equations (2.25) and (2.26) 
explicitly express our interpretation of electrons and positrons in terms of positive- 
energy solutions propagating forward in time and negative-energy solutions moving 
backward in time, respectively. 


EXERC SE es 


2.1 Plane-Wave Decomposition of the Feynman Propagator 


Problem. Prove that the Sttickelberg—Feynman propagator 


: ad “ 
Sp(x’ — x) = “if oe e { Ai(p) exp [—ip - (x' — x)] O@’ —2) 


+A_(p) exp [ip - (x! —x)] o(t —2’)} 


may equivalently be represented as 
2 
Se(x! —x) = 100 — 1) [dp Dvpea"yapee) 
oe 
+180 =) fp Yager wiple) 
r=3 


Solution. As we recall from ROM, Chap. 6, the Dirac plane waves satisfy the 
following relations: 


G—m yi a)=0 , (1) 
(Ef — mo)w"(p)=0 or (f —e,-mow"(p)=0 , (2) 
O'(p)p — ermo)=0 where &'(p)=w"(pyty? , (3) 
(pw (P) = Ser, (4) 


4 


/SrUe(PYG() = Bap (5) 


= 
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iP rf E, 
w'(e,p)w" (€“p) = mon (6) 


Here r and r’ can take on the values 1,2,3,4. With the aid of (2.23) we find that 
(bearing in mind that ¢) = €2 = +1,63 = e€4 = —1) 


= P Pal TAP l 2 
> we yp, (x) = (ny zB exp [-ip (x! —x)] Sw" (p)o" (p) 


i) 


a 


i 4 
= aes exp [ip - (x! —x)] $7 w"(p)a"(p) 


Il 


p+mo 
2Mo 


lane ee 
= ae exp [-ip : (x —x)| S- enw" (p)a' (p) 


Pol 


p+mo 
2m 


=1 (because of (5)) 
pmo 


— —— =3 . i 
—— ou ip x) on 


| : ; 
~ (np e exp [—ip -@'—x)] Ay@) 


This result is just the first term of the propagator Sp(x’ — x) in its representation 
in terms of the projection operators Ai. Similarly, for the second part one obtains 


Spee = aa Row lp! —») yaw 
. we exp [+ip -(«’ —x)| = Ea) re) 
= ip tw [+p 6-0] BEM eso) 
= ae exp lip! — xy] Ea" 
oa ew 


Thus we have verified the proposed equivalence between the two representations 
of Sp(x’ — x). 


=e eee Seas 


Equations (2.22) or (2.24) determine the free-particle propagator of the electron- 
positron theory. In analogy to (1.83) and (1.86), respectively, we may now formally 
construct the complete Green’s function and the S matrix for the electron-positron 
field interacting with an electromagnetic potential A. This will then enable us to 
calculate various scattering processes of electrons and positrons in the presence of 
external fields, as will be demonstrated in the following chapter. To accomplish 
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Exercise 2.1, 


50 


2. The Propagators for Electrons and Positrons 


the aim of constructing the exact propagator Sp(x’ ,x;A) we start from the differ- 
ential equation (2.5) that determines S;(x’,x;A) and transcribe it, paraphrasing the 
nonrelativistic treatment (cf. (1.80)), to the following form: 


iW" — mo)Sp(x’,x;.A) = 5°Gc’ — x) + ed(xSp(x’,x3A) (2332) 
This can be viewed as an inhomogeneous Dirac equation of the form 
GV — mo)W(x) = of), (2.33) 


which is solved by the Green’s function technique as follows 


V(x) = Woe) + i d*ySe(e —y)oly) (2.34) 


In this way (2.32) leads to an integral equation for the Stuckelberg—Feynman prop- 
agator 


See's) = | d*ySe(e! —y) [80 —x) + ef) Se07,5)] 
= See! —x) +e | d*ySe', YAO) 2A) (2.35) 


This is the relativistic counterpart of the Lippmann—-Schwinger equation (1.83). 
This integral equation determines the complete propagator Sp(x’,x; A) in terms of 
the free-particle propagator Sp(x’,x). Proceeding in analogy to the nonrelativistic 
treatment (cf. (1.28)) the iteration of the integral equation yields the following 
multiple scattering expansion: 


Sac 1) = SG er e| dx, Sex! — x1) AQ) Spx) — x) 


+ 2) d*x1d4eySp(x! =x AG SE — X2)Ax2)Sp(x2 — x) 
to... (2.36) 


In analogy to (1.31) the exact solution of the Dirac equation 
GV, — mo)V(x) = ed(x W(x) (2.37) 


is completely determined in terms of Sp if one imposes the boundary condition of 
Feynman and Stiickelberg, namely 


U(x) = Wx) + / d*ySr(x — y)eAW WO). (2.38) 


Here w(x) is a solution of the free Dirac equation, i.e. of the homogeneous version 
of (2.37). The potential V(x) occurring in (1.31) is now replaced by ed(x). The 
second term on the right-hand side represents the scattered wave. In accordance 
with the properties of the Sttickelberg—Feynman propagator (2.24) this scattered 
wave contains only positive frequencies in the distant future and only negative 
frequencies in the distant past, since 
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2 
ve) — ve) fae 6) (ie fay HOA) for t +00 


ill 


(2.39) 
and 
4 
W(x) - x) => / Pp S vi) (+e / ay Goo") ie f= S66), 
Pso 
(2.40) 


Notice that here x and y are to be identified with x’ and x, respectively, in (2.24), 
and ¢ in (2.37, 2.83) corresponds to ¢’ in (2.24). 

The result (2.39) expresses our formulation of the relativistic scattering prob- 
lem, which is consistent with the requirements of hole theory. These requirements 
have been essentially built into the Stiickelberg-Feynman propagator by the spe- 
cial choice of the integration contour and thus take into account the location of the 
Fermi border (cf. Fig. 2.5 and Exercise 2.2). Furthermore, according to (2.39), an 
electron cannot “fall into the sea” of (occupied) negative-energy states after scat- 
tering by an external field AG), since only the unoccupied positive-energy states 
are available. In contrast, positrons interpreted in terms of negative-energy elec- 
trons travelling backward in time are scattered back to earlier times into other 
negative-energy states according to (2.40). 

The S-matrix elements are defined in the same manner as in the nonrelativistic 
case (1.37). Terming wy(x) the final free wave with the quantum numbers f that 
is observed at the end of the scattering process, we infer from (2.38—40) with the 
aid of (2.24) that 


Sp = lim (Wp)|¥i@)) 


dey i dySp( eA) | (2.41) 


= tim, (re) 


Here the limit ¢ > +-0o is understood if W(x) describes an electron and t + —oo 
if W(x) means a positron, since the latter is considered a negative-energy electron 
moving backward in time. For electron scattering we have 


2 
[ery fe ipondonno)) (2.Ala) 


r=) 


Si = 6p —ie lim (69 
while positron scattering is described by 


4 
/ @p Sve) i is igondoyro)) _(2.41b) 
r= 


Sip =O tie lim | (00 


The fd 3x integral implied by the brackets projects out just that state w(x) whose 
quantum numbers agree with w(x). All other terms of the integral-sum [ dae 
do not contribute. This yields for (2.41a) 


55 = by ~ie | ay i, MON0) 
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Fig.2.7.. Two graphs for 
third-order electron scatter- 
ing. The lower graph in- 
volves an intermediate elec- 
tron—positron pair 


and a similar expression for positron scattering. Both results can be combined by 
writing (€y = +1 for positive-energy waves in the future and of a elomeneray, 
waves in the past) 


Seeibmeieg, / d*y YAO Wy). | (2.42) 


Depending on whether w(x) represents an electron or a positron, the first or the 
second term, respectively, is nonzero. In (2.42) W;(x) stands for the incoming 
wave, which either reduces at yp > —oo to an incident positive-frequency wave 
wi(x) carrying the quantum numbers i or at yp —> +00 to an incident negative- 
frequency wave propagating into the past with quantum numbers /, according to 
the Stuckelberg—Feynman boundary conditions. 

To elucidate how the various scattering processes are contained in (2.42) we 
first consider the “ordinary” scattering of electrons. In this case 


HO) "SP yoy = /——aupsslemptip--y) 2.43) 


reduces to an incoming electron wave with positive energy E_, momentum pana 
spin s_. The minus sign here designates the negative charge of the electron. The 
nth order contribution to the S-matrix element (2.42) is then 


Sf = mie” fay... yn BAH SEO —In-DAOn=1)- 
x SrO2 — yi) AGH?) 


This expression contains both types of graphs shown in Fig. 2.7: That is, in addition 
to ordinary scattering intermediate pair creation and pair annihilation are included 
in the series, since the various d*y integrations also allow for a reverse time 
ordering, y? cp ye. We therefore recognize that, inevitably, the second part of the 
propagator (2.24) also contributes. 

Next we consider the pair production process. In accordance with the developed 
formalism, W;(y) in this case at yp —> +oo reduces to a plane wave with negative 
energy. This particle state propagating backward in time then represents a positron. 
We use the notation p_,s_ for three-momentum and spin corresponding to the 
physical electron and p,,s4 for the physical positron where p > 0. The physical 
positron state at t —+ oo is described by a plane wave of negative energy with 
quantum numbers —p,,—s;,€ = —1. This wave propagating backward in time 
enters into the vertex. That is, 


(2.44) 


900 = I ; 
Vix) “MEP yr Dy) = Fe QpeU +54 )exp (ips. -y) . (2.45) 


This form of the wave function explicitly exhibits the negative energy and negative 
three-momentum of the particle wave. The positive sign in the exponent in (2.45) 
obviously expresses this property since a wave with positive energy and positive 
three-momentum carries a phase factor exp(—ip_-y). The fact that the spin direction 
is reversed, i.e. —s,, is taken into account by the definition of the spinor v(p4.,54). 
As we recall from ROM, Chap. 6, the spinors have been defined according to 
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v(p4,+1/2) = w(p4) and v(p4,-1/2) = w(p4) 


where w* is the spinor corresponding to a ncgative-energy electron with spin up 
and w? a negative-energy electron with spin down. 

The final wave function wy in the case of the pair creation process is a positive- 
energy solution carrying the quantum numbers p_,s—,¢€ = +1 and describes the 
electron. 

To resume our previous considerations, from hole theory (see ROM, Chap. 12) 
we know that the absence of a negative-energy electron with four-momentum —p 4 
and spin —s is interpreted in terms of a positron with four-momentum +p. and 
polarization +s. Within the framework of the propagator formalism the probability 
amplitude for the creation of a positron at x propagating forward in space-time 
and emerging out of the interaction region into the final free state (p,,s+) at x’ 
is calculated through the probability amplitude for the propagation of a negative- 
energy electron (four-momentum —p,, spin —s) backward in time entering into 
the interaction region. Then, being scattered by the force field, it emerges out 
of the interaction volume as a positive-energy state propagating forward in time. 
The diagrams for the pair creation are illustrated in Fig.2.8. We emphasize that 
the second-order amplitude consists of two diagrams corresponding to the second 
scattering of the positron. These two second-order diagrams are said to differ in 
the time ordering of the two scattering processes. 

Since the Feynman propagator according to (2.24) consists of two parts there 
is no need to deal explicitly with time orderings when calculating any process. The 
formula for the S-matrix automatically contains them all. 

Now let us consider pair annihilation. This process in lowest order is repre- 
sented by the graph of Fig. 2.9. In this case we insert for Y;(y) a solution of (2.38) 
that reduces to pre iy) at t + —oo. This positive-energy solution represents an 
electron that propagates forward in time into the interaction volume, to be scattered 
backward in time and emerges into a negative energy state. According to (2.42) 
the nth-order amplitude that the electron scatters into a given final state ue 
labelled by the physical quantum numbers p,,$+,€¢ = —1 (the corresponding 
formal quantum numbers entering the wave function, however, are —p., —S+; et 
the discussion following (2.45)), is given by 


Sie" / Tee. | a*y, By )AWn)SEOn — In) ADDY OD) - 
(2.46) 


In the language of hole theory this is the nth-order amplitude that a positive- 
energy electron is scattered into an electron state of negative energy, negative 
three-momentum —p,, and spin —s,. This state must of course have been empty 
at t — —oo. That is, there must have been a hole or positron present with four— 
momentum p, and spin or polarization s+. 

Finally let us turn to positron scattering, which (in lowest order) is repre- 
sented by either of the two equivalent graphs of Fig. 2.10. The incident wave 1s 
an electron of negative frequency (negative energy) labelled by the quantum num- 
bers) =p, 34,67 = —) The final state (outgoing wave) is represented as a 
negative-energy electron too. Notice that the incoming electron of negative energy 
characterizes the outgoing positron of positive energy, and similarly the incoming 
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Fig. 2.8a—c. First- and sec- 
ond-order Feynman diagrams 
for electron—positron pair 
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Fig.2.9. The graph for pair 
annihilation 
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positron 
{ 


ee tee 
i 
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Fig. 2.10a,b. Positron scattering in lowest order. The emerging positron Cpe in (b)) 
corresponds to an incoming negative-energy electron (y-* ) in (a)). Similarly, the incident 
positron (aP°"""" in (b)) is represented in terms of an outcoming negative-energy electron 


G@™ in (a)). In other words, (a) describes the scattering process in accordance with our 
calculational techniques, whereas (b) illustrates the real physical picture of positron scattering 


positron is represented as an outgoing negative-energy electron. In Chap. 3.4 we 
will elaborate this explicitly. 


RCE ————_———_——_——_ESaaaaaS a 


2.2 Feynman Propagator for a Fermi Gas 


Problem. Suppose in our formalism we replace the vacuum by a noninteracting 
Fermi gas of electrons with Fermi momentum kp. How is the Stiickelberg—Feynman 
propagator modified? Evaluate Sp in the low-density limit. 


Solution. In a degenerate Fermi gas the levels in the positive-energy electron 
continuum are occupied up to the Fermi momentum kp. These occupied states 
have to be treated like the negative-energy states of the Dirac sea. That is, the 
Feynman propagator is modified according to 


iSy (’ — x) = O0' — 1) N° PhO EOIOK — ke) 


ae 


—O¢-2)57 1 >> He Wie) 


k r=3,4 
+ 2 UO WE OK -— |, (1) 
P=] 2 
where 
Pil) = (mo /Ex)'/? (20)~3/? w" (k) exp(—ie-k x), (2) 


with ko = Ey = 4/k*? + m¢ are the normalized Dirac plane waves. For the special 


case kp = 0 this expression reduces to the ordinary Feynman propagator. We recall 
the following representations of the © function: 


2. The Propagators for Electrons and Positrons 


+00 ; 
1 
cle =i) = = eae ne 
) P [-ipott’ — 1) Fie (3a) 
—CoO 
r dp! 
: | 
@G@ —f) = =i Een int! = 1 
) 57. OxP [—ipo(t! — 1)| ane (3b) 
AiG8) 


where the second expression is obtained from the first by complex conjugation. 
Furthermore we need the relations 


> owe" = Aw , 
eo, 
ot ; (4) 
Sowa" = "8 = A 
a—oEe 
Win he ately. 0) ale 
iSf@’ —x) = O(t' — » | + : = A,(k) exp [—ik -(x’ —x)] O(k — kp) 


+ O(t — rf - ei (k) exp [ik -(x’ — x)] 


00-1) f & o “ B A+(W exp [- ik - @@’ —x)] O(ke — k) 


BEht+h+h . (5) 
Substituting the representation (3a) of the © function we find that 


d*k Mo 
(2m) Ex 


B alpel | 
= en [Ao(t SMS erererea ages) 


h= — A, (kb) exp {—-i [E(t — 1) —k-(a@’ — 2)]} 


. f @kdks | . 
ce (274 Ds ese (=. [(Ex ar ko)(t" =) — re (a! = z)]} 
A eae 


My oe le 


O(k —kp) . (6a) 


Similarily, using (3b), we get 
d?*k dk 
(27)4 Ey exp {i [(Ex —kyyt' —)-—k- (a - x)]} 
eens Pe 
da dke, al 
Pipe i =) ke — 2 
(27)4 DE, exp { i [( k oC ) ( y}} 
ExYo — k- oy + mo 
ee 
kg — ie 


h=- 


Oke —k) . (6c) 


In order to evaluate these integrals, we introduce the following substitutions: 
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Exercise 2.2. kg=kot+E, in fandh , (7a) 
Q=i = al P= ae in ih, (7b) 

In addition, in the integral /; we make use of the identity 
1 = O(k — kp) + Oke — &) (8) 


so that (6) becomes 


d*k ; | a ee cee LLL 
q (Qny4 oF exp [-ik : (x | ee O(k = kp) ) 
, d*k I 2 —Exyo —k-y +m 
yea te, (aneieiie ees Sy oh pee ee ee 
2 i (on) 2B; exp | ik «(x x)| EeeEeene (9) 
x [Ok — kr) + Oke —k)] 
; a ; ; Exyo —k- + mo 
ly =1 (ny 2E; exp [—ik - —x)| = i Sea ae 


In the next step we add /; to that part of /) which contains O(k — kp). The combined 
denominator of the two integrands is 


(Ko — Ex + i€)(ky + Ex — ie) = k? — E? + 2iek, + &? 
=k, oe — et ee (10) 
since € is an infinitesimal quantity and E, > 0. This results in 
Exyo—ksytimo  —Exyo— ky timo 
ko — Ex +i€ ko + Ex — te 
_ Exyo— +7 + mo)ko + Ex) — (—Exyo — ky + mo)(ko — Ex) 
k? — me + ie! 
_ 2Ex(koyo — ky +70) 
k? — me + ie! 
_ E(k + y +o) 


k*—met+iel — oy 
Similarily the second part of /) is added to /;. The combined denominator in this 
case 1s 
(ko + Ex — ie)(ko — Ex — ie) = k2 — E? — iekp 


=k =m ich, | (12) 
Proceeding as in (11), we find that 


Exyo—ksytmo  ~—Exyo—k- +m 
ky — Ey —1€ ko + Ex — ie 
_ Exyo — k++ mo)ko + Ex) — (—Exyo — ky + mo)(ko — Ex) 
k? — m3 — ie’ko 
_ 2E(k + y + mo) 
(R= me —ielky (2) 
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We insert these expressions into (5) and obtain 
d*k y-k+mo 
(27)* k? — mo +ie 


/ d*+k y-k+mo 
(27)* k? — m2 — ieko 


SG =) = exp [—ik « (x’ —x)| Ok — kr) 


exp [—ik -(x’—x)] O(ke —k) (14) 


Instead of adding an infinitesimal i¢ to the denominator of the propagators (14), 
one may alternatively perform the integrations along the contours in the complex 
ko plane as shown in Fig. 2.11: 


d*k exp [-ik - (x! —x)| 
Gye ees pe Ae epee a) ei 
Cr 


d‘k exp [—ik -(x’ —x)| 
(27)* k-y— mM 


O(kp —k) , (15) 
Ca 


where we have introduced the symbolic notation 


Fk mo y-k +m 1 


TL aE = ——_— (16) 
k? — mé (y-k+mo)(y:k—m) yk —mo 
For t’ > ¢ the second integral in (15), 
4 =a P= Joal@e = 
d*k exp {—i [ko(t/ -—1) —k-(a’ — 2)|} Oke (17) 


(x) k -y —mo 
C4 


is evaluated along the contour Ca closed in the lower half plane so that it van- 
ishes. This procedure yields the advanced propagator that transforms all solutions 
below the Fermi surface (k < kp) backward in time. The integration contour Cr 
in Fig. 2.11 is the ordinary contour in the vacuum, since the old vacuum remains 
unchanged above the Fermi momentum kr. The corresponding “causal” propagator 
transforms particles (positive-energy solutions) to propagate forward in time. In 
Fig. 2.12 we have illustrated, these properties: 
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Fig.2.11. The integration 
contours which define the 
Feynman propagator (Cr) 
and the advanced propagator 
(Ca) 
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a 


Fig.2.12. The integration 
contour Cxr crosses the real 
ko axis at the border between 
occupied and empty states 


Solutions with a momentum k < kp, i.e. with an energy below the corresponding 


Fermi energy Ep = 4/ ki + m2, propagate backward in time and are pictured as 
holes (hatched region). Particles, on the other hand, have energies larger than Ep 
and propagate forward in time. 

We summarize the steps that led to this result. For particles of a Fermi gas 
the integration contour cuts the real ky axis just above the Fermi energy Ep. In 
the ordinary vacuum only the negative energy states are occupied. In this case one 
chooses kp = 0, that is, Ep < |E,| for all k, and the point where the contour cuts 
the real ko axis lies somewhere in the interval [—Ex, Ex], the precise position being 
irrelevant. In the case of the Fermi gas (kp > 0) we have to distinguish between two 
alternatives. For k > kp the integration contour passes the same interval because 
Ep < |E,|. In both cases the contour agrees with Cp. On the other hand, at low 
momenta k < kp, implying Ep > |E;|, i.e. Ep > Ex > —Ey, the integration has to 
be performed along the dashed contour, which is equivalent to Cy! This prescription 
is symbolically expressed as 


d*k exp [—ik - @' —x)| 


Se O! =) = Gt. f= , (18) 


CKE 


where the contour Cxp depends on k and kr, as explained above. 

The extension of this prescription to the case of the Feynman propagator in the 
presence of an external field 4,,(x) is straightforward. For example, consider an 
atom with bound states (located within the interval —mo < E < mp). In this case 
the integration contour in the complex ko plane has to be chosen such that it passes 
below the occupied and above the empty states. 

In the low density limit the Fermi momentum kr is directly related to the density 
of the electron gas. That is, with the normalization condition for a box of volume 
V the particle number is given by 


2 


- Bk _ Vv 
Nee) UGE) a2 | <edr-H= G8 (19) 


where the factor 2 accounts for the spin degeneracy. Thus in the low-density limit, 
0 = N/V = kp/3n> — 0, the Fermi momentum kp approaches 0, so that the 
propagator S° reduces to Sp. 
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Supplement. Finite Temperatures. The result (14) can be generalized to the case 
of a free-electron gas at finite temperature 7. From statistical mechanics it is well 
known that a quantum-mechanical state with an energy E cannot definitely be 
said to be occupied or empty. Instead an occupation probability function f(E) 
is introduced. The explicit form of this function depends on the type of particle 
considered; for particles with half-integer spin, Fermi—Dirac statistics requires f(£) 
to be of the form 


l 


eh eee (=n) are ; 


(20) 


where kp is the Bolzmann constant kg = 8.62 x 10-!! MeV/K. The Fermi function 
contains two free parameters, the temperature T and the chemical potential yz. The 


latter is a generalization of the Fermi energy Ex = ,/&? + mg, as becomes obvious 
in the limit 7 — 0, when the Fermi function approaches the © function, 


FET wW-OuU-E) . (21) 


That is, below the chemical potential jz: all states are occupied, whereas above pu 
all states are empty. 

To generalize (1) to the case of finite temperature, we therefore replace the O 
functions O(k — kp) = O(Ex — Er) and O(ke — k) = O(Ep — Ex) by the occupation 
function (21). However, we must be careful to distinguish four different contribu- 
tions: free-electron states (r=1,2) and occupied positron states (r=3,4) propagating 
forward in time, as well as occupied electron states and free-positron states, propa- 
gating backward in time. In contrast to (1), where all positron states were assumed 
empty, the electron gas also contains positrons owing to thermal excitation, as ex- 
pressed by the Fermi function (20). This is depicted in Fig. 2.13. However, the tem- 
perature at which these contributions become important, i.e. where kgT © 2moc?, 
is quite large, T = 10'°K. 

According to these considerations the temperature-dependent Feynman propa- 
gator must be of the following form: 


P | 
positrons 1 
| 


energy 
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Fig.2.13. The occupation 
probability for a hot elec- 
tron gas. The hatched regions 
mark the occupied electron 
and positron states 
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Exercise 2.2. AIO 5) yy (1 —f(Ex)) Vee W(x) 
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+ > 0 - SEED) WH) OC" - 1) 


ie pes 
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Kien se4 


is Psi 2 


aS ee) or—a') (22) 
With the aid of the integral representation of the © function (3) and by employing 
(2) and (4), (22) yields 
Gel 
(27) to + 1€ 


{fo aap SED) 


iS =x i exp [—ikg(t’ — 1) 


=o ie wll * exp [—ik - (x —x)] 


-[S& 5 Cl —f(-E) See te fn ° exp [+ik -e’ — x9] } 
aan pigs exp |—ikg(t’ — 5 


aes mo 


exp [—ik - (x! — x)] } es) 


To evaluate the four integrals we proceed as before by shifting the frequency 
variables and inverting the momentum variables, i.e. by carrying out the substitution 


(7a) in the first and last integrals and the substitution (7b) in the second and third 
integral. This gives 


4h 
SG oa ya Se exp [ik - («" — x)] ; (24) 


where 
E k +m 
SP (k) = = |¢ eee ora 
ee k. VY sp 119 
a ne ay es Le ey) 
UC) a ee 


one —Exyo — k- vem Exyo — ky + mo 


ky + Ex ED) ko — Ex + ie cS) 


We combine the four terms into two using the identity 
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1 1 : 
x—ie x-+ie ae) (26) 
and obtain 
ap 1 
Sp (k) = =e +f 3B, + mo)2mi [f(Ex)d(ko — Ex) 
Ga (27) 


Finally, employing the relations 


O(ko)5(k2 — m2) = 5 ilk ne 


1 (28) 
O(—ko)6(k* — mp) = 5p, (ho + Bt) 
we find that 
+ ; 
SE(k) = ois + 2ni(H + mo)6(k? — m2) 
x [f(E,)O(ko) — f(-E,O(-k)] - (29) 


This expression may be transformed to a more symmetric form by separating off 
the free Feynman propagator according to the following identity: 


K+mo = H+m 


NE a ee le I ae a k? — m2)E(— ; 
mer amma aT nie he oa) oY 


Hence, we have the final result 
SE (k) = Sp(k) + 270i + 1)6(A> — mg) 


O(ko) O(-ho) 
45 — ee) F788 
. to (Ex — )/keT + 1] + exp [(Ex + 1)/keT] +1 < 


In the low-temperature limit 7 — 0 and ys = Ef > 0, (31) reduces to the previous 
expression (14) for the electron gas. This is easily proved by inserting (30) into 


(14). 


KC wea aaa si 


2.3 Nonrelativistic Limit of the Feynman Propagator 


Problem. Show that Sp(x’,x) reduces to the free retarded propagator for the 
Schrodinger equation in the nonrelativistic limit. 
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Exercise 2.3. 


Solution. To solve the problem it is advantageous to change to momentum space. 
The representation of the propagators in configuration space is then obtained by 
Fourier transformation. However, to determine the propagators uniquely we need 
to give a prescription how the singularities have to be treated. 

The Feynman propagator is 


d4 
Spee =") = / aaa exp [—ip(x' — x)] Sp(p) (1) 
and the nonrelativistic retarded propagator is 
Gig =) = / am exp [ip - (a — x)| 
: (2x) 


x fl 2 exp [—iw(t’ — 1) Gi(p,w) . (2) 


—co 


From the previous discussion of the Feynman propagator we have learned that 
the appropriate boundary conditions correspond to shifting the poles by adding an 
infinitesimal imaginary constant, such that 


0) = = dais Q) 


— me +ie 


This form implies positive-energy solutions propagating forward in time and 
negative-energy solutions backward in time. In order to find the nonrelativistic 
limit of Sp we consider (3) in the approximation |p|/mo < 1 and investigate the 
vicinity of the poles. We write 


p+mo - POV Py eG (4) 
2 PY ie 
Po — Pp’ — mg +1 (po — y/* + m3) (po + y/p? + m2 ) + ic 
and obtain, using the approximation \/p? + mo = mo + p*/2mo + O(p4 /m$), 


Se ae 
Sp(p) & Poyo — Pp: ¥ 0 


ns (5) 
(po — mo -£) (po + m0 + =) ates 


Now we study the behaviour of the propagator in the vicinity of its positive- 
frequency pole. Introducing w = pp — mo we can reduce (5) to 


(w+ moyYo — P-¥ + mo 
2 2 
£ (w+ 2m + £) +ie 


= 2mg 


Sp(p) © ( (6) 


For the positive-frequency pole, w lies in the vicinity of p? /2mo. Therefore we 
have w > 0 and (w + 2mo + p*/2mo) © 2mo > 0. Thus, within the approximation 
of small momenta, (5) can be transformed into 
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1 m +1)-—p- 
see o(Yo a ae 
2mo (w = £) rome 
7 Foner Dt 
a ee (7) 
where also e’ is a small imaginary constant. The first term 
1 0 
(40 + 1) = 
5) Yo a 0 
0 0 


selects the two upper components of a given bispinor. Since we have restricted our 
consideration to positive energy solutions by choosing the positive-energy pole, the 
two large spinor components are extracted. The second matrix 
: — ee 
_P a = 0 2mo 
2mo os 0 


2nig 


— 


~ 


mixes the upper and lower components of the bispinor ¥ = e Since |x| < |y| 


the contribution of this term is quadratic in p/m, however, and can therefore be 
neglected within our small-momentum approximation. Thus the numerator of (7) 
reduces to unity (or, more precisely, to the unit matrix in spin space). We therefore 
have the result 


Srp) > 


ee ee ; 8 
Sore ae (8) 


Fourier transforming (8) back to coordinate space then yields the retarded propa- 
gator of the Schrédinger theory. 


Remark. In the vicinity of the pole pp = —,/p? +m the procedure outlined 
above, but with the substitution w = —po — mo, would yield the same result 
(8). However, when Fourier transforming back to configuration space the energy- 
dependent exponent exp (ipo(t/ — on (im(t' — t)) exp (+iw(t! — t)) pro- 
duces a time dependence O(t — t’). Thus, for antiparticles the Feynman propagator 
reduces to the advanced Green’s function in the nonrelativistic limit. 


Xa SEES SS 


2.4 Time-Evolution of Dirac Wavefunctions 


Problem. Prove the following identities: 


a0! — nytt) =i f dxseG! —x)ww9"P) () 
O01 — WP) = =i f PxSe! — xo PO), 2) 


and deduce similar relations for the adjoint solutions p¢*) and J). 
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Exercise 2.4, 


Solution. A wave packet of positive energy may be expressed in terms of a super- 
position of normalized plane waves: 


werPen = f | eae So, Pu! (p) exp (ier =x) 3) 


where E, = /p* + mé and €, = €2 = +1. Similarly, for negative-energy wave 
packets we write ¢3 = €4 = —1. 


He) = | os aeaie Se eeencan a) . a 


In order to make use of the orthogonality condition for spinors 


' E 
wl (e.p)w" (€,1p) = 7 (5) 
Mg 
we employ the plane-wave representation of the Feynman propagator 
2 
Seo! —x) = 10! — 1) [ap Dpto Wipe) 


(6) 
+i0¢-1) [dp > vo" Wee) , 


where the ~(x) are given by 


ae ae ee 
W, = iB (2n)3/2 wW (p) exp ( 1érp x) . (7) 
Inserting (3), (6) and (7) into the right-hand side of (1) we then obtain 


i fats Sey ogi 
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= Ot! = 1) f as a 
Cry E 
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2 
* SS b(p’, ru" (p') exp (—ie,:p’ -x) 


pil 
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(eh) |e | SW" Owen [icp - — 3) 


ap iitig = ee zee, 
Qn) BE, 2°? ,r jw’ (p') exp (—ie,p a) 
pall 


2. The Propagators for Electrons and Positrons 65 


dpd>p' mo [m 
( ) Qnp/? E, \ Ey Exercise 2.4. 


4 ) w" (p)w"l (pw (p')b(p',r’) exp (—ie,p -x’) 
7 — lee 
al 


: : Be pall 
. |e oe lie-p SorL )-x] —O(t —t’) ae See 
P 
x Ow Mew" O',r)exp (—ierp +x") 


r=3,4 
r’=1,2 


ax ; ; 
x (Qn exp li(e,p = 1B pl]o) ) : Z| A (8) 
Performing the x integration in the O(t’ — f) term yields 
exp [i(E, — E,)t] S(p—p') , (9) 


where we have used €, = €,” = 1, since r,r’ = 1,2. The O(¢ — ¢’) term in the last 
line of (8) on the other hand produces a factor 


exp [-i(Zp + E,/)t] O(pt+ py’), (10) 


since in this case c«, = —1 (r = 3,4) and e,, = +1 (r’ = 1,2). Integrating over d3p 
and relabelling p’ as p we find that 


i Px Se(x! —xyowt®Qx) 


3/2 
cA =) | opr QOnpr 2) 


x Ss wW (pw! (p)w” (p)b(p, r’) exp (—ie,p +x’) 


P= 
r'=1,2 
=elG =f) / ar oe oy w" (—p)w" (—p)w" (+p) b(p,"') 
(20)? Ep r=3,4 
r/=1,2 
x exp (—ie,p - x") exp (—i2Ept) (11) 


where f = (po, —p). Now we make use of the orthogonality relation (5), which 
reads tors — le 


wT pw" (p) = wl (e-p)w" (Ep) = ae (12) 
ail, fie = 3 eile 


wl (—p)w" (p) = wT (e-p)w" (erp) = 0, (13) 


i.e. the second term in (11) vanishes. The remaining first term gives 
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Exercise 2.4. i fats Spx’ — x)yopt(x) 
/ d°p m : - . / 
= Of — »| (Onys72' E EO (p) exp (—ie-p - x’) 
= Ot’ — twa’, de) 


completing the proof of (1). The relation (2) is verified in an analogous manner. 
In this case, since w*) consists of spinors with r = 3,4 only, the second part 
of Sp(x’ — x) contributes while the first term vanishes, thus yielding —O(t — t’) 
PD"), 

Very similar relations can also be deduced for the propagation of the adjoint 
spinors PF )(x), 2). Since the ordering of operators is inverted when per- 
forming Hermitian conjugation, the propagator Sp should now stand to the right of 


w. Therefore we study the following integral 


i f ax + )y0Si60 -x) 
sy | ee 
(Qn)? E, \V Ey J Qn 

2 


Me b*(p',r')a" (p') exp (ip'x) Yo 


P= 


2 
x {-i9¢ = t') S"w"(p)e" (p) exp [—ip +(x —x’)| 


r=] 


4 
+iO(! — 1) S| 0" (p)a" (p) exp [+ip « & — x')] 


PSS 
(15) 


Now the calculation that led from (8) to (14) can be repeated, i.e. the x integration 
can be performed and the orthogonality relations for the unit spinors used. Then 
(15) reduces to the simple expression 


d3 : 
Olt os )/ CTE (ELr env) exp (ip 38) : (16) 


This is the expansion of the adjoint spinor *)('). Thus the ansatz (15) has 
indeed led to a propagation equation for the adjoint wave function, namely 


O0 — HHP) =i [Px Ba YyaSe6 x!) (17) 
In a similar manner one derives the relation 
00! — DIP ey = 1 fax BPG 0S —x') (18) 


A comparison of (17,18) with (1,2) reveals that the order of the time arguments 
t and ¢’ is interchanged. This is not surprising, since w(x) describes an incoming 
wave and 7(x) an outgoing wave. 
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CARS = eee 


2.5 The Explicit Form of Sp(v) in Coordinate Space 


Problem. Derive a closed expression for the Feynman propagator in configuration 
space. How does it behave on the light cone, x? — 0, and at large spacelike or 
timelike separations x? — +00? 


Solution. Our starting point is the integral representation of the Feynman propa- 


gator of the Dirac equation. The integral can be simplified by factorizing out the 
Dirac differential operator: 


d‘ eps 
Sr) = | Sa +m) 


d (27)* p 
2 d*p idyy" +m ee 
(27)* p* — m? + ie 
; d‘ ev Px 
So m) | EEE REE 
=(iy-O+m)Arx) . (1) 


The Fig. 2.14 illustrates the integration contour Cr. Alternatively, the integration 
may be performed by shifting the poles by an infinitesimal constant ie. The integral 


d*p e~ px _ / d*p e7 ip 
Qn) p2—m2+ie J (2n)* p2?—m? ° 
Be C 
F 


Are) = ey) 


which we introduced for the sake of mathematical simplification, also has a physical 
meaning. It is the Feynman propagator of the Klein-Gordon field! 

The po-integration in Ap(x) can be evaluated by using the residue theorem, 
which determines the values of integrals along closed contours in the complex 
plane. Since the integrand carries a factor exp(—ipoxo + ip: x), it is obvious that 
for xo > 0 the integrand vanishes asymptotically for large |po| in the lower half 
plane. Thus, for xo > 0 an “infinite” semicircle in the lower half plane can be 
appended to the contour Cr without affecting the value of the integral. Since the 
integrand is regular everywhere except for the two poles, the path of integration 


Fig. 2.14. The integration 
contour Cr 
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Fig. 2.15. Definition of the Im po 
integration contours C~ and 
Gal 


can be contracted to a contour Ct which encircles the point py = +£,, as shown 
in the Fig. 2.15. Conversely, for x9 < 0 the contour Cr needs to be closed in the 
upper half plane and we may integrate along the contour —C7 (the direction of 
integration is essential). Thus, we obtain 


Ap(x) = Ox) AT (x) — O(—x0) A(x), (3) 
where 
Ve d*p eT ip x 
@)= se « (4) 
Gee 


We proceed by rewriting the denominator as 


1 I 1 1 
= = 5 
ee Sa 2Ey oe Po oe) ( ) 


where E, = ++/p? + m? to isolate the two poles and obtain 
dp 
ANG) 
al 


P a : 
= if Ons 2B, exp [—i(E,xo — p- 2) pee (6) 


exp (ip - x) —— ¢ 5, XP (—1pox0) ( = ) 
2Ep é. 27 i= Ep oe, 


Notice that the contours Cy are directed in a negative mathematical sense. 
Using this result both contributions to Ap(x) in (3) can be combined into a 
single expression 


ee pl : 
An) = -i f = aE, exp (—iE,|xo| + ip - ce (7) 


In order to evaluate this three-dimensional integral we introduce spherical polar 
coordinates. The angular integrations can be carried out immediately 
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: ee) +1 Pee , 
i 
f Pp 
An = ~ On fw [acoso | aoF- exp (—iE, |xo| + ipr cos 0) 
1 0 


ez. 


ae eo . | 
=— (Qn) 27 / Tae exp (-iE, |xol) (exp (ipr) — exp (—ipr)) 
0 


oOo 


I P . . 
= ae [oe exp (-iE, \xol) (exp (ipr) — exp (—ipr) ) ; (8) 
0 


where we have written |p| = p and |x| = r. Substituting p — —p in the second 
term the two contributions in (8) can be combined into a single expression. Fur- 
thermore, the factor p under the integral can be replaced by a differentiation with 
respect to the parameter r 


[eo) 


1 y ; 
Ar(x) = — ee i; dp exp (-iE, |xol) exp (ipr) 
i Oo ia exp |—i(Ep|xo| — pr)| 
eee ee 
8n2r Or | a E, 0) 


This integral can be brought into a more convenient form using the substitution 


E,=mecoshn , p=msinhn , (10) 
which obviously satisfies the relativistic energy momentum relation E? —p? = m?. 


Now (9) takes the form 


1 fa dp exp [—-im(cosh n\xo| — sinh nr)] 


aD a 8x2r Or Tan mcoshn 
—0o 
. 0 oO 
= =i / dn exp [—im(|xo| cosh — r sinhy)| Ch) 
—o0o 


The further evaluation of this integral depends on the relative size of the time and 
space arguments, |xo| and r. We will separately discuss the three possible cases. 


Case 1: Timelike separation x? > 0, i.e. |xo| > r. We substitute 


rll a4 7 cose 
xo] = /%o 12) 


a re sinha 
and use one of the addition theorems for the hyperbolic functions 


Ixo| cosh» — r sinh = 4/x9 — r?(cosh @ coshn — sinh 6 sinh 7) 


=A) ce GOs ta) (13) 


Thus we have 
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Fig. 2.16. Bessel function Jo 
and Neumann function No of 
zeroth order 


ey 
Wy) = aa ih dn exp (—im yx — r? cosh(n — 0) 


=O 


jane ay 
=a | anexp (—im x3 =P cosh) ; (14) 


ASD} 


This integral can be solved in terms of Bessel functions? of zeroth order: 


[e.@) 


[o.@) 
[e.@) 
/ dnexp (—iz coshn) = 2 / dn cos(z cosh) — 2i | dn sin(z cosh) 
0 
0 


=CO 


= —inJo(z) — mNo(z) = —inHO'(z) (15) 


Jo and No are the Bessel functions of first kind (often simply called the Bessel 
function) and of second kind (also known as the Neumann function). Both can be 
combined to yield the complex Hankel function HP) (Bessel function of third 
kind). The functions Jo(z) and No(z) are sketched in the Fig. 2.16. At z > 0 Jo(z) 
approaches | while No(z) has a logarithmic singularity. Using the indentity 


SHG) a) (16) 


we obtain the scalar Feynman propagator for |xo| > r 


1 d(my/xi —r?) Bs eee 
Ar(x) = (a Hy ma) x, — 7 
eae, ee (my — ?) : (17) 
84/x¢ — 4? 
Case 2: Spacelike separation x? < 0, i.e. |xo| <r. Here we substitute 


|xol = 4/r?2 —xé sinhé , 
(18) 
fo) Po eoshiy ae 


and use the addition theorem 
sinh 6 cosh y — cosh @sinhn = —sinh(n— 6) . (19) 


This leads to 


tO ee 
Aye = ee i dnexp (imy/r — x? sinh ") 


i fa) [oe] 
= — 2_ 2 oj 
= 7a dncos(my/r? —x2sinhn) (20) 


* See e.g. M. Abramowitz, I.A. Stegun: Handbook of Mathematical Functions (Dover, New 
York, 1965), Chap. 9. 
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The sin-term does not contribute, being an odd function in 7. Here we encounter 
the integral representation of the modified Bessel function Ko(z) (also known as 
the MacDonald function) which is related to the Hankel function of imaginary 
argument 


co 
2 | dn cos(z sinhn) = 2Ko(z) 
0 


==iniGm) . (21) 


The MacDonald function has a logarithmic singularity at z — 0 and falls off like 
4/1 /2z exp(—z) at z — 00, see Fig.2.17. Using (21) we obtain for r > |xo| 


d (—mi,/r2 —x? 
1 0 
aie = PY) | 0 ( inf) 


dr 


im 
= eee (~im = 33) | (22) 


Obviously this is the analytical continuation of the result of case 1, (17). 


Exercise 2.5, 


Ko(z) 


a 


Fig.2.17. Modified Bessel 
function of zeroth order 


Case 3: Lightlike separation x7 = 0, i.e. |xo| = r. This case has to be treated Ko(x) 


with special care since here the integral (8) is divergent. For large values of p the 
integrand approaches 


lim 2 exp (—iEpr) (exp (ipr) — exp (ipr) ) 
poo Ey 
= nee (1 — exp (—2ipr) ) : (23) 


Since the first term approaches a constant (instead of oscillating, which would 
be the case for |xo| #1) the integral will diverge. A certain singular behaviour of 
Sp(x) is already apparent when the results (17) or (22) are continued to the argument 
|x| + r. In addition, however, also a singular distribution might contribute which 
has its support solely on the light cone |xo| = r and thus does not emerge when 
one studies the limit just mentioned. 

It is easy to see that this indeed is the case. Let us study the divergent part of 
the integral (8) explicitly. For this it is justified to replace EZ, — p. Then we find 


ARC) igor = / dp { exp [—ip(|xo| — r)] — exp [-ip(\xo] + 7)] } 


~ 8r2r 
1 1 l 
x gs ($ 288th) —9- 52r6ba) +9) (24) 


8r2r 


This calculation has taken into account only the delta-function contribution. Both 
terms in (24) can be combined to yield 


i 
Arg(x xg —r = — 75% = Pm) ; (25) 


We have to add this singular contribution to our earlier result. The final result for the 
Feynman propagator /\; for the Klein—Gordon field then reads (using x” = x§ —r7) 
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ENCTCISE 2), Ar(x) = — ole 2) me? (m vx?) 


— ) (2) fs 

Baa 3 (—im/—x?) (26) 
8rV—x2 

As an important special case of Ar(x), let us consider the limit m — 0. Since 

LNG) ~ 2i/mz for z — 0 (Abramowitz, Stegun, p. 360, No. 9.1.9) it follows that 


De(x) = iim, Ar(x) 


m—0 


=F EP + lim ( 
An 


m—0 
1 i | 
epee yo ae eee 
4a Ca 
tinal 
~ 4n2 x2 je 


O(x”)2im  O(-x am) 


8r2mx2 812imx? 


(27) 


Up to a constant factor this agrees with the photon propagator, which will be 
discussed in Sect. 3.2. 

Let us return to the Feynman propagator of the Dirac equation S¢(x) which is 
related to Ap(x) by (1) 


Sr@) = (iy 04+ m)Ap(x) = mAp(x) +17: OAgx) , (28) 


where the first term tacitly contains the unit matrix in spinor space. Often it is 
sufficient to work with this representation of the propagator. For completeness, 
however, we will derive the explicit form of Sp(x) which calls for an evaluation 
of the derivative of Ap(x) given in (26). We proceed by employing the following 
identities: 


Cee is ae: = eae), (29) 


Ono Saye 


1G) ar . 
and also (Abramowitz, Stegun, p.361, No. 9.1.27) 
SH) = 5 5 (He @)— He). (31) 
The last term in (28) has the form 
aeyaaes)) = ~ig-y - 5(x2) + = a pas (mvx?) 
1 ae (—im | (32) 


We evaluate the derivative of the term in square brackets by using (29-31) and 
obtain 
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1B 


Or 2 
sei Za (m8) — BE A (mv) 


(x2)3/2 
+ 2OCO [He (mvs?) — HO (mv2)] 
= 1 SH? (-im/=38) + SOD 1 (im V2) 


pres) [HS (im Vx?) — He (—im =) | (33) 


The two factors that are multiplied by 6(x?) can be combined. Then we have 


Bee (m/e) Bee (—im PI) 
|]. —— a). Se 
io | Ve Jeri 


== lim ee E a zi 5 
9m (Ve) ™ im) (71) 

= lim [= = (34) 
x2|+0 Lam [x2] Jo 


where we have used the asymptotic expansion of the Hankel functions for small 
arguments 


H(z) ~ *rw) (=) See (35) 


Thus the explicit expression for the Feynman propagator in coordinate space reads 
(x?) 

[x?| 

im 2 1 (2) 

an Ya8 ei {66 ) — GD Hy (m vx?) 


+ 2 (HP (mvs2) — Ho (mvs?) | 


i 1 
Stag (*) = mbagAr(x) pet Ty V9 5X") = 73 Yop Xu 


ia 


1 
. D (2) : 
ae 10(—x ) fescoe (—im =x?) 


where A(x) is given by (26). We emphasize that propagators like Ag(x) and 
S¢(x), looked upon mathematically are distributions, that is, they only make sense 
in integrals when multiplied with suitable “well-behaved” test functions. 


Asymptotic Behaviour. 1) x? small. Ap(x) and - even more so - Sp(x) exhibit 
several kinds of singularities on the light cone x2 — 0. A study of the asymptotic 
behaviour of the scalar Feynman propagator, (26), leads to 


Exercise 2.5. 
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ie, ig? mv x? m? 3 
yy —-— —- - -—> — ) 37 
a) oe Ves 4n2x2 82 o ( 2 1672 Co 7) 
The leading singularity is contained in the first two terms, namely 
i I 
 —-—— + O(m’) . 38 
Ap(e) & 5G — + O(n?) (38) 


Note that this result agrees with the massless propagator Af(x) given in (27). This 
coincidence is quite reasonable since the singularity at x* — 0 in momentum space 
is related to the divergence of integrals at p — oo. In this region the mass can 
be neglected. The singular nature of the propagators is the cause of great concern 
when integrals involving the product of several propagators have to be evaluated. 
In general the “collision” of singularities will render the integral divergent. The 
elaborate formalism of renormalization theory is required to extract meaningful 
results from these infinite quantities, see Chap. 5. These calculations, however, are 
more easily performed using momentum space propagators Af(p). 
2) x* large. The Hankel function behaves for large arguments |z| as 


2 I 
H(z) ~ 4/ — exp | i (: = ~ i7)| for |z]}—oo . (39) 
NZ 


Applying this relation to (26) we deduce the following asymptotic behaviour of 
the scalar Feynman propagator 


aa 
Ar(x) — const (a) * exp (—im vx?) {or oo ee (40a) 
Ar(x) — const e2|-4 exp (-my 1) for: = —ccme (40b) 


Thus for large timelike distances (x? —+ +00) the propagator is an oscillationg 
function slowly decreasing in amplitude owing to the power-law factor. On the 
other hand, for large spacelike distances (x? —- —oo) the propagator rapidly falls 
to zero according to the exponential function in (40b). The scale is set by the 
inverse mass of the particle, i.e. by it’s Compton wavelength. These conclusions 
remain valid also for the Spin-1/2 Feynman propagator S(x) given in (36). 

Figure 2.18 illustrates the qualitative behaviour of the propagators. This result 
can be understood quite easily if one thinks of the propagation of a wave W(x) 
W(x’) in terms of Huygens’ principle. Classically, from each point x elementary 
waves emanate which can propagate with velocities up to the velocity of light, i.e. 
inside the forward light cone (x‘—x)? > 0. The fact that the propagator is nonzero 
(albeit rapidly decreasing) also in the region of spacelike distances is a quantum 
mechanical tunnelling phenomenon caused by the difficulty to localize a particle on 
a scale smaller than its Compton wavelength. This apparent violation of causality 
vanishes in the classical limit m — oo (or, formally, fi > 0). 
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vo oscillating Fig. 2.18. The propagators 


FA Apr(x) and Sr(x) are oscil- 
lating functions inside the 
light cone and fall off out- 
side the light cone. On the 


light cone they are singular 
Y) exponential distributions 
/) decrease 
4 
‘ 
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3. Quantum-Electrodynamical Processes 


In this chapter we will gain some practical abilities in calculating various interesting 
quantum-electrodynamical processes that are of great importance. Thus the follow- 
ing chapter consists mainly of examples and problems. First, we start by applying 
the propagator formalism to problems related to electron-positron scattering. We 
shall proceed by considering more complicated processes including photons and 
other particles. As in the original publications of Feynman! we shall derive general 
rules for the practical calculation of transition probabilities and cross sections of 
any process involving electrons, positrons, and photons. These rules, although de- 
rived in a nonrigorous fashion, provide a correct and complete description of QED 
processes. The same set of “Feynman rules” results from a systematic treatment 
within the framework of quantum field theory. 


3.1 Coulomb Scattering of Electrons 


We calculate the Rutherford scattering of an electron at a fixed Coulomb potential. 
The appropriate S-matrix element is given by (2.41a) and (2.42) and can be used 
directly. For f #i and renaming the integration variable y — x one gets 


Spa nie fax Gone) FFI . 3.1) 


Here e < 0 is the charge of the electron. In order to discuss (3.1) in an ap- 
proximation that is solvable in practice we calculate the process in lowest order 
of perturbation theory. Then (x) is approximated by the incoming plane wave 
w(x) of an electron with momentum p; and spin 5; : 


Pix) = 4/ = yo) cul ae (3.2) 


V denotes the normalization volume, i.e. 7; 1s normalized to probability 1 in a box 
with volume V. Similarly w(x) is given by 


P(x) = VE tense (3.3) 


The Coulomb potential A9(x) is generated by a static point charge —Ze; thus we 
have 


| R.P. Feynman: Phys. Rev. 76 749, 769 (1949). 
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Fig. 3.1. Wave functions are 
normalized within a cubic 
box of side length L 


Ao(x) = Ao(a) = -i AC) Oe (3.4) 


With these assumptions the S-matrix element (3.1) reads 


; l me | eanentvean wll 
Si SN ae Hipp. sp1? uns) f a's elles —Pi) x Bl (3.5) 
t 


The integral over the time coordinate can be separated yielding 


[ee] 
/ diy l@s—#i™ — In (Ey — Ej). (3.6) 


—co 


This result expresses the fact that energy is conserved for the scattering in a time- 
independent potential. The remaining three-dimensional Fourier transform of the 
Coulomb potential (3.4) 


= 
Ao(q) = —Ze [es al aS 


with the momentum transfer g = p,; — p;, can easily be solved with the help of 
the following trick based on partial integration: 


jes i ee = ae jes a Ae vre 
x q x 


fo oho 
q |2r| 


1 
= mee jes (4n&(x))e7'7% = 


An 


a (3.7) 


Thus the S'-matrix element (3.5) follows: 


S Se sab spy u(p; a) WE = 155) (3.8) 
fi VA ER 


Now we need the number of final states dN, within the range of momentum d?py. 
It is given by 


d*py 
(27) 


dN =V (3.9) 


This can be understood by considering the following inset. 


Standing waves in a cubical box of volume V = L? (Fig. 3.1) require 


kL=n2n , 
Go nan, 
(Si ee 6 


3.1 Coulomb Scattering of Electrons 


with integer numbers n,, ny, nz. For large L the discrete set of k-values approaches 
a continuum. The number of states is 


dN = dn,dnydn, 


I 5 
= Gap Eddy de 
= Vv Se ie 3 
~ Gm "> Gap e? 


(A set to 1). 


At this point we can already state the transition probability per particle into 
these final states which is obtained by multiplying the squared S matrix element 
by the density of final states 


Va> p 
dw =|S,'? f 
Z? (4a)? mg le, sp) VY u@i, si)? apy 
a Ee ee ee eae : OO Ee Ey ee | 


Here we have set e* = e*/hc = a, a ~ 1/137 being the fine-structure constant. 
In Sect. 4.2 the system of units we employ will be discussed in more detail. 

In (3.10) the square of the 6-function enters. This is a mathematically not well 
defined divergent quantity and has to be specified by a limiting procedure. Instead 
of (3.6) which refers to an infinite time interval —co < t < co we now assume 
that the transition takes place only within a finite time interval —f a t Then, 
instead of a 6-function we get a function that is ‘smeared out’ in energy: 


Ep 
2n6(Ey — E;) => i at ele Fie 
7/2 
De : 
= gee | ae a 
i(Ey — E;) _r/2 pe 
Thus the square of the 6-function is replaced by 
oo) 
5 Sie ee 
—E£; 4 ——+___- Sle 
(27 6(Ey E;)) a (Ey = iD ( ) 
In Exercise 3.1 we show that the area under this function is 
ie HCG = I 
sim pp Ley 
dE, 44 —>—-_——_ = 20 T Gals) 
i) (87 1 e 


OS) 
This result can be understood by inspecting the graph of the function 


4 sin?*(xT /2)/x* (see Fig.3.2). The area can be approximated by a triangle with 
height 7? and length of the basis 47/T : 
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Fig.3.2. The function under 
the integral of (3.13) 
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(ee) 

2 

4 

ee (3.14) 
x2 OF 

—oo 


which incidentally gives the exact result. For increasing 7 the shape of the function 
4 sin? (xT / 2)/x* approaches a 6-function, the area under the function having the 
value 277. Therefore we may give meaning to the square of the energy-preserving 
6-function: 

(2n6(Ey — E;))° = 2706(0) 206(Ey — E;) 
; (3.15a) 
= 2a 1 6b, = E;) 


This identification ensures that the integration over dE yields 277 according to 
(3.13), and we are led to the following rule of replacement 


2760) => T . (3.15b) 


This result can be made plausible by another approach. It is 


T/2 
2nd(Ep — Ei) = lim i dt &@y— Fim 
00 
=i fp 


For Ey = E; it follows that 


T/2 
276(0) = lim i dt = lim T (3.16) 
Sie) 


Inserting (3.15) into the expression for the transition probabilities per particle 
(3.10), we can now state the transition probabilities per particle and per unit of 
time with final states within the momentum range d°p,. 

We denote this rate dR, 


_ dW _ AZ? oP ms lier, sf) Yui, sd? 


dR = 
ip EV lal\4 


ad 
2 Sp eae (3.17) 
Ey 


The scattering cross section can be defined as the transition probability per particle 
and per unit of time divided by the incoming current of particles 


ne. =U) W(X). (3.18) 


The upper index ‘a’ determines the component of the current vector in the direction 
of the velocity of the incoming particles 


as. (3.19) 


Taking the spinors (3.2) with spin polarization in the direction of the z-axis and 
using (6.30) from ROM we can determine the current: 


3.1 Coulomb Scattering of Electrons 


Jinc. = me) Dilxyy" W(x) = 


<1, u(p;, S;) 


1 
moc? (EZ; + moc") ae moc?) 0 
=e [10 = 0) | _ vie 
EV 21g oe z Moc E; +ige 
0 
1 
a moc? (Ei + noc") + moc’) 0 0 03 0 
E,V Ime? fe rae a3 0 ee 
0 
pie 
Bei 
o moc? (EZ; + nioc*) + HI9c* 2) ae ie 
ey Wome 5, Tope ae 1 
0 
2 
aes 
a ee (3.20) 
(3.20) is just the ratio of velocity and volume 
Vi 
|Jine.| = = C2) 


Performing the calculation in (3.20) we assumed without restriction of generality 
the direction of velocity to be parallel to the z-axis. Further we used the relation 
3 

= a = (2. . } The result (3.21) is plausible and could have been 
written down without any calculation. It can also be derived in a simple way for 
velocities whose direction is not parallel to the z-axis. In this case one has to take 
the more general spinors ((6.32) in RQM). The differential cross section do can 
now be determined with the help of (3.21) and (3.17) 


dR 4Z?02me |ii(py sp) V uPi.sid? P74 IPI 


de = = 
Jinc. EV i lal? Ef 


d Oy 6(Ey ~ Ei). G-22) 


The differential cross section per unit solid angle d{, of the scattered particle 
follows: 


Depa fe 0 _«.\\2 ptd 
asd, Apr E; |v; | lq| Ef 


Here the momentum space volume element Co — P74 |pyld Qy was used. We 
introduced the integral since in every practical case one has to integrate over a 
small interval Ap, (uncertainty of measurement). The integration has the effect 
that the apparently singular behaviour arising from the 6(Ey — E;)-function (being 
infinitely large for E; = Ey) vanishes. Because 


EP = pp + mi 


we get 
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Eydky = Ippld|py| 
and thus 


da  4Z*a*’m2 IpplEro(Ey — Ei) 


O17 0 2 
a aimee ae Ss dE, 
dD lait | (Pr Sp) Y Ui, Si)| ; E; |u;| Ey i 
Pf 
AZ OTe 
a THe ler. sp) VY uQpi,si)P . (3.24) 
Here we used the relation |p,|/E;|v;| = |p;|/E;|vi| = |v;|/|v;| = 1 resulting from 


(3.19) and the 6-function. In the nonrelativistic limit it holds that 


2 
— a 


App sp) V u(pis Si)? la »(, 1) (aH 


and (3.24) reduces to the well-known Rutherford scattering cross section. 

The differential cross section (3.24) can in principle be applied to calculate the 
scattering of a particle from the initial polarization (s;) to the final (sy). This will 
be treated in Sect.3.5. However, in most experiments neither the polarization s- 
of the scattered particle nor the initial polarization s; is measured. Therefore the 
various possible initial polarization states have the same probability. That is, the 
actually measured cross section is given by summing the cross section (3.24) over 
the final polarizations sy and then averaging over the initial polarizations s;. Thus 
the unpolarized scattering cross section reads 


dG AZ2a2m2 1 
A = a a Ee (3.25) 
dQ2 la| 2 ore 


The problem of calculating polarization sums of this kind is very frequently en- 
countered when dealing with processes involving Dirac particles. Fortunately an 
elegant mathematical technique has been developed which avoids the explicit han- 
dling of the unit spinors u(p,s). The double sum over the polarizations (spins) can 
be rewritten as 


in 0 0 
> daly. 57) 9.9 wali, siul (pi, s) 7h ot ue(pr, sp) 
Sp Si 


= SS Uap, Sp) ese Ug(Pi; Si) H6(Di, Si) Yeo Uo(PF Sf), (3.26) 


SF; 


using the Hermiticity “ot = 7°. Here the summation over doubly occurring Dirac 
indices is implied. For an arbitrary operator I" we have the general rule 


AN luo? =(aNhu@) @DPuy) , (3.27) 
with the “barred” operator 
Silo! (3.28) 


This can be easily shown: 
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(fa(f) Pap wali) (ut yt) 
= (ta(f) Pua uai)) (ul ea2 Ft, aol uM) 
= (a(f Pui) (a@) Pa(f)) 


Here we used y°t = y°, (7°)? = 1, and, further, the identity of the con- 
jugate complex and the Hermitian conjugate of the number (matnx element) 


(a(f ) ie u(i ))" = (a(f ) Pu (i yt. The barred matrices I” can be directly calculated 
for a number of operators I’, for instance 


Be av pligy ale (3.29a) 
BECELIES 4 049t40 = 494? = 7° and y!Ty? = = Oy = 777? = 7 , since 
® is Hermitian and ¥’ is anti-Hermitian. For the > matrix we find 

ii (3.29b) 
because 

5 Cee 


ie = ayy 
and 


In a similar way we get 


a (3.29c) 
and from (3.29a) 
dB¢--- pop ba . (3.29d) 


In order to calculate the sum over spins in expressions like (3.26) or (3.27) in a 
direct and simple way we have to learn some new calculational techniques. These 
sums can be reduced to calculating traces. Here we use the energy projection 
operators (see ROM, Chap. 7) 


fi, OD, (3.30) 
2Mo 2mo 
As an example we calculate 
irm 
S| up pi, Si) ts(P: 51) = ys E, Wy (Di) @ axe) (Ae mane 
Sj yr=l 76 
pi + mo i 
a ae =) | Dees 3.31 
( Fy ae ( ) (3.31) 


2 This elegant technique was introduced in H.B.G. Casimir, Helv. Phys. Acta 6, 287 (1933). 
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We have used here the relation (cf. ROM, (6.33)) 


wo" (gp — €,mg) = 0 (3.32a) 
to extend the range of summation to r = 1,...,4. Subsequently we used 
4 
Se wa(D)) Gh (p;) = Spy (3.32b) 


Il 


The last expression is the completeness relation (ROM, (6.41)). Similarly we cal- 
culate the spin sum in (3.26). We write explicitly 


DL ees (> ua(Pi,Si) (Pi, Si) Yoo Ua (Pr 5/) 


a,o,8,6 Sf 
G2 because of (3.31) 
0 BS 
+ Mio 
=) DL tales 5f) (, yan ) Uc (Py Sf) 
2m 
ae i ag 
+ mo ; 
“deve (rom P) ey) 
2mo 
ao r=) 
o Bi + mo Br + mo 
- ye 2) Gila oe lee | 
O,0,7 r=1 mo oe 0 Pe 


er ae 


0 Bi + Mg etme | 


= Ie |, (3.33a) 


2mo 2m 
In the last line but two we used the relation (cf. ROM, (6.33)) 
(fp —€,mo)w'(p)=0 . Graze) 


The reasoning leading to (3.33a) equally applies to the spin summation of the 
general squared matrix element (3.27). The result is 


S- la(pr, sp) Fup; si)? = Tr pe em pie ; (3.33b) 


2m 2 
ne 0 mo 


where the barred operator I’ has been introduced in (3.28). Using this result the 
unpolarized differential cross section (3.25) can be elegantly written as 


da 4Z?a*ms r, oPi + mo o Pe +mo 
dQ  —-2\q/4 2m 2mo 


(3.34) 


To proceed in the calculation we now use several relations that will be discussed 
in Mathematical Supplement 3.3. Since the trace of an odd number of ‘y-matrices 
vanishes (Theorem 1, Mathematical Supplement 3. 3), (3.34) can be reduced to 
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dc Gea 0 0 2 0\2 
dQ ~ ql lie Bi By) + mo Tr(7”) (3.35) 


With Tr(y°)? = Tr 1 = 4 and Tr(y°f;7°%,) = Tr(d pi d py) for a = (1, 0,0, 0) and 
furthermore using Theorem 3, Mathematical Supplement 3.3, 


Try piv Bp) = a-p; Trapp — a-a Trp pp + a-py Trp id 
Using Tr¢ § = 4a-b (Theorem 2, Mathematical Supplement 3.3) we get 
Tri Be) = 4 (pila -py) — (2-4) 4 (Di Dy) + 4 (@-Ppa-Pi) 
= 4E,Ey — 4(E\Ey — p;-pyp) + 4 Ev Ey 
= 8E;Ep —4pi-pp =4EEp +4D,-Dy (3.36) 


The 6(£; — E,)-function in (3.23) ensures energy conservation E; = Ey and thus 
E? = E/, yielding 


me + p? = mé + p? or |p;| = |p,l = |p| 


As a function of the scattering angle 0 we can write for the scalar product of initial 
and final momentum 


6 .,8 98 
DP; Py = |p| cos@ =|p|’ (cos? a sin =) = IPP (1 = Deine =) 
0 
=? F? (1 = 2 sin? = ) (3.37) 


with |p| = |v|/E = GE. 
Taking this result and the momentum transfer (see Fig. 3.3) 


6 
lal =|pp-—pil=2Iplsin5 (3.38) 


the differential cross section (3.35) can be written in the form 


ag Te Oe 9) 
TO. > GE ee ee sm 
Zo 9) 
= ———___—_____ |8 E; Ey — 4p; pp + 4m 
2 x 16|p|* sin’ $ a a | 
Zo 3) 
= ————__,_ |4 EF; Ep +4p;-pp + 4m 
32|p|4 sin’® 2 y eek 7 
Bea a9 6 5) 
ee SSE? lpr a —2sin —) + m 
8|p|* sin* £ | 2 : 


- ewe [E? —_ GE? sin’ S| 
_ 434E4 sin’ 2 

A ee Dee? a2 6 
_ Ba? (1 — @ sin s) eet e au 5) 3.39) 
AEG a 2 sin’ $ 46?|p|? sin’ > 


Here we used 62E2 = m2c?v? = c?|p|? with 6 = v/c, yielding Ce = Ip)? 
for c = 1. Equation (3.39) is just the well-known Mott scattering formula, which 
reduces to Rutherford's scattering formula in the limit @ — 0 (small velocities) 


Zam A 


Fig. 3.3. Sketch of the mo- 
mentum transfer q 
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da Zao 

asly —4?|p|? sin? & 
In addition to the correct treatment of the relativistic kinematics, (3.39) differs 
from the Rutherford formula for another reason: the Dirac electron has a magnetic 


moment interacting with the magnetic field of the scattering centre (viewed in the 
rest frame of the electron!). For small velocities this effect is negligible. 


(3.40) 


XERCISE ie ae 


3.1 Calculation of a Useful Integral 


Problem. Show that 


co 
4 sin’(Ey — E;)T /2 
0 ee 
/ 1 (& — EP 


—ooO 


Solution. In a first step we introduce the variable x := (Ey — E;)4; then 


co es oe) si 
r= [dao aor [aS (1) 
zz x 


Since sin? x IE x = I, the integrand is continuous and bounded everywhere. By 
partial integration this expression can be simplified to 


ie Pn gi 
1=27 [sins =| +27 pe 
“ —oo Ee x 
$sin 2x siny 
| x [a y (2) 
we Es 


This is the so-called ‘Dirichlet integral’. It can be easily calculated using the residue 
theorem. The function siny/y with the extension siny/y |,<0 = 1 is holomorphic 
in the finite plane. The integral / does not change its value if the path of integration 
is deformed near the origin to the contour C (dashed line in Fig. 3.4). It follows 
that 


el en? 
}=2T a i | 
[¢ Diz [« Diz ©) 


Cc Cc 


The first integral can be performed by closing the path of integration in the upper 
half plane, the second in the lower half plane: 


iz en iz 
[=o ae — dz ; (4) 
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The residue theorem states that 


efi 
j=aT mi (5-0) =207 (5) 


EXERCISE 


3.2 Lorentz Transformation of Plane Waves 


Problem. The plane waves in box normalization are given by 


Wee) =\/— up, syeP™ 
te pes | (l) 
Be) =4/ ap #@.s) 


V is the normalization volume and 


nO aim ( Xs ) 


o-p 
2m E+mo Xs 


1 0 
MVE = i) ) x12 = 1 


Show that w(x) has the right properties under Lorentz transformations, i.e. that the 


bilinear quantity a(x )y(x) is a Lorentz scalar and wl (x)W(x) is the time component 
of a four-vector. 


(2) 


Solution. The action of a Lorentz transformation on the box volume V has to be 
taken into account. The length contraction is a simple kinematical consequence of 
the Lorentz transformation yielding a modification of the observed volume. 

First a measuring unit in the rest frame S’ of the electron is given with end 
points on the z-axis zj and z3; the length of the unit 1s Ig = 2, —z;. An observer in 


Fig. 3.4. Integration contours 
in the complex plane 


88 


Exercise 3.2. 


3. Quantum-Electrodynamical Processes 


frame S measures its length at time t. Without restriction of generality we choose 
the z-axis in the S-frame, moving with the velocity —v with respect to S’, to 
coincide with the z’-axis. 

With -y = (1 — v*)~!/2 it follows that 


z= Y(@2—vt) , (3a) 

z= —vt) , (3b) 
and thus 

QZ 2, = (2) — 7) — (4) 


which gives the length / measured in the observer’s frame S, 
= (5) 
y 


(length contraction). The invariant volume Vo as ‘seen’ by an electron in its rest 
frame changes to 


a (6) 
7 


in the observer’s frame depending on the relative velocity of observer and electron. 

The coordinate x of the wave function (1) refers to a specific choice of the 
origin — here given by the observer’s position. The normalization volume as seen 
by the observer 


y= / d>x ; (7) 
thus depends on the velocity of the electron. However, 
Vo ; (8) 


is independent of the velocity, and thus it is invariant. 
Using (1) and (2) we get for the scalar density 


FORO = ae [ine al SS 0) 
We write explicitly 
(o-pyt (o-p)= ( P3 A a ( P3 Dive D 
Pi P27 ee Pitip.,  —p; 
DN eee 
See ee 0 ce: 
( 0 pitpe+p2)—P ! » Uta) 


which can be used to simplify (9) to the result 
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- — Baas p 
PE)Wa) = Sar [ ae = 
2EV E+mo 
2nio (E + mo) mo | 
= DEV (Edm) Se (11) 


Since E /mi is just the Lorentz factor - we find 


? ! 
W(x) Hx) = or eee ae (12) 


which is a Lorentz-invariant expression. On the other hand the 0-component of the 
4-current density is 


nh . Tl . 
Mey = x! gang)! Ca x 


2EV (E + mo) 
_ E+Mmo p 
 Q2EV | (E + | 
= eS (Be te ry te me ee m6 
2EV E +m 


2E (E + mo) 7 1 ¥ 


Soren Fh oy 


Since y is the time component of the four-velocity, the transformation properties 
of the result are obvious. 


MATHEMATICAL SUPPLEMENT 


3.3 Traces and Identities Involving -y-Matrices 


When calculating Feynman diagrams and the resulting physically measurable cross 
sections, one is confronted with the task of evaluating traces of special combinations 
of y-matrices. In Sect.3.1 the importance of calculating traces has already been 
discussed, and this will be a recurring theme also in the following examples. Very 
useful techniques have been developed to simplify these calculations. It is not 
necessary to use the explicit form of the y-matrices; usually it is sufficient to 
exploit the commutator algebra of the y-matrices. We collect these properties in 
several theorems. 


Theorem 1. The trace of an odd number of y-matrices vanishes. 


Proof. We make use of the matrix ys which anticommutes with all other y-matrices 
and satisfies Ys7’s = 1. For arbitrary four-vectors a),...,4, We have 


Trdi--+¢n = Trdi-++dn Ys¥s = Tes d+ dn 5 
because of the cyclic permutation within a trace, i.e. TrdB = Tr BA. We use the 
relation ps + YsYu = 9 and commute the first ys to the right. This yields n 
minus signs, and thus we get 
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nn eee 


Mathematical Tr@ +++ dn = (—1)" Teds --- dn¥sys 
Supplement 3.3. = (—1)"Tr¢;---d, 


Obviously the trace vanishes for odd n. 
Theorem 2. Trd# = 4a-b 


Proof. 
Trd¥ = Trbd = }Tr(db + $4) 
1 
=o 1 Ge ane, Bi, 
= a,b, Trg?” I 
=a-bTrl = 4a-b 


Theorem 3. 


Tr) +++ dy = a\-a2 Trd3 +++ dy — a -a3 Tr dogg st dy + we 
+ A, +p Tr do caus dn—1 


This theorem is very useful in calculating traces involving many y-matrices. A 
special case is 


Tr didodsda a4 (a "G2 43-4 — A, 3 A2°A4 + ay -A4 az-a3) 


Proof. By using ¢1¢. = — @2¢, + 2a)-a2 ll we shift ¢, to the right-hand side of 2, 
that is 


Trd@1--- dn = 2a -a2 Tr d3 --- dy — Tr do di d3--- dn 


Repeating this procedure we get (remember that n must be even according to 
Theorem 1) 


Tr dy +++ dy =2a)-a) Trdy +++ dy —... + 2a-a, Tr dy +++ day 
= Tread 
Finally we use the invariance of the trace under cyclic permutations to move 4 


back to the left hand side of the expression. This yields our theorem. In particular, 
we get 


Tr dida d3d4 = aya Trdsd4 — 3-0 Tr dad4 + ay -a4 Tr dod 
= 4a) -a2 43:44 — 4a)-a3.a2+a4 + 4 a) -a4.a2-a3 


Here we have applied Theorem 2. 


Theorem 4, i 0 
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9] 


Proof. In our representation the matrix 


y= 7 =i 7 


has the explicit form 


om 
1 Sak Cee 


which is obviously traceless. 
The same result can be derived from the algebra of the y-matrices without 


using any special representation. With y“y° + y°y" = 0 and thus in particular 
vy = —77? we get 
ieee agonal ny ry 
==, oY =] — ty —0 


We again used the cyclic permutation of matrices in a trace. 
Theorem 5. Try ay =, 0 
Proof. We have to show that Tr(7°y"y”) = 0. If the indices are equal, u = v, 


the assertion follows from Theorem 4 since (y“)* = g##1. In the case pp # v we 
choose an index X that differs from yz and from v and proceed as follows 
ey ae = We pa aby ane 
SD ey ae 
= <Try pW = 


Theorem 6. Tryd#dd = —4i ce??? agbgcyds 


Here € is the completely antisymmetric unit tensor: grew 1 if (a, 8,7.) 
is an even permutation of (0, 1,2, 3), e%87§ — —1 for an odd permutation, and 
e876 — 0 if any two indices are identical. 


Proof. We have to evaluate 
Try d hdd = dabpcyds Try yyy’, 


where summation over all repeated indices is implied. Most of the A= 256 terms 
in this sum do not contribute. Indeed, if any two of the indices a, 8,7, 6 take on 
equal values, the trace will vanish. Let, say, the first and third indices be equal. 
Using the commutation relations the number of y-matrices under the trace can be 
reduced by two: 


Try ye yoy ey? = Tryppye(—yr-y8 at gee Ny 
= Try (—y7 77? + 27% 97 DY? 
es 9 Tryp yy? ele 2g Try yy 
=0 


using Theorem 5. 
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Ee 


Mathematical 
Supplement 3.3. 


Thus only indices (a, 3, y,6) that are a permutation of the numbers (0, 1, 2, 3) 
can contribute. We only have to evaluate the trace 


Dylans =Try(—iy°) = -iTrI 


= — 4i = —4ie9! 


Try 


Since the four 7 matrices are mutually anticommuting, an odd permutation of the 
indices (0, 1, 2,3) introduces an additional minus sign, which completes the proof 
of the theorem. 


Theorem 7. Tr did -++ don = Trdon --- dy 


Proof. We take advantage of the matrix C, which was introduced in the discussion 


of charge conjugation. C’ has the property C Oe GL =X= ye It follows that 
Tr @\ a2 oe don = eC AC ~ Cuno aes Cae Ga 
=D" Teddy «+> bn 
= Trig al 
— Tr don So o8 qy 


Theorem 8. The following useful identities hold for contracted products of 
y-matrices: 


a) aq = 41) ? 

b) TRUSTE = — 2d ’ 
c) Ydby! = 4a-bl , 
d) Ydbey" = — 248d , 


e) WAbEdyY = 2ddbd + 2Wbdd 


Proof. These identities all follow from the anticommutation relations of the 
y-matrices. 


1 1 
a) wy = AC i 529" ul =41 , 


b) dy? = Wy avy” = avy (2gt” 1 — yy”) 
=2¢—4¢d=—-2¢4 , 
C) wd By? = ” avy byy" 
= Wy d29™" by — Ywdy"B = Wd + 24g 
=4a-bl — 246 + 246 =4a-b1 , 
dy wd BEY = wd B29" cy — db yd 
=2¢db —4a-b¢ 
=4¢a-b — 2¢6¢ —4a-b¢ 
Sl 
) Wdhe dy =wdbd29"" dy — wdbdyv'd 
=2ddb¢+2¢bdd 
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OS 


LAAN —E- ee 


3.4 Coulomb Scattering of Positrons 


In the discussion of electron scattering at a Coulomb potential we found that the 
scattering matrix element depends quadratically on e. Therefore we expect the 
Coulomb scattering of positrons to yield the same result in that order of e. This 
can be seen by denoting the matrix element explicitly 


eae fi Dx iy CAQVO@) (1) 


Here the overall sign is positive, because we scatter waves with negative fre- 
quency (cf. (2.39) and (2.40)). The incoming state corresponds to the future and 
is treated as an electron with negative energy and four-momentum —p;. This elec- 
tron moves backward in time. The scattering process is illustrated in Fig. 3.5. If as 
a lowest-order approximation we insert a plane-wave solution, the corresponding 
wave function (incoming electron with negative energy) is 


mn R 
pee, —S) = | —— UPp,)e 
Ba) 


For the outgoing state we write equivalently (outgoing electron with negative en- 
ergy) 


m rue 
peiero)(—p,, = 5) = ee 7 u(Pi, Si) etlPix 
i i 


Here we have adopted the language of electrons on the left-hand side and the 
language of positrons on the right-hand side. An incoming electron with negative 
energy moving backward in time corresponds to an outgoing positron with positive 
energy moving forward in time (ape(—y, —sp)  v(pr,sr)). Similarly an 
outgoing electron with negative energy moving backward in time corresponds to 
an incoming positron with positive energy moving forward in time. 

By using the spinors u(p,s) we have taken care of the fact that the spin of 
electrons with negative energy is —s. Here s denotes the spin of the positron. This 
redefinition, which we performed in ROM, Chap. 6, is now obvious. A positron is 
described by an electron with negative energy, negative momentum, and negative 
spin as demanded by the hole theory. The negative momentum is automatically 
included in the spinors w’(p) with r = 3,4, since these solutions belong to the 
plane waves w(x) = w"(p) exp (—ie,p -x). (For further information we refer to 
ROM, Chap. 6). We always construct the appropriate graph in terms of electrons. 
By doing this we retain the clarity of our calculations and attain a well-defined 
procedure to treat electrons with positive and negative energies avoiding possible 


(2a) 


(2b) 


errors. 
As a consequence of our considerations we arrive at a result that is completely 


analogous to electron scattering: 


en mo 
f V \ EE; 


i al 
B(pi, 81) Y VP S/) i) Gee A ; (3) 


4 


Fig. 3.5. Scattering of a posi- 
tron at an external potential 
(xX) to lowest order. The in- 
coming positron with mo- 
mentum p; and spin s; is de- 
scribed by an outgoing elec- 
tron with negative energy, 
with momentum —p; and 
spin —s;. For the outgoing 
positron the treatment is anal- 
ogous 
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Example 3.4. 


Differences only occur regarding the total sign and the spinors v. We do not have to 
repeat the steps leading to the cross section since they have already been presented 
for the case of electron scattering. The unpolarized differential cross section follows 
as 


= SS oo) 1 VPP S)P (4) 


Sf Si 
Again the sums over the spins can be reduced to a trace. We rewrite 
4 pee 
e =e es 0 
>2 YalPis5i) Fa(pi,51) = > & wh (p;)G,(p;) (-) (-42") - ©) 
oz 


2m 
Sj r=1 e 


This follows from the Dirac equation for the adjoint spinor @"(p)( —€-mo) = 0, 


which for r = 1,2 gives 


w'(p;)Gi-—m) = 0 , (6) 
whereas for r = 3,4 we have 


Bi — mo 


Er  (p;) (A) = o'(pi) . (7) 


We make use of the following closure relation: 


4 
Ss” €- wi(p) 05(p) = bag (8) 


ll 


and derive the result 


DY vais Si®a(Vi, 51) = Sa (4) 
8 


2mo 


(a) 
2mo af 
=(4-@)) ag - (9) 


Thus we finally get the scattering cross section 


lege Bor 
AG ae 2\q\/4 Tr bP Gi a mo) 7° (Pr — mo)| 


5; 


Bee 0 0 2 2 
ia 2Ia\* (Tr[y Bi Be) + me Try’) ee (10) 


This result is identical with the formula for electron Scattering, (3.31), and thus 
yields the same angular distribution. As is the case in the classical theory the cross 
section for Coulomb scattering is independent of the sign of the charge. 

Yet, if we take care of higher terms in the expansion of the S -matnix, this state- 
ment is no longer valid. The first-order (proportional to e(—Ze)) and second-order 
(proportional to e?(—Ze)) contributions to the transition amplitude have different 
signs for electron and positron scattering, resulting in differing cross sections. The 
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ye) 


2 


© Ze 
Of CO e€ BQ + 
é Le 


source of this interference term, which gives a contribution to the cross section 
proportional to e?(—Ze)? is schematically illustrated in Fig. 3.6. 

Owing to the infinite range of the Coulomb interaction, a more complicated cal- 
culation has to be done, since higher-order contributions to the S-matrix diverge. 
Yet a thorough analysis’ shows how to collect the divergent parts in a physically ir- 
revelant phase factor, which drops out when squaring the S'-matrix element. Instead 
of using plane waves for describing the charged particle one can employ Coulomb 
waves which include the distortion caused by the + -potential. The asymptotic form 
of these distorted waves is 


mae: os as : a 
e-P r+inIng@r—p-r) 6 ipr cos 6+in In(2pr sin* 6/2), (11) 


where 7 = Za/G. The calculation using Coulomb waves in principle is exact, 
i.e. it is equivalent to summing up all orders of the perturbation series. However, 
no closed analytical expression can be given for the scattering cross section. 

In the nonrelativistic limit (@ — 0) the exact cross section (in all orders) 
reduces to Rutherford’s result again! It is interesting to study the next order of 
the expansion in Za. Without presenting the lengthy calculation we just quote the 
result4 

= Dye] 

UE = sea a cin a Be (esi) 2 ne (1 = sin) Dele) 

d Sp 4\p|? 6? sin* 6/2 ye 2 2 
The effect of the interference term can be seen immediately. It leads to an increase 
of electron scattering at the positively charged nucleus (upper sign) and a decrease 
of positron scattering. As expected the term contains the factor e(Ze)e*(Ze)? = 
(Za). As an illustration of (12) Fig. 3.7 shows the differential cross section for 
scattering of electrons (left) and positrons (right) divided by the Rutherford cross 
section. The charge number is Z = 40, for still higher charges the truncation of the 
series expansion in Za becomes noticeable, i.e. (12) deviates considerably from 
the exact results. 


SSeS ee eS aot 


3 R. H. Dalitz: Proc. Roy. Soc. A206, 509 (1951). 
4 W.A. McKinley and H. Feshbach: Phys. Rev. 74, 1759 (1948). 


Fig. 3.6. The first-order and 
second-order scattering am- 
plitudes can interfere 
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Fig.3.7. Differential cross 
section (12) for the scattering 
of electrons (left) and posi- 
trons (right) off a nucleus 
with charge Z = 40, normal- 
ized to the Rutherford cross 
section. The values of the 
incident kinetic energies are 
Sig, = Oni, OS, Il. 10, MEY 


dd/dd, 


0 20 40 60 80 100 120 40 160 180 20 40 60 80 100 120 0 160 180 
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3.2 Scattering of an Electron off a Free Proton: 
The Effect of Recoil 


In contrast to Sect. 3.1, where the scattering centre was assumed to be fixed, we 
now consider electron scattering off a freely moveable nucleus. To be specific we 
choose a proton as the target, i.e. a spin-$ particle. In a first approximation this 
will be treated as a structureless Dirac particle. One should expect a result different 
to the one derived in Sect. 3.1, since now also recoil effects are present. 

In order to solve this problem we proceed in two steps. Let us assume we 
know the proton current J“(x). Then, with the help of the Maxwell equations we 
can determine the electromagnetic field A"(x) produced by the current. This field 
A(x) can be inserted into the S-matrix (3.1) 


So = Se / dx De AMO)Gi(r) (3.41) 


If we replace % and wy by the plane Dirac waves, (3.2), we have constructed the 
scattering amplitude of the electron in the field produced by the proton to lowest 
order of a. Analogously to Sect.3.1 this result leads to the lowest-order transition 
amplitude and cross section. 

In the first step we calculate the four-potential A“(x) produced by the Dirac 
proton. This is achieved by solving the inhomogeneous wave equation with the 
proton current /“(x) as a source term, 


BAS) Ge) (3.42a) 


with the wave operator O = 0,0" = 82/12 — V?. One should keep in mind that 
for this equation to be valid the Lorentz gauge O,,A"(x) = 0 has to be chosen. As 
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we know from classical electrodynamics otherwise the differential operator would 
be more complicated, namely 


DAM (x) ~— OY AA’ (x) = 4a B(x). (3.42b) 


Since we are free to choose the most convenient gauge, the following calculations 
will be based on (3.42a).° The solution of this equation again can be most clearly 
and systematically formulated by using the appropriate Green’s function (propaga- 
tor) which will be called Dg(x —y). As in the electron case the photon propagator 
is defined by the equation 


ODe(x —y) = 4nd4(x —y) (3.43) 


The Fourier-transformed propagator is defined by 


d+ 
Dax — y) = = exp |—ig-(« —y)] Dr(q’) . (3.44) 
Using 
d4 
oe —») = | EG exp [ig -y) G.45) 


we obviously get 
4n 
Dy(q?) = ao formes 00 (3.46) 


As in the fermionic case (cf. (2.9 — 2.19)) the pole of Dr(q?) at gq? = 0 has to 
be treated carefully. As before we add an infinitesimally small positive imaginary 
number ie, i.e. we write® 


4n 


Dr(q7) = — : 
F(q°) gq? +ie 


(3.47) 


We may also say that we provide the photon with a small negative imaginary mass. 
This prescription of treating the pole guarantees the causality principle. Photons 
with positive frequency (i.e. positive energy) only can propagate forward in time. 
Contributions to the A“-field which have negative frequency move backward in 
time. Since the photon (in contrast to the electron) carries no charge and “1s its 
own antiparticle” these two processes are physically identical. There is no need to 
speak of photons with negative energy. 

The causal behaviour of Dr(q”) (3.47) can be seen mathematically by substi- 
tuting (3.47) into (3.44). This yields 

d*q 


Bee = aa iI #F ex [tig (2 — wl 


— dgo expl—1go(%o — Yo)] (3.48) 


(Cay an tee 


> Other gauges will be briefly discussed in Chap. 4. 
6 The factor of 47 arises from our use of the Gaussian system of units. When ‘rationalized’ 
units are used the numerator in (3.47) is replaced by 1, see Sect. 4.2. 
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Fig. 3.8. Integration contour 
in the complex qgo-plane used 
to evaluate the Feynman 
propagator in the case 
xo > Yo 
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The path of integration in the complex qgo-plane (see Fig. 3.8) has to be closed in 
the lower half plane for x9 > yo, which yields a contribution at 


go=+t+lq| . (3.49a) 


This result simply states that only waves with positive energy (qo > 0) move into 
the future (from yo to x9). Similarly for yo > xo the pole at 


go = ~-|q| (3.49b) 


contributes to the photon propagator. This can be interpreted as a positive energy 
photon (—q > 0) moving from xo to yo. 
With the help of the Feynman propagator for photons, 


ar = 
Dr(x —y) = fas exp [—ig-(x — y)| (= =) (3.50) 


the four-potential A“(x) solving (3.42a) is 


A(x) = i d*y Dee — 4) (3.51a) 


Note that in more general gauges (3.51a) will be replaced by 
Anis) = faty DEG YW) (3.51b) 


In our case the tensor Df” is just proportional to g“” so that the tensor indices can 
be discarded for convenience, Df” = g#” Dr. 
Using (3.51a) in lowest order the S-matrix element (3.41) is given by 


Sp = =i fatxdy [edy le ¥iC0)] Dele — yO) (3.52) 


The term inside the brackets represents the current of the electron. It is a matrix 
element of the current ‘operator between an initial and a final state and thus is 
called a transition current.’ Up to now nothing is known about the proton’s current. 
However, since the electron and the proton play equivalent roles in the scattering 
process, the proton’s current has to be of the same form as the electronic current. 
Therefore we make the replacement 


J°V) > HEV) = ero"). (3.53) 


€p = —e > 0 is the proton’s charge and Wr) and wr(y) are the free final and 
initial states (i.e. plane Dirac waves) of the proton. They have the same form as 
the electron waves (3.2) and (3.3): 


7 As a historical remark we mention that already Heisenberg, developing his formulation 
of nonrelativistic quantum mechanics, used the transition matrix element of the current 
as a source for A“(x). In particular, he adopted this procedure for describing electronic 
transitions entering the calculations of atomic spectra in the framework of his matrix 
mechanics. 
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2 


HO) =f apy Hn SePIP.y) 
Mo 

pry) = \! phy 7 UCP, Sp exp (—iPy-y) 
EV 


Here P; and Py denote the four-momentum of the proton, S;, Sy and E?, E; P denote 
its spin and energy, respectively. Mo is the rest mass of the proton. Thus the 
proton’s transition current can be written in the form 


Mee @ : s 
J = = | BREF exp [i(Py — P,)-y] @(Py, Sp)y"u(Pi, S;) (3.55) 
f 


Insertion of the transition current (3.53) or (3.55) into equation (3.41) defines the 
so-called Meller potential® of the Dirac proton. 

Now we insert (3.55) and the analogous expression for the electronic current 
into (3.52) and get 


Es Varn’ (pr, Sp) Yuu: 5i)| 


x fatxaty EL exp [-ig-¢e ~»)] exp [ley — pomp [iP P91 


(3.54) 


4m 
— WP Spy uP; of; ’ 50 
x ( z =| [a(Pr, So"ulP:,S;)] (3.56) 
The x- and y-integrations can be performed immediately yielding 


fats exp (i(py —pi- q)-x) = (27)*5* (py —Pi-q) ; 
(3.57) 
[ty exp (iy - P+ ah) = CnC, — Pi +9) 
Now the q-integration is easily done: 
d*q 
(ide 


4n 
So ea) (-~$— sz) : (3.58) 


and the total S-matrix element (3.56) reads 


ge ee 5 \) BPEP 


as er spn 8] Te [RP SH W(P 50) . (3.59) 


4 
(20)*6*(py — pi — )(2m)* O*(Pp — Pi +) - @ vil 


—|| 
Si = y2 


We notice that the electron and proton enter this equation in a completely symmetric 
way. This symmetry is necessary, since there is no physical difference between 


8 ©. Moller: Ann. Phys. 14, 531 (1932). 
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Fig. 3.9. Graph of lowest-or- 
der electron—-proton scatter- 
ing. The thin line represents 
the electron, the double line 
represents the proton. The 
wavy line symbolizes the ex- 
changed photon 
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electron scattering at a proton field and proton scattering at a field generated by 
the electronic current. 

If we compare this expression with the result (3.8) of Sect.3.1, we recognize 
the difference between electron scattering at an external Coulomb field and at a 
proton. It is given by the substitutions 


Bop: —I MZ. 
a? eu (Z a f Bp Hr Sus S) (3.60a) 
g 


and 
V => (2n)5'(Py — Pi +p, —D,) (3.60b) 


The last replacement guarantees momentum conservation which was not accounted 
for in the earlier calculation. 

The S-matrix element (3.59) describes electron-proton scattering in lowest or- 
der; for higher orders the currents in (3.59) would change. Figure 3.9 shows the 
process (3.50) graphically. The electromagnetic interaction is expressed by a wavy 
line. It enters the matrix element (3.59) as the inverse square of the transferred 
momentum, 1/g? = 1/(pr — p;)*. This can be viewed as the reciprocal O-operator 
(3.42) in momentum space. We note that the wavy line represents a virtual photon 
being exchanged between electron and proton. The four-momentum of the photon 
is 


(compare the 6-functions in (3.58)). The factor 
a 3.62 
q? +ie Ce 


in a way represents the amplitude for the propagation of a photon with momentum 
q. The points where the photon starts and ends are called vertices . According to 
(3.59) the factors ey, act at these points, enclosed between spinors of the form 
/mo/E u(p,s). The spinors describe the free, ingoing and outgoing Dirac particles, 
which can be observed as real particles. As we see, each line and vertex of the graph 
corresponds to a specific factor in the S'-matrix element. In addition, the S-matrix 
element (3.59) contains the four-dimensional 6-function, ensuring the conservation 
of total energy and momentum in the scattering process. 

Now we calculate the scattering cross section, beginning with the transition rate 
per unit volume, To that end we divide |S,|? by the time interval T of observation 
and by the space volume of the reaction (normalization volume of Dirac waves), 
which gives 

ae ISal? _ [2m)*6*(Py + pp — Pi — pi)P 1 m2 M2 


VT VT V4 E/E, EPEP 


\Mg|*> . (3.63) 


Here, 


aTieen 
g? +ie 


Mg = [it(py, spy .H Pi, 51)| [#(Py, Spy"u(P:, S;)] (3.64) 
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is the so-called invariant amplitude. The choice of this name is quite natural since 


the matrix element (3.64) consists of a scalar product of 4-vectors which is Lorentz 
invariant. 


As in Sect.3.1 we have to consider the square of the 6*-function. Again we 
will make use of the relation (3.15a) 

(215(Ey — E;)) = 2n6(0) 20 5(Ey — Ei) > T 2m (Ey — Ej) (3.65) 
This is valid for the one-dimensional 6-function. The four-dimensional $-function 

5°(x — y) = 6X0 — yo) 601 — y1) 5(x2 — yo) 6(x3 — ys) (3.66) 


is just the product of four one-dimensional 6-functions. By denoting the time and 
spatial intervals by T and L — or L? = V, respectively — the following four- 
dimensional generalization of (3.65) suggests itself: 


[2r)" o'r — p)Y = Any*o*(O)\ 2m) — pi) = (2a)'T L? Spy — pi) 
=> TV (2n)opyr—p;) . (3.67) 
In the case of the 64-function occurring in (3.63) we get 
[(2r)*5"(Pp + pp — Pi — pi)!’ = (20)*54(0) Qn)* 54(Py + py — Pi — pi) 
=> TV (2n)'8'(Ps +pp — Pi —pi) . (68) 
With that result the transition rate per unit volume (3.63) reads 
1 ms Mé 


Ve = (27)*64(Pr ae) — le PGA EE, EPEP 
i i 


[Mp|?. (3.69) 


In order to determine the cross section we have to divide Wy by the flux of the 
incoming particles |Jinc.| and by the number of target particles per unit volume. 

The latter is given by 1/V, since the normalization of the wave functions was 
performed in such a way that there is just one particle in the normalization volume 
V. Furthermore we have to sum (integrate) over the possible final states of the 
electron and the proton to obtain the cross section. For a given spin the number of 
final states in the momentum interval d?p,d? Py is given by 


y2 Epp Pe 
(Qn? (2n) 
(cf. the discussion of Sect.3.1, (3.9)). Now we can write down the sixfold differ- 


ential scattering cross section 
2dpy aPy | | 


(3.70) 


= 25 
Oo. Op Grp Wee 
mo M 1 4 
= (BE ir) WON ta, P pd 


Mo d*py Mo aR, 


acl 374 
Ey (2m EP (ny a 


To compare with measurements (3.71) has to be integrated over an appropriate 
range of the momentum variables determined by the experimental setup. E.g., 
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if only the scattered electron is observed, one has to integrate over all values 
of the proton momentum d?Py. In the cross section (3.71) the initial and final 
polarizations (spin directions) of the scattering particles are fixed. This can be seen 
directly in the invariant amplitude (3.64). If polarizations are not measured, 1.c. 
if one determines the cross section using an unpolarized beam and detectors not 
sensitive to polarization, one has to sum over the final spin states and to average 
over the spin states of the initial particles. The expression (3.71) for the cross 
section exhibits some general features, which are worth discussing. These general 
features are common to all scattering processes. 

The square of the invariant amplitudes |M,| incorporates the essential physics 
of the process. The conservation of total energy and momentum is guaranteed by 
the factor (27)*64(Py + py — P; — p;). Furthermore there are exactly four factors of 
the type mo/E. In general there occurs a factor mo/E for every external fermion 
line of the corresponding graph of the process. Since these factors result from the 
Dirac particles involved in the process (compare e.g. (3.54)), every Dirac particle 
entering and leaving the interaction yields such a factor in the cross section. In 
addition each particle yields a phase-space factor d*py/(2m)>. We can say each 
particle leaving the scattering contributes a factor 


mo d 3p¢ 
Ey (2ny Coe 


to the cross section. This factor is Lorentz-invariant. It is just the three-dimensional 
Lorentz-invariant volume in momentum space which can be wnitten in four- 
dimensional form as 


ee) 
3 


d 
= = [em i(p?— m2) Bp. (3.73) 
0 


This is derived as follows 


CO CO 


[apo 8005 — p — mi) Bp = | dpo 5095 — £% ap 
0 0 
= | dpo8 [ipo — EXe0 + £)) ap = SP 
0 


Here we used the well-known formula [dx 6(f(x)) = >, 1/|£\,,, x, being the 
roots of f(x) within the interval of integration. The right-hand side of (3.73) can 
further be transformed to 


Le @) 
ap 
Sh = | tp 0° mop) , (3.74) 
—0o 
with 
oe! for Po > 9 
O(po) = ‘i for po <0 
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being the Lorentz-invariant step function with respect to energy. O(po) is Lorentz- 
invariant since Lorentz transformations always transform time-like four-vectors 
(like p“) into time-like vectors, and correspondingly for space-like vectors. In our 
case p is a time-like four-vector in the forward light cone (because rea anid 
therefore pj > p*) independent of the specific Lorentz frame. Thus it is obvious 
that because of (3.74) d3p/2E is a Lorentz-invariant factor. 

Now we have to consider the factor in brackets in (3.71). The flux is given by 
the number of particles per unit area that come together in a unit of time. Denoting 
the velocities of electrons v,; and protons V; we see that (cf. Fig. 3.10) 


1 : : : 
[ine |= yl —V;| = particle density x relative velocity. Gas) 


We will now show that the factor 1/V|Jinc.| when combined with the remaining 
factors mo/E;, Mo Jer is nearly — but not exactly — Lorentz-invariant. However, 
the correct Lorentz-invariant flux factor can then be guessed easily. With 


dD; se 
vi = is and V; = EP 
the intuitive expression (3.75) leads to 
mo Mo 1 moMo moMo 


Ei EP V\ Jin! ExEPlei— Vil pee, fy? 4 2 —2y,-V;, 


= ee ee (3.76) 


oe Se Teer = Di, -PiE;E; 


As we will see in the following this result is nearly identical to the Lorentz 
scalar 


Tt) Mo 
(pi Pi? — mgMG 
because 
mo Mo = ee 
(pi Pi)? — mgM¢ (E; E? — p;- Pi? — moMy 
mo Mo 
15 EP ey (ey) nay 
mo Mo 


(m2 + p?)(Mg + P;) — 2E;E? p;-P; + (p;-Pi)* — mM 
Mo Mo 
= 2E EF [MIE SD Riese 
Mo Mo 


een? P28 np epee: 


: 


Be ofl, it, Ee 


: 


2 eee (3.77) 
prEP + PiE? —2E;E? pj -P; 
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V; vi-V; 


vi 


Fig. 3.10. The relative veloc- 
ity v; — V; is the relevant 
quantity determining the in- 
coming particle current 
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In the last step but one we had to assume that (p;-P;)? = p P? which requires 
that the velocity vectors are collinear. Thus we have deduced the relation 


nigMg moMo 


Ee = | \/ (pi Pi? — mag 


which is only valid for collinear collisions. However, Lorentz invariance has the 
higher priority. Consequently the naive flux factor (3.76) in the cross section (3.71) 
has in general to be replaced by the Lorentz-invariant flux factor (3.77). In the case 
of collinear collisions both results are identical. 

By using the just-dcrived Lorentz-invariant flux factor the total cross section 
(3.71) becomes Lorentz-invariant. We write it in an invariant form: 


moMo mod” py Mod? Pr 


3 ajge © 
\/ (pi Pi)? — mZM2 Qn) Ey 27) Ey 


Every factor that occurs has a general meaning and has always to appear in this 
form: the first factor represents the reciprocal incoming particle flux per unit area 
and time, the second is the squared invariant amplitude (which describes the physics 
involved beyond pure kinematics), the third incorporates energy and momentum 
conservation, and the last factor describes the densities of the final states. Note that 
the normalization volume V in the final result (3.79) has disappeared, as it should. 

In a short excursion we shall discuss how to treat noncollinear collisions, which, 
for instance, occur in scattering processes in a plasma. In this case it is most 
convenient to calculate the number of events per unit time dN /dt directly. Using 
(3.69) we get 


dN 
at 


(3.78) 


Ee = 


|Mg|?(20)* 5*(Py — Pi + pp — pi) 


(3.79) 


ST. 0e(x, t)oy(x, t) 


mod? py Mod? Py 


mo Mo a 
: / Mel? Qn) 8 Pr — Pi + Pr — Po ae Gage: 
: f 


E, EP (3.80) 
(x,t) and op(x, t) denote the densities of the electrons and protons, respectively. 
They both contain a factor 1/V, while two additional powers of 1/V have cancelled 
after multiplication with the final state densities (3.70). 

As mentioned before we have to sum over the final states and to average over 
the initial ones if we do not consider polarization effects. Since in (3.79) the spin 
quantum numbers occur solely in the squared invariant amplitude, we define the 
average squared invariant amplitude 


MP=> > 


Sp Sy Sf Si 


Es ee,(4a 
(py, Sp yu, Si) non 


2 
Gwe e.8 1) 


— Uu 
ap 


This expression can be calculated in the same way as (3.25) in Sect. 3.1, yet one has 
to take into account that according to Einstein’s sum convention (3.81) contains a 
sum over jt which has to be squared. Therefore we cannot directly take over (3.33). 
We discuss the right-hand side of (3.81) in more detail by explicitly distinguishing 
the terms that occur. Terms with the form adjoint spinor x matrix x spinor are 
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complex numbers for which the operations of complex conjugation and taking the 
adjoint are identical: 


= * = if t 
la (py, sp) y" up, 5i)] = [a (pr, sp) -y" u(pi, 8i)| = [ul (py, sp) Poy" u(pi, si)| 
= ul(p,, iy Ty tul (py, sp) = ai, sit Yup, 5p) 


4 
= ii(p;, 8; )y"u(py 5p) = S— iis(i, 5i) YK uePy, sp) 
6, e=1\ 


(3.82) 
This yields for the spin sum in (3.81) 


3) 
[SS ers y* ues] (RP, Su 4(Pi S)] | 


Sp Sz Sf 87 H=O 
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oe 
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ya) Fr 5) Mace So wo(Pi, Sidiir(Pis Si) WraunlPrs Sp) 
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4 
eee) 5 (ee | 
2m ae 2Mo do 2Mo or 


0,A=1 


B) 
i M i tM 
aS ar, em at + mo "| i 0, ee 7 
0 


Nery en | IM Se 


14,v=0 


(3.83) 


This calculation, which we have spelled out in great detail, thus leads to the fol- 
lowing result for the averaged squared matrix element 


1 e2e2(4n)2 
iar, ir on nie y| 


\Ma|? = 


4 (q?)* 2mo 2mo 
Pre+Mo Bi +Mo 
Tr |-——_ Palle 3.84 
aes in oe Ce 


Note that the squaring of the amplitude which contained the scalar product of two 
Lorentz scalars has lead to the contraction of two tensors, i.e. a double sum. One 
often abbreviates this as 


ees (Any 

(q°) 
where L*” is the lepton (i.e. electron) tensor and Hy» the hadron (i.e. proton) 
tensor. 


Vv I 7 iu ie 
LHY = =D (py, sp) y"ulPi, 81) Hpi, Si)” Upp 57) 


[Ma |? = i Lae (3.85) 


SiSf 
1 Pr + Mo Bi + Mo 
Sy ee ee 
als | = *y ae : (3.86a) 
and similarly 
I Py + Mo P+ Mo 
Ayy = =Tr |-—— , : 
ae ie ye ay) 


The factorisation of (3.85) remains meaningful as long as a single virtual photon 
is exchanged in the scattering process, even if the transition currents becomes 
more complicated than those used in (3.86). By applying the theorems derived in 
Mathematical Supplement 3.3 we can quite easily evaluate the lepton tensor (3.86a) 
since traces of odd numbers of -y-matrices vanish it immediately is simplified to 


Vv l ] Vv 
LM = oo Trl iy” + mi yy]. (3.87) 
DAE 


This result can be written in the ‘slash’ notation used by the above-mentioned 
theorems. We introduce two unit four-vectors with a 1 in the component pz and v 
respectively. The other components are zero: 
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A = = 
(Ome e010) and a2 Come.) 
comp. pu comp. v 


We can now write 
Trp pi’ = TeppApiB 
= pp ATepiB — py pi TrAB + pp B Trdpi 
= he py Be 4p AB 4 pe B Ap; 
= Spr py —App pigh +4p/ pi, (3.88) 


and 


ia — We An = Ag (3.89) 


Then the lepton tensor (3.87) reads 


Vy l 1 Vy Vv Vy 
LY = 3a [ppt + pee — orp: — mi) (3.90) 
and analogously for the hadron tensor H,,, (3.86b). In this case we just have 
to replace the small letters by capitals and exchange covariant by contravariant 


indices. Multiplying both and summing over jz and v yields the squared invariant 
amplitude (see (3.85)) 


2 2 2 
——s ee. (47) 
rs lf py + pty — at pi — mp) 
[Mj am M24) PrP + Pi Pf — 9!” (Pr-Pi — MO) 
aN Paves tf Pink fy = Py hae —M%)| 
ees (4m) 


+ (pp PDE PA) + i POr-Pp) ~ 2Ri-PALP-Pi — MO) 
— 2(P;-Pr)(py-pi — m3) + Avy-pi — m3 (PrP — MG) 
e2e2(4r)* 
= Sab Ta@ae LON PIOrPD + 2Pr PPP) 
— A(pi-pp)(Pi-Pp) + 2@i-pp)MG + 2(Pi-Py)mg + 4@i-p)PiPp) 
+ 4miM¢ — A(pi-py)Mg — 4(P;-Pr)ms| 


22 4 ey 
= SE [Pi Pale PD) + Pr PAOrPO 
0*"*0 
~ (pi-pp)M2 — (P;-Pp)m3 + 2miM@| (3.91) 


This average squared invariant amplitude has to be inserted into (3.79). To evaluate 
the scattering cross section any further the frame of reference has to be specified. 
Usually calculations take their simplest form in the centre-of-mass system. How- 
ever, electron-proton scattering experiments mostly are performed using a fixed 
target in the laboratory frame. Therefore we will evaluate (3.79) in the rest frame 
of the incoming proton. We define 
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i Sas. 
pi=(E,p)=p , (3.92) 
= (Mo, 0) 


We want to calculate the differential cross section for electron scattering into a 
Fig.3.11. The electron is given solid-angle element d £2’ centered around the scattering angle 6 (cf. Fig. 3.11). 
scattered into a solid-angle Therefore the differential quantity (3.79) has to be integrated over all momentum 
element d.2’ variables except for the direction of p,. The volume element can be written as 


a’ pp =? p' = |p’? dip'|dQ = |p'|E' dE’ da!’ (3.93) 


because E’ = p?+ m2 and thus lp’id|p'| = E'dE'. Using (3.92) the invariant 
flux factor reduces to 


a OM Ee 
(p;-P;)2 — m2M E2M2—m2M2 —,/E2—-m2__—iP 
and with the help of (3.74) we get 
bh aR 
dé = Pl \My|? (27)* 6*(P; + p' — P; — p) 
dB ag’ 2 gp, (Pp? — M2) @(P%)_ 3.95 
Sor saps ‘Ide Or = 5 (PF — 6) Oy) ( ) 
Thus by is over dE’ and d*Py the differential cross section becomes 
da msMo|p'|dE’ 
Foe Al + (2 Qn [Ma d"Py 5(P? — MG) O(Pr) 5°(Pr +p’ — P; — p) 
2m¢Mo ! TAP 2 ! 2 D 0 ! 
a pl4z2 |p'| dE" |My|? 6((p’ — P; — py’ — MZ) O(P2 + E - E’) 
Mo+E 
= iplaet | hla" TWoP 6(2m§ — 208! — 8 My ~ 26" + 2p) oos8) 
nig 


(3.96) 


In the last step we used the fact that the energy E’ of the scattered electron is 
bounded by E’ < My + E because of the step function. The argument of the _ 
function has to be larger than zero, otherwise the integrand vanishes, i.e. E’ 
P2+E =Mo+E. Of course E’ also has to be larger or equal to mo. nee 
“be argument of the 6-function in (3.96) was expressed in terms in the kinematical 
variables in the laboratory frame: 
(p! — P; — py — Mg =p? + P? + p? — 2p’ -P; —2p'-p + 2P;-p — M2 
= mg + Mg + mg — 2E'Mo — 2(E'E — p'-p) + 2MoE — M2 
= 2mj — 2Mo(E’ — E) — 2E'E +2\|p||p'|cos@ (3.97) 


The remaining integral over £’ in (3.96) can be solved by using the familiar formula 


b(f@)) = yy (3.98) 
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x; being the roots of f(x) contained in the interval of integration. Thus we get 


de _ moMo |p| [Mil 
dQ’ An? |p| Mo + E —|p\(E’/|p'|) cos’ 


(3.99) 


where we have used |p’|d|p'| = E’dE’ The argument of the 6-function in (3.96) 
leads to the following condition for energy conservation: 


E'(Mo + E) — |p||p'|cos@ = EMyp +m. (3.100) 


For a given scattering angle @ the final energy £’ of the electrons can be determined 
as a function of E and @ using (3.100) which is a quadratic equation in E’. The 
resulting E’ and the corresponding |p’|? = E” — mj have to be inserted into 
(3.99). In order to understand the scattering formula (3.99) we check the limit 
E/My << 1, where the electron energy is small compared to the rest mass of the 
proton. In this limit we should approach the limiting case of scattering at a fixed 
Coulomb potential (Sect. 3.1). Applying this approximation we can reduce (3.100) 
to 


Ei iVieeeand thus 2 = (3.101) 


implying completely elastic scattering of the electron. Because E? = |p/?+m? = 
E”? = |p'|/? + m2 it follows that |p| = |p’| and (3.99) yields 


da me ——> E 
= —+|M,|* for — «Il . 3.102 
This result corresponds to Mott’s scattering cross section known from Sect. 3.1, 
(3.25). To see the complete agreement we consider the square of the invariant 
amplitude (3.91) in the same approximation. The exact expression evaluated in the 
laboratory frame is 


{ (MoE )[pr-(Pi + pi —Pp)] + [pi-Pi +P: — pP)E™M)| 


— (pr-pp)MG — Mo(Mo + E — E'ymis + mime 


eos {MoE [MoE’ + py-pi — mp] + MoB" [MoE + mg ~ pyr] 
= | =e ae eT a 
2meMé(q7)" ; 
= ae as 


ere5(4ny° eee : ay? 
= FmMig?e {2M@EE' — pr-pi(Mo + Mo(E' — E)| + moMo} 
Qe 
(3.103) 


In the limit E/My < 1 only the terms proportional to M¢ have to be kept. With 
E=E" this leads to 


ees (4n)? 


—s E 
2 2 3 
[Myl? ~ era: (2E? —pyp-pitms) , for mol (3.104) 
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Inserting the result into (3.101) and taking into account that in the limit considered 


the momentum transfer g has no 0-component, i.e. g? = —q’, we finally get 
da 2a? E 
= —\ (2E? — pr-pi +m — <1. 3.105 
dQ’ ae | (BIO ae m3) aie << ( ) 


This is just the expected result we derived in Sect.3.1, (3.39). In that limit the 
proton does not recoil. It can be considered as the source of a static external field. 
Remember that we have chosen units such that A = c = 1, e* = e?/hc =a. 

Another interesting limit in which the quite complicated general expression for 
the scattering cross section simplifies is the case of ultrarelativistic electrons. In 
this case mo/E <1, and the recoil of the proton should modify the scattering 
formula considerably. Inspecting (3.99) we note that 


eee. 
E mo Hae 


/ 
pl yetimd eg mo me oy 
|p| Pune E E’E 
and thus (3.99) becomes 
da 2 e — 
aaa E at 5 Mal 
“ae + ie ~ Mp OOS 
me iE 
= ee = ee = <i . (3.106) 


An? Nae Se 


In order to calculate |M,|? we consider (3.103) and express the scalar product 
Pr-p; in terms of the squared momentum transfer through 


q? = (Py — iY =p? +P? — 2pyp-pi = 2[mo —(P-pd] (3.107) 
This yields 

os (4m) a? a 

Mal = Fam eg™e {2MjEE! + [Me + Mo(E’ — B)) + mp Mo(E" ~£)} 


ome | q° E'—-E me (E'— EB) 
ey SHR 14+ 72 (1 ) 0 —— "1 . 
me(q2y ae os me 1 


4EE’ 
which is still exact. In the ultrarelativistic limit E/mo, E’/mo >> 1, energy and 
momentum become equal and the squared momentum transfer (3.107) is related to 
the scattering angle in a simple way 


q° = 2 (my — EE' + p!-p) = 2 (mj — EE’ + |p'||p| cos) 
e —2EE'(1 — cos6) = —4E8’ sin? ; (3.109) 
Furthermore, the condition of energy conservation (3.100) simplifies to 
M(E — E') = E'E — |p||p'|cos@ — mé 


~ FE‘(1 — cos) = 2EE" sin? 5 (3.110) 
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or, using (3.109) 


ae Lae Di ae, 0 Ge 
My —— Me sin 2 2Me (3.111) 
Thus (3.108) can be reduced to 
22 2 D ! 
Mal 2 = (1+ ieee meee oe sin? 5) 
m2 EE' sin = 4EE' 4EE' M2 2 
1—sin?(6/2) 
= Sg er ee Eee 3.112 
m2EE! sin’ 2 DME mek) pene ts AON) 
We insert this result into (3.106) and get 
6 OE) 
dao az i cos? > = ame sin D 2 > 
—<—_ = iii) = Se aes ae or 18, J8 > Mo F Gallia) 
d 2! 4E sin 5 I+ 4, sin 2 


This formula determines the scattering cross section in the ultrarelativistic case 
under the assumption that the proton behaves like a heavy electron with mass Mo. 
Equation (3.113) can be compared with the Mott scattering formula (3.39) in the 
limit 6 — 1. Two deviations are found. The denominator in (3.113) originates from 
the recoil of the target as we see from (3.110) which can be written as 


(3.114) 


Furthermore the angular dependence of the numerator in (3.113) is more involved 
compared to Mott scattering. The g?-dependent second term is found to originate 
from the fact that the target is a spin-% particle. This term is absent when the 
collision of electrons with spin-0 particles is considered. 

We finally remark that (3.113) does not provide a realistic description of 
electron-proton collisions at high energies since the de Broglie wavelength of the 
electron is so small that the substructure of the proton becomes detectable. This 
fact has not been considered in (3.113), where we assumed the proton to be a 
point-like Dirac particle without internal structure. In addition the proton’s anoma- 
lous magnetic moment has to be considered in that case. We remark, then, that in 
a complete treatment for very high energies ( several 100 MeV) formula (3.113) 
has to be modified by introducing electric and magnetic form factors representing 
the internal structure of the proton. This yields the so-called Rosenbluth formula 
(see Exercise 3.5). Equation (3.113) would apply with great accuracy, however, to 
the scattering of electrons and muons which both are structureless Dirac particles. 
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Fig. 3.12. Feynman diagram 
for the scattering of a point- 
like Dirac particle at an ex- 
tended target, symbolized by 
the hatched blob 
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3.5 Rosenbluth’s Formula 


The realistic description of the scattering of an electron at a spin-5 hadron has to 
take into account the internal structure and anomalous magnetic moment of the 
hadron. To that end one replaces the transition current in momentum space which 
originates from the Dirac equation with the more general bilinear expression 


a(P")yu(P) > a(P)T(P’,P)u(P) (1) 


Problem. 

a) Show that the most general expression for a transition current that fulfils the 
conditions of Lorentz covariance, Hermiticity, and gauge invariance can be 
written as 


rel 
HCP (P', PulP) = a(P (Fig?) + izq FQ") u(P)- @) 


Here g = P’ —P is the momentum transfer and F;(q7), F(q*) are unspecified 
real functions (“form factors”), cf. Fig. 3.12. 


p' P' 
iepul",(P', P)u 


Pp P 


b) What is the physical meaning of F\(0) and F2(0)? This can be deduced by 
studying the interaction energy with static electromagnetic fields in the nonrel- 
ativistic limit. 

c) Calculate the unpolarized cross sections of electron scattering at a hadron with 
the vertex function (2) in the ultrarelativistic limit. 


Solution. a) In order to construct the vertex function I,,(P',P) we have at our 
disposal the two kinematic quantities P“ and P’“. Since the proton moves freely 
before and after the collision (it is “on the mass shell”), there is only a single 
independent scalar variable, because P? = P”? = Mé, which we choose as the 
Square of momentum transfer g* = (P’ — P)*. Since I,,(P’, P) has to be a Lorentz 
vector the most general ansatz can be directly noted with the help of the known 
bilinear convariants of the Dirac theory (cf. ROM, Chap.5) : 


(PT, (P', P)u(P) = a(P’)(AQ@? yy. + B(q?)P I, + CQ?) Py 
+iD(Q?)P Op +iE(Q?)P’ op )u(P) (3) 
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A(q*),...,£(q?) are undetermined scalar functions of the variable g? and Lo = Exercise 3.5. 
(1/2)(Ypw—YWwYn)- Since we demanded Hemmiticity, they are real functions. Further 
restrictions follow from our requiring gauge invariance, which takes the form 


Gai eaei (ey). (4) 


This follows from the condition of current conservation applied to the electromag- 
netic transition current of the hadron, i.e. Ons pr pr) = 0. In momentum space the 
operator O,, is replaced by a factor —iP/, or iP,,, tesp., when acting on the final 
(inital) wavefunction. This leads to the condition (4). 

A short reminder on gauge invariance and current conservation: Gauge invari- 
ance implies 


/ GI) = / de jy()(A*(x) — x(x) 


which means f d*x j,(x)O“x(x) = 0. Assuming that surface terms do not con- 
tribute (the function v(x) can be chosen appropriately) the latter condition can be 
rewritten as f d*x0"j,,(x)x(x) = 0. Since y(x) is an arbitrary function this implies 
Oa): 

The first term in (3) is just the usual Dirac current, which obviously fulfils 
condition (4). This can be easily shown with the help of the Dirac equation. For 
the subsequent terms we get 


(P'# — P*)\(BP!, + CPy) = (B — C)(Mg — P’-P) =0 (5) 
and 
i(P’* — P#*)(DP™ + EP” )oyy = —iDPYP™ oy, +iEP™P’ oy, 
= (Oiee Pons 0a (6) 


taking into account the antisymmetry of the tensor o,,,. Thus we deduce that C = B 
and £ == =D) 1.<. 


i(P')D,(P’, P)u(P) = a(P’)[A(Q?)%u + BVP! + PY 
+iD(q@?)(P'—P)y’ouy|u(P) . (7) 


Because of the Gordon decomposition (cf. ROM, Chap. 8) 


ii ee peeps ee ou (8) 
TOSS Sh Be Ni) eee 

these three terms are not linearly independent. Therefore one of the terms, for 

instance B(q*)(P’ + P),, can be eliminated. This yields (2). 


b) In order to understand the significance of the form factors F)(0) and F2(0) 
we consider the energy of a nonrelativistic hadron with charge ep in a static external 


electromagnetic field A* (x). | 
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aa H dx AM(x) Pps(w)D,(P', Pye) 


= 2 i Bx eiP'—P)@ 4e(qya(P’)T,(P!, Pyu(P) (9) 


In the case of a pure electrostatic field A°(z) it is advantageous to rewrite the vertex 
function I,,(P’, P) using the Gordon decomposition (8): 


TylP'sP) = 96 (FiCQ?) + Fal@?)) = Pl + Py Fag?) (10) 


This leads to the following expression for the integrand of (9), given in the rest 
frame of the hadron 


A°(@)i(P'WTo(P', Pu(P) 
1 
= A%(@) HP) | w(Flq?) + Fa(Q)) ~ sy (P" + PhoFalg?)|uP) 


2Moyo — E' — Mo 


= A°(x) i(P’) [oF 1(q*) + 2Mo 


Fa(q?)|u(P) (11) 


In the nonrelativistic limit the lower components of the Dirac spinors can be ne- 
glected and iu = iiy°u ~ 1 which leads to 


Ze 
Aa) HP TP! PyulP) ~ Aa) FQ?) + eaFAg?)) (12) 
Here the identity 
q? = (P' — P) = 2M¢ — 2P'.P = 2My)(M - E') (13) 


was used. In the static limit g? — 0 (considering an external potential which is 
constant or slowly varying) the interaction energy simply gets 


1 
een OF ic e 1 49g) 
~eFi(0)4° . (14) 


This result is obviously the electrostatic energy of a particle with charge e)F'(0) 
in a potential A°, from which we conclude that for the proton 


FO=1 . (15) 


In the case of a magnetic field given by the vector potential A*(a) we use (2) and 
get 


A‘ (a)i(P')Ti(P', P)u(P) 
/ l / 
= ANG@) IP) CPE + PrIFUCQ?) + sa (Fug?) + Faq?) q'ou]u(P) 
i 


2 
= WPA TEA?) + sr (Fla?) + Fg?) ax A-Z]u(P) (16) 
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since Exercise 3.5. 


ep — yen with bh e; ,) 
0 oc 
The first term in (16) just describes the interaction of a moving charge with the 
magnetic field yielding W ~ —e,F\(0)v-Aiu. The second term yields (again 
considering the limit ¢ — 0) 


l 
Wer - jes cae ay A) + F2(q’)) (—ig x A(a)) »a(P‘)Su(P) 


~ ear (F\(0) + F2(0)) (au) 7 [ox e 72 7 x A(x) 
~ Ae + F,(0)) 2(s8)-B (17) 


This is the energy of a particle with spin-3 having the gyromagnetic ratio g = 
2(1+F 2(0)) in a homogeneous magnetic field. The number F>2(0) therefore describes 
the anomalous magnetic moment of the particle. In the case of proton and neutron 
experiment gives the following form factors at zero momentum transfer: 


OO) el Oya (18) 
F}(0) = 1.79284 , F (0) = —1.91304 

c) The calculation of the electron—hadron cross section can be done as 
Sect. 3.2; we just have to insert the more complex vertex operator (2). In fact, 
the calculation simplifies if we use the equivalent expression (10). The squared 
spin-averaged transition matrix element is 


[MP = 34> 


spin 


A4meey 
@? 


i(p’,s’yy"u(p,s) 


il 2 
« 2(P',8") [yal + Fa) — me + Py Fa] ul? ) 
An)*e*e2 | 
= as ter, 5) [Le ae 12) 
Ca Raers 
1 / / / 
~ yg P+ P| 0H P'S 
x ul(p,s)ytucp’,s’) (p's y”’ulp,s) 
1 
x 1(P',8") [WF + Fi) — ye (P+ PvFa|ulP,S) . (19) 


With the help of (3.29) and (3.31) of Sect.3.1 this expression can be rewritten as 
a product of two traces. As in Sect. 3.2, (3.85), it is given by 


eet cas es IDE es (20) 


with the lepton tensor 
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I pmo ,p' +0 
[Be — =a bs y 21 
“ st ly ng ems © 
and the hadron tensor 
haa in. 
Ayy = aaa rE + Modu ees IM H + P,)) 
F 
x + Mo) (w(Fi + Fa) — (PL + Pd) (22) 


Expanding the product we get 16 traces from which 8 vanish, since they contain 
an odd number of y-matrices. The remaining terms are 


F. 
8Mg A = (Fy + Fy) Weide | a + Fa)Mosi (Py + Py) Tr | Py, 
1 i 1 ! / 
——(P +P.) ——(P, + PL) T 
+ 559 Pi + Pu) Typ Po + Po) Te PP 
Da 318 Niky + Fy) Tr[ Py] 
= 2M mn ar i) mean 2) IT Vv 
#9 
~ Mo(Fi + Fa) zy (Pe + Po) Tel yuh] 
+ Mo(Fi + F2) Mo (Fi + Fo) Trl yw] 
1D 
— Mor Pu + Puli + Fr) Tr[P’y,| 
+M ae +P) M ae + P,) Tr[1 ] (23) 
OM | ee Mae” fe eae 
After inserting the values of all these traces we can sum the result to the form 


] 
Bl = aa Te Las e ina) iis) Suv | 


8M 
+ [-4Fi + Fa)Fa + FRP-P'/MG + DP u + PIPL + PLD} 
— jel) 2) 
ee ae (24) 


tak My is already known from previous discussions and apart from the factor (F|+F))? 


it again yields the cross section of (3.113) when inserted into (20). In addition we 
get 


(471)*e7e8 | 


ee = Wee Gar [p“p’” + pp” — (p-p’ — m2) gh” 


x [(Pu t+ PL Py + PL)] [ — 4(F1 + Fo) Fo + FR(P-P'/M2 + Wy (@S) 


where we have taken the lepton tensor from (3.90). Using energy-momentum 
conservation 


pt+P=p'+P’ , (26) 


we will now eliminate the final momentum of the hadron and collect the momen- 


tum dependent terms in (25). In the u/trarelativistic approximation (neglecting the 
electron rest mass) we simply get 
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[-. JE.) = 2p"(P + P’) p-(P + P')—(P + P’)-(P + P’\p-p! — me) 
fe A(2p'-P p-P — Mj p-p') 
s 4[2E’My EMy ~ M@|p||p’|(1 — cos 6)| 
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7 
po 8M HB aco 5 (27) 


in the laboratory system. Further, using (3.111) the product P-P’ in (23) can be 
expressed in terms of the momentum transfer q¢ 


os 
P-P'=P.(P +p —p')= Mg + ME —E') ~ Mo (1 - 7) i) 
0 


q’ is related to the scattering angle 6 through (3.109) 
2 pees. 8 
q° = —4EE’ sin oe (29) 


By adding |M,(1)|? from (3.112) we finally get 


(Gnjrete, E/E no q 
ee Pavey? |e =. 
eee (14 al) 


1 240 2 
+ 5 cos *si- AF + F)F, + 2F3(1 x ia)|t 


Mal? = 


4M? 
A4n)*e72e2 E'E 2 6 
— se ( ie Fi) eee 
(@2)? me 4MG 
2 
q a9 @ 
— Foy —— Sel 2 30 
(Pye Fa) Mp si (30) 
With (3.106) the spin-averaged scattering cross section in the laboratory system 
results as 
dé pie? 


P 
ra 4 6 2 6 
dQ 4E? sin ol bre sin” $) 


q 0 
- iG afl) cot (ee) WE sin’ 5 : Gl) 


This result is known as Rosenbluth’s formula.’ 


Additional Remarks. Instead of the functions F\(q7) and F(q*) one often intro- 
duces the so-called electric and magnetic “Sachs form factors” 


Ga(q7) = Fi 24 a Palg ) > 


Gu(q?) = Fi(q?) + F2(q’) 


(32) 


° M.N. Rosenbluth: Phys. Rev. 79, 615 (1950). 
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Fig.3.13. The electric and 
the normalized magnetic 
form factor of the proton as a 
function of the squared mo- 
mentum transfer g?. The ex- 
perimental data are well de- 
scribed by the “dipole fit” 
(35) 


These combinations emerge in a natural way from the interaction energy with 
electric and magnetic fields, (12) and (17). Expressed in terms of the Sachs form 
factors the Rosenbluth formula (31) becomes 


dé dé G2(q*) + TG}, (q”) Cee ee oe! 
dé _ (da Gag) +7GM@) | 5 ee 33 
dQ al | eer pCO 5 G9) 


with the abbreviation t = —q?/(4M?) > 0. Experimentally the two form factors 
can be determined by varying £ and @ at a given momentum transfer 


oad 
= 4h EB! sing n= =45" (34) 


Figure 3.13 shows some experimental data! on the form factors Gg(q2) and Gy(q?) 
for protons. It was found that at not too large values of g* a good description of both 
Ge and +Gu (« is the magnetic moment of the proton) is given by the so-called 
“dipole fit” formula 


1 
Ane 
(+8) 
with the empirical parameter (remember the choice of units ic = 0.197 GeV fm 


=1) 


Gp(q*) = (35) 


ee 


1q°° 10° oe 2 407 
er (len I 


'°G. Simon, Ch. Schmitt, F. Borkowski, V.H. Walther: Nucl. Phys. A333, 381 (1980). 
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Q* =0.71GeV? =18.2fm-? . (36) 


In nonrelativistic quantum mechanical scattering theory a form factor F (q) is in- 
troduced which relates the scattering at extended and point-like targets: 


do ) ( do ) 
ai =\a— | | Ole. 37 
( d2 extended dS. point 


F(q) has a simple interpretation:!! 


It is the spatial Fourier transform of the density distribution o(x) of the extended 
scattering centre 


F(q) = | ax omet= |, (38) 


By analogy one may identify Gg(q*) and Gyy(q7) with the Fourier transforms of the 
hadron’s charge and magnetic moment density distribution. At relativistic energies 
this interpretation becomes problematic since it depends on the frame of reference. 
It is valid in the so called “Breit-frame” where no energy is transferred to the 
nucleon, go — 0, which means P = (2, P); P’ = (2, —P). 

With this caveat, the density distribution of the proton charge derived from the 
dipole formula (35) by inverse Fourier transformation is simply 


d°q 2 ig-x Q° -Ofz| 
= = Se ee : ay 
ata) = | os Go(—a?) eH = Ene 9) 
The size of the nucleon may be defined by the second moment of this distribution 
oo 2 Ea =e (40) 


This gives the mean proton radius 


/ | is 


More detailed information on the internal structure of hadrons can be obtained 
from the study of inelastic electron scattering. In this way the presence of pointlike 
constituents (partons) inside the hadrons was revealed. 


1! See e.g. R. Hofstadter, Ann. Rev. Nucl. Sci. 7, 231 (1957). 
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3.6 Higher-Order Electron-Proton Scattering 

In Sect.3.2 we calculated electron—proton scattering to lowest order in a = e?. 
Now we shall discuss corrections arising at the next higher order of the pertur- 
bation expansion. To that end we refer to the general expression of the n™ order 
contribution to the electron scattering matrix (2.44). The amplitude of second-order 
electron—proton interaction is given by 


SO = ie” i dsx d*y dy)A@)Sex —yAOWi) - wy 


As in Sect. 3.2, the electromagnetic potential A(x) is produced by the proton current. 
However, for us to be consistent the proton current has also to be treated in second 
order. To do this we again consider (1), describing the interaction of the electron 
current with the 4,,(x) A,(y)-fields in second order. Again, we require the total 
expression for S to be symmetric with respect to the electron and proton currents. 
From (1), it is obvious that the second-order electron current is given by 


Ji ®sy) = ie? bye) YSe& —y)wv Vil) . (2) 


The factor i here has been introduced for convenience. Namely, inserting the elec- 
tron propagator Sp(x — y) explicitly this becomes 


TE ,Y) = Uy) ( Y> OC = yo) n(x)dn) 


npo>d 


=», 2b m0) 10) , (3) 


mpg<0 


The two indices (and the two arguments x, y) indicate the second-order structure of 
the transition current. Here we used the Stiickelberg~Feynman propagator (2.24). 
The factor i introduced in (2) cancels the factor minus i included in the propagator 
Sp(x — y), enabling us to represent the second-order current JP (xy eas acum 
(>",,) of products consisting of first-order transition currents (ch Sect. 3:2. (3208)) 
of the form 


(Yu) =2 YO) Yn), (4) 
which yiclds 
Tpeey) = eS (Jule)) (v0), Oo — yo) 


n,po>d 


— © Cu), 46)),, 0 —x0) (5) 


npg <0 


The single index and the single argument express the first-order structure of these 
transition currents J,,(x). According to Sect. 3.2, (3.51), each first-order transition 
current produces a vector potential 
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AMX) = [* Dr(x —y) J") 


Generalizing this relation we can conjecture that the following expression describes 


the electromagnetic fields produced by the proton: 
Ay @)AL(y) 


= i d*Xd*Y Dp(x — X)De(y — Y)JPO(X, ¥) 


ye / OP DG De = OY G) = Y)(J2(X)) be (UP(Y)) ,,O(Xo — Yo) 


njpo>0 


- Ss / d*Xd"Y De(x — X)De(y — Y)(IRX)) ,, JP(Y)) 


mp9 <0 


Org) 


nl 
=€, / ONE (Os = OVE Gn 1) 


x Hoo ( S> O(Xo — Yo) BCX) DRY) 


njpo>0 


— SF 0% — Xo) BX) Hon | wR) 


npg <0 
=e, / d*Xa°Y Dex —X)Dey — Ye) ws (X—- Yow) . ©) 


Each single first-order transition current occurring in the products (5) creates a 
photon field like the one produced by the transition current in (3.51). Note the 
factor +i occurring in the last step that cancels the factor —1 contained in the 
proton propagator S?(X — Y). Equation (6) can be substantiated by considering the 
differential equation for the two-photon field A,,,(x,y) : 


Oy Dy Apv(x,y) = (47) Cy) ’ (7) 


which is analogous to (3.42). The expression (6) obviously fulfils this differential 
equation. This result can be represented graphically as shown in Fig. 3.14. 

The two photons are emitted at the space-time points Y,X. At each vertex a 
factor yy, OF €pyv, respectively, enters into the calculation of the fields. The proton 
line between Y and_X is called an internal proton line. It represents the propagation 
of the proton between the points of interaction with the photons according to the 
proton propagator S¢(X — Y). The photons emitted by the proton at Y and X travel 
to the electron which absorbs them at the space-time points y and x. This process 
is shown in Fig. 3.15. It represents the second-order S'-matrix element obtained by 


inserting (6) into (1), 1.e. 
SOK) =e, i d’x d4y d*X a*Y [bjt) 7" Se —y) V" Hi) 


x Dele — X) De — ¥) [POO WEA -— Dw HO] . @) 


which for reasons to become clear soon is called the direct amplitude. Here, in 
contrast to (1), no factor (—i) occurs, because it is compensated by the factor +1 
of the last expression in (6). 
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Fig. 3.14. The second-order 
proton transition current in- 


volves two photons. One 
propagates between the 
space-time points x and X, 
the second one between y 
and ¥. Depending on the 
time ordering of the argu- 
ments of Dp(x — X) and 
Dr(y — Y) the photons are ei- 
ther absorbed or emitted. The 
propagation of the proton be- 
tween the vertices at X and 
Y is described by the Feyn- 
man propagator SP(X — Y) 


V2 


Fig. 3.15. The graph for the 
direct second-order electron— 
proton scattering amplitude 


Fig.3.16. The exchange 
graph corresponding to 
Fig. 3.15. The photon lines 
are crossed 
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SEX —-Y) 


We see very clearly how to translate the various lines in the graph directly into 
mathematical expressions. However, (8) does not yet represent the full second-order 
scattering amplitude, since the two photons emitted by the proton current cannot be 
distinguished. The electron at x does not ‘know’ whether the photon being absorbed 
at that point has been emitted at space-time point Y or X. The indistinguishability 
of the photons then implies the contribution of a second graph (see Fig. 3.16). 
According to the principles of quantum mechanics the complete electron-proton 
scattering amplitude is then given by coherently adding the contribution of an 
exchange diagram shown in Fig. 3.16. This yields 


SP = SP dir.) + S(exch.) 
Ce, / d*x d*y d*X d*¥ [dy(x) 74 See —y) yy” i)| 
x {De(x — X) Dey ~ ¥) [DRO we SEX — YY w HPC] 
+ Dre —¥) Dey ~X) [PCW SEX -Yywv|} . 


The second term in the curly brackets is the exchange term. We notice also that 
the indices y, and v are exchanged with respect to the direct term. This can be 
easily understood, because the photon at Y propagates to x and thus the a AX 
has to have a corresponding ,, at Y. The current—current interaction enforces this 
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structure. This point can also be understood by adding the exchange term to the 
direct term of the two-photon field in (6): 


Au (x) ALY) = Au) ALY) \dir oe Ao) Ay Neh ) (10) 


where the first contribution agrees with (6). The second contribution arises from the 
possibility that the photon described by the vector potential A u(X) originates from 
the proton at a point Y prior to the interaction point Y of the second photon which 
produces the field A,,(v). Of course the names given to the coordinatcs Y and Y are 
unimportant and could be interchanged since these are integration variables. What 
does matter, however, is the sequential ordering of the two interaction vertices. 
Therefore the exchange contribution 


Ane) Ay G Neen es faxaty De(x — X) Dey — Y) 


x PPX) Ww SEX — Vw kW) (11) 


differs from the “direct” term (6) in that the matrices y,, and y, are interchanged. 
Both contributions have been added in (9). 

Note that (9) contains an integration over four time variables x9, yo, Xo, Yo, 
each integration extending over the whole real axis. This means that all 4! = 24 
possible time orderings are allowed and will contribute to the amplitude. This is 
automatically taken care of by the use of the covariant Feynman propagators Sp 
and Dp which describe the propagation in both directions of the relative time. 

As an example let us look at the special time ordering Xp > yo > xo > Yo. The 
corresponding exchange graph is depicted in Fig. 3.17. The first photon is emitted 
by the proton at Y and travels to point x where it creates an ete~-pair.'? The 
second photon originates from pair annihilation at point y and later is absorbed 
by the proton at X. In all one could draw 2-24 = 48 different graphs which, 
however, can be condensed in one direct and one exchange graph. Thus it is clear 
that the absolute positions of the vertices when drawing a Feynman diagram in 
coordinate space is not intended to imply a specific time ordering. All that matters 
is the topological structure of the graph. 

In order to develop a general rule we will now consider the factors i that occur 
in the S-matrix elements. The nondiagonal S-matrix elements generally contain a 
factor —i (cf. (1.86) and (2.42)). Also, we introduced a factor i in the expression 
of the electron propagator in (3) in order to factorize the second-order transition 
currents. This should also be valid in higher orders, and therefore we generally 
incorporate a factor i in the electron propagator, writing iSp(x —y). For the proton 
propagator we do the same, ic. SE(x —y) — iSf(x — y). In order to preserve 
symmetry we require this procedure for every fermion propagator. This can in 
fact be done if we substitute simultaneously iSp(x — y) for each electron line and 
(—iA) for each photon field A. Then the total n'” order scattering amplitude does 
not change, because (cf. e.g. (1) or (2.44)) when following an electron linc in a 
Feynman graph we may write 


'2 Also graphs involving the virtual production of proton-antiproton pairs will occur. How- 
ever, this implies energies where it is not justified to treat the proton as an elementary 
Dirac particle. 
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Fig. 3.17. One of several time 
orderings of the general ex- 
change graph depicted in 
Fig. 3.16. In contrast to the 
usual convention for Feyn- 
man graphs here the relative 
position of the vertices has 
been assumed to have a phys- 
ical meaning 
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—ie ASp eASp ... ef =(—ie A)iSp (—ie A)... (-ie A). (Ue) 


Note, that the overall factor (—1) is included in the extra factor A in the first position 
of the amplitude. Alternatively we may say, that at every electron vertex (point of 
creation or absorption of a photon A) we write a factor —i in addition to y,,. For 
symmetry reasons we will have to attach factors —i also to each proton vertex and 
factors i to each proton propagator S?. This will lead to a consistent description if 
a factor i is attached also to each photon propagator Dp. We can easily check that 
this procedure indeed gives the right overall factor for the two-photon field of (6): 


Hee VO ie — / aX a Yipee — Oia — 1) 
x Uy (Xie Yn iSh(X — Y\(—iep yw YY). (13) 


Generalizing from this result we arrive at a general rule for the i-factors: At every 
vertex in a graph (electron or proton vertex) there is a factor —i, for every line 
(no matter whether electron, proton, or photon line) we have a factor +i. It can be 
easily seen that this rule does not change the amplitude Si 2) in (. 

We shall apply this rule in all forthcoming ieulsone so we do not have to 
bother any more about the i-factors and thus about the phase of the graph. 

In practice it is convenient to calculate in momentum space. Therefore we 
determine the Fourier transforms of the expressions occurring in (8). The external 
particles (i.e. the incoming and outgoing electron and proton) are described by 
plane waves, as we did before (cf. (3.2), (3.3) and (3.54)). The first term of (9) 
becomes 


SO (dir De ge ! 


/ axd ya Yay 


Me f'dtq: d4qn d4p d4P eiav@—¥) @-igr--¥) 
BE EP / (2ry" (ny (2r)* Qn)yt qi +ie gf tie 


ip-(x—y) Pe 
x i: L* R(pe, sp)" Foe 1 mse? | 
Rte en iP-(X-Y) . 
x E f Boe iy aeie (ee =) : (14) 


Here we have used the expressions for electron and proton propagators from Caps 
(2.13) and (2.19) and further the Fourier representation of the photon propagators 
known from (3.50). We can easily perform the integration over the Space coordi- 
nates: 


i; Gad va a weet”) onitz0 aaa 
y, ep) 68; gly ee pa) eee 
= (27)* 6*(q1 + p — py) (27)* O4(gn —p + pj) 
x (2n)"6"(—go — P + Pi)(2Qn)*54(-g. +P — Py) (15) 


Each 64-function expresses the energy-momentum conservation at one of the four 
vertices. Now we can integrate over the momentum variables 92, p, and P occurring 
ine 2): 
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dq, d*q2 d‘p d‘pP ee 
nyt (nyt Qmyt ny OT) Ola +P — Py) 
x (27)* 5°(q2 — p + pi)(2ny* &4(—qn — P+ P;) 
] 1 
LOR Ea 2 =) ——— 
aE Daa re 


a TD) 


1 
2.0) 96 —— 
ln, yy p-—m t+ie 


s I 
x lary.5) Yu =, oie Yv MP.S) 


= On) 54; + py Pip) | i: al eS 
Crys 9a ie 
‘ Gre is Br - Bi — + 1€ 1-50) 
x iP) EE PS) ; (16) 
with 
OP) aaa ep 1h ;) (17) 


being the fixed momentum transfer to the electron. According to (14) the contri- 
bution to the second-order S-matrix element in the direct scattering graph is given 


by 

(4nye* | m2 | M2 
y2 evap \\) Ieee 

vag ll 1 

COPY a ie G =v 


Ss, dir.)/= (2m) 5°(P¢ + pp — P; — pi) 


1 
x lee, sn" -— 


— mo + 1E 


uns 


1 
x Pr Se Ba TE PS) (18) 


pr-u 
Again 64(Py + py — P; — pi) guarantees energy-momentum conservation. It is very 
satisfying to recognize that these conservation laws follow automatically. We have 
further to consider the integral f{d*q,/(27)*... over the four-momentum 4). q1 Pat 
represents the four-momentum “circling around” in a closed loop, which appears 
in the graph (see Fig. 3.18) corresponding to the process (18) in Fourier space. As 
we have seen in (15), energy-momentum conservation is fulfilled at each vertex, Fig. 3.18. The second-order 


for instance the upper right vertex yields direct graph for electron-pro- 
ton scattering In momentum 
Pet gi = ia space 


the upper left 
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Fig.3.19. The exchange 
graph in momentum space 
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Pr-Uu +41 = Pr ? 


the lower left 


De + GG) = Deo ee, 


and finally the lower right 


ea (GF — 9) ) — ee 


According to (18) we have to integrate over all intermediate momenta q;. The 
intermediate momenta in the loop of Fig.3.18 have just the appropriate value to 
conserve the total momentum relation 


Ip ae ep = EE See) 


for every value of q1. 

In addition each vertex contributes a factor of the form —iey,, to (18), whereas 
each external particle yields a factor ,/mo/E. Note the matrix factors in (18) of 
the form 


i 
pom+tie 


being inserted between the y-matrices that represent the vertices. These factors 
represent the propagator of the internal virtual fermionic lines. 

We shall soon have had enough practice to be able to write down directly 
the correct mathematical expressions corresponding to a given Feynman diagram. 
For instance, we can easily draw the exchange graph corresponding to the direct 
graph (Fig. 3.18). Formulated in momentum space it is depicted in Fig.3.19. It 
contributes to the same amplitude as the direct graph. Again we have individual 
energy-momentum conservation at each vertex, which leads to conservation of 
total energy-momentum. We can write down at once the contribution of this graph 
to the amplitude oe according to the rules we just derived: 


PHF Ps, Ss 


Pr-1 Ee 


Pie: Johns): 
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(2) (47r)*e* me M2 
Si (exch 2 EE, EP EP (21)*64(P, + pp — Pi — p;) 
1 


— 
(2m) qf tie q —q)* +ie 


x 7} (Lee ee (: 4 A 
leer. Br — 21 = mo aa ie oy Hers) 
a I 
x Pr. Sw a, Eee WPS) (19) 


Performing the four-dimensional integrals occurring in (18) and (19) is a difficult 
task. In the limit of a static point-like charged proton at rest this was done by 
Dalitz’’ for the first time. We shall discuss this problem further in Exercise 3.7, 
but we remark here that even in this special case problems occur owing to the 
infinite range of the Coulomb potential. 


CS >>y EES ee aaa 


3.7 Static Limit of the Two-Photon Exchange 


Problem. Write down the scattering amplitude of a two-photon exchange between 
electron and proton corresponding to the two graphs of Fig. 3.20. Show that in the 
static limit (the proton has infinite mass) the result coincides with the amplitude of 
electron scattering at a Coulomb potential in second order Born approximation. 


Pf Sf 


1a rae Pf Sf 
ql — Pf 


fa 


Pi, Si Pi, Si 


Solution. By use of the Feynman rules the sum of both graphs can be written as (the 
phase factor resulting from four internal lines and four vertices is (i)*(—i)* = +1) 


of ae M3 
i eee 0 0 (2)4 54(P spare 2) = fay) 
ES Ge RE, oes 
d*q, 4n 4n 


CaaGy= pp 116 (7, — 4)) ie 


'5_R.H. Dalitz: Proc. Roy. Soc. (London) A206, 509 (1951). 
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Fig. 3.20. The direct and ex- 
change two-photon scattering 
graphs 
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Exercise 3.7. x ju eee TE i, Si 
liens z ape vite s) 
1 
SES My 
Oy |, Ey) pence 
1 


Une ie ee Le aS. 
aa (eee | u(Pi,Si) (1) 
where the capital letters refer to the proton and the lower-case ones to the electron. 
(1) differs from the corresponding expressions (16) and (17) in Example 3.6 in the 
way the momentum variables are labeled. Both results agree if g, is replaced by 
pr — 41, which is admissible since q; is only an integration variable. In the limit of 
very large proton mass (Mo >> E;, Ey) the recoil energy becomes negligible, 1.e., 


NC Em OMS (15 — 8, 
CNY u(O, Sp) ) 
u(P;, Sj) Sy u(0, Si) 
Taking only the leading powers of Mp the matrix element involving the proton 
spinors (1) reduces to 
ine 
M in vl 
= FS) [4 ovo + hi — Pi is or 
(Peer = Fi) My ie 


Moyo — Bi + #1 +Mo | 
SI a ese Oe 
: (CP 9) dey je = ie done apse 
: Mo(yo + 1 2 
— (0, Sy) be a ¥ 
M2 + 2Mo(E; — 949) — M2 +ie 
2 Moyo + 1) 
“fy rt 0, S; 
Oh aivies, — O\aieees | oe 


Sorr y ” Yor! 


= (075 a Sey Me ee 
oy f IE; SS ie 


XE; — 4°) +ie | u(0, S;) 3 (2) 


Now we have 


1 © 
w+1=2{5 9) 


and u(0,5') has just upper components. Therefore, 


(0,5) = (%) , Yo u(0,S) = u(0, S) 


On the other hand, 


¥ u(0,S) = ee 
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has only nonvanishing lower components, and thus 
(Yo + 1) y u(0,S) =0 


Therefore, the only non vanishing term in P#” is 


1 ] 
gg ui (0, S-) u(0, Si) E;—q?t+ie E;—qo—ie 2 


The two pole terms can be combined to yield a delta function which is seen from 
the identity 


1 1 
a imd(x) . 
tenets (=) eo) Y 
Thus we finally get 


PHY — —2ni gg’ s,5, (Ei — q}) (5) 


By inserting P into Sg and considering that the proton’s degrees of freedom (spin, 
momentum) are not to be observed and thus in the cross section can be summed 
over (final values Py, Sp) or averaged (initial spin S;), we can substitute 


3.63 Ey ee 
Cae (ep), Par (6) 


Os;s, — Il 


This can be understood by applying the heuristically deduced relation (277)°6°(0) > 
V (Sect. 3.2) to determine the cross section. Namely, the spin averaging and mo- 
mentum integration yields 


= vy —S [27 393(P BoP pli bs 
4 Xi (273 SE ae Pid] 65,5, 
Ee 


I aan 
=52/V = (2n)35?(Py + py — P; — p (2280) — V? 


V 


The same effect is achieved if one substitutes (6) in the scattering matrix element 
and forgets about the proton altogether. After integrating over q) we get 


Fie | me d*q An 4n 
oe inh SE lsc 
ff” YN EE; Cee) Cala py? \o — pil 


7 Liv + Oy Mo | 

x |u a Ge ’ (7) 
Pens) EME 

which is valid in the limit Mp — oo. (7) is just the amplitude of electron scattering 
at a Coulomb potential with charge e in second-order Born approximation. As 
mentioned in Example 3.4 the integral is divergent owing to the long range of the 
Coulomb interaction. 
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= 
Oe 
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Fig. 3.21. Classical scattering 
trajectories of two identical 
particles leading to the same 
final state. In quantum the- 
ory both processes can not be 
distinguished 


P2 


Pi — Pj 
P1 p2 
P\ 
Pl — P} 
Pi p2 
Fig.3.22. Direct and ex- 
change graph for the scatter- 


ing of two electrons in low- 
est order 


3.3 Scattering of Identical Fermions 


Using the example of electron—-electron and electron—positron scattering we shall 
discuss the general aspects of scattering of identical fermions and _particle— 
antiparticle scattering. To this end we can take over many of the results of electron— 
proton scattering (Sect. 3.2). However, slight complications arise from the fact that 
the scattering particles are of the same type. There is no way to tell which of 
the two emerging electrons is the “incident” and which is the “target” particle. 
This ambiguity is present already in classical mechanics as depicted in Fig.3.21. 
Classically, however, one can trace the trajectories and distinguish between the 
two alternatives. In quantum physics this is no longer possible and therefore the 
two processes can interfere. Therefore the amplitudes of two indistinguishable pro- 
cesses, which differ in the association of momentum and spin variables (p;,s/) and 
(p3, 53) with the outgoing electron lines, have to be added coherently. 

Figure 3.22 shows the two lowest order Feynman graphs for electron—electron 
scattering. The figure also illustrates the kinematic conditions for this scattering 
process. We note the scattering amplitude of electron—electron scattering in mo- 
mentum space directly (compare (3.59) in Sect. 3.2) 


Sg = Sq (dir.) + Sp (exch.) 


geal | omy | ia (20)*64(p) + 1 — P3) 
=-e — os = 
Ve \ BS \| Bie ee 


x (+ [e(P}, 51 )\(—i7)u (Pr, 51)] a [#(p3,.59)(—-iy")u(pa, 52) 
i4ar 
~ [ROS iq mens] Gs Ph. sn" w(o2, 50] } 


(3.115) 


Since electrons obey Fermi statistics, the exchange graph has a minus sign, This 
yields an antisymmetric scattering amplitude with respect to electron exchange in 
the final state (pj <> p4) or the initial state (p; < p>). If we were to calculate the 
scattering of identical Bose particles, the total amplitude would be symmetric with 
respect to exchange of these identical bosons. Section 3.7 will illustrate this, since 
there the amplitude for Compton scattering is symmetric with respect to photon 
exchange, photons of course being bosons. 

Important remarks: (i) The matrix elements uy, are numbers (one for every j1) 
and thus their order can be exchanged 


(Lye) H(2)yiu(2) = H(2)y,u(2) H(1)y“u (1) 


(ii) There are no additional normalization factors in (1). In principle one could 


think of factors like a or 5 — they do not enter here. Also the rules of calcu- 


lating the differential cross section are not changed by the occurrence of identical 
particles. We have merely to take care of introducing a factor 5 in the calcula- 


tion of the total cross section in order to prevent double-counting of the identical 
particles in the final state. On the other hand, there is no further factor due to the 
presence of identical particles in the initial state, because the incident flux stays 
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the same whether there are identical particles or not. We can control the validity 
of our considerations in the case of electron-electron scattering by considering the 
scattering amplitude (1) for forward scattering. Forward scattering implies small 
momentum transfer (py; — p;)*. Therefore in (1) the direct term is large compared 
to the exchange term so that the latter can be neglected. In this case (1) is reduced 
to the amplitude of electron—proton scattering (to lowest order) already derived in 
Sect. 3.2, (3.59). 

Now we determine the differential cross section of scattering of unpolarized 
electrons. We start with 


do = | ISeP A Vad*pj Va, 
OWES } + Urel (27) (27) 


(3.116) 


The first factor denotes the transition rate per unit volume and time per electron 
(1/V)~!, the second one describes the division by the incident electron flux, and the 
last two factors give the number of final states in phase space. We will calculate da 
in the centre-of-mass frame of the incoming electrons. In this frame both particles 
have the same energy £, = E>) = E. The centre-of-mass energy does not change 
in the collision, i.e. it is Ej = £; = E. In the centre-of-mass frame momentum 
conservation yields 


Pi +P, =P, +p,;=0 , and thus p, =—p, 


From this the energies follow: 


Ey = aime +p, = Bs = 4/me + pF 


Energy conservation demands that 
E+E =E +E, , 
which gives 
ei i — E. 


With being the velocity of one electron with respect to the centre-of-mass frame, 
the relative velocity of the colliding electrons in the centre-of-mass frame is given 
by 


Me =e (3.117) 


For relativistic energies this relative velocity approaches twice the velocity of light. 
On first sight one might suspect a contradiction with special relativity. This, in fact, 
is not the case, because the velocity v of one electron as seen from the other one 
is given by the well-known equation for the addition of velocities: 


Di ar B+ Bh 
SS SO ss — CO 5 
l+uiwf/e2? 1+f-6 


which can at best reach the velocity of light (v — c) for @ — 1. By observing the 
electrons from the centre-of-mass frame, however, their relative velocity is just the 


Vv 
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difference of their velocities in this system, which is expressed by (3.117). This 
also follows from the covariant flux factor which was introduced in (3.77) 


z 


uO mo Mo 
Ey ye mal 7 Jorn? - mé (E2 +p?) pa m¢ 
3.118 
= Bape aay 


From (3.115) and (3.116) we get the spin-averaged differential scattering cross 
section 


4 

eis mM ——— —— 

oa aay || PTs (Pi +p. —pi—pr)d°pid’p, , (3.119) 
with the squared invariant matrix element 

MiP = etary 


(P1551) Yn4(P1, 31) —— 5 5 U(P,53)y" u(p2,S2) 


(EOF 
syst i 552 
“HPL DMP <a pie 5 ES Nee (3.120) 
The averaging over the initial spins s; and sz is responsible for the factor ! qe 


can easily determine the sums over the spins and convert them into traces with the 
help of the identity (3.33) in Sect.3.1. Since 7, = y,, (3.29a), we obtain 


I 1 ,tm +m 
[Mg |? = cant | ‘Wie k oy | 
1 


4 2Mo a 2mo 
x Te (Peto ee + mo 
2m 2mo 
E = i + mo me + mo oes + mo 2 + mo | 
(Pi — P11 — P32) 2m 2m 2m 2m 


ay Pp} (3.121) 


By writing (p; <> p3) we have abbreviated the terms that can be generated from 
those written down by exchanging pj and p}. (3.121) contains a sum of four trace 
terms which are produced by squaring an amplitude consisting of two terms. Let us 
consider these traces, their origin, and their evaluation in more detail. We start with 
the first trace term in (3.121) which already was encountered in Sect. 3. BSN. 
We will repeat the calculation here to gain familiarity with the trace technique. The 
spin sum to be calculated to obtain the first contribution to (3.121) obviously is 


SDS OL sD y.t(P1, 51) #4, 8h)" (p2, 59)) 


Oy ee 


x (i(P}, s{)wu(P1, 81) HP}, 83)7”U(p2, 2)" 
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= > (#(p1, 5] Yu" (P1,51)) (@(p],8))wu1, 51)” 


/ 
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x | >> 01, 51)9"u 2, 52)) (4,83) 7’u2, 52)" |. (3.122) 


0) 

It is sufficient to consider just the first sum over S{, 51, Since the second sum sy, s2 

has the same structure. The complex conjugate product of spinors can be rewritten 

as 

= T 
(3,53) ¥u(2,52))' = ul (po, 27h ybu(p3, 85) 

= ii(p2, 2) youlP5, 53) 
= u(p2, $2) FU(p3, 83) ’ Gale) 


with the barred gamma matrix 7, = y, (see (3.29a)). The evaluation of the spin 
summation as usual makes use of the projection operators (3.31): 


2mo 


S/ ua(Pi,si)@(P15 51) = (An : (3.124) 
BA 


si 
The sum over s; and s; in this way leads to 


S>(@@ 1.81) ye(P1,51)) (A181) uP1,51))” 


SS} 


= S- (201,51) HP, 51)) (H(p1, 51 )u(P}, 51) 


’ 
SiS] 


ian = 2 sin (43 mo “) Sparaon 


si 


= =a (ne a at D aoe Dee see 


2 ptm « fim 3.125 


Analogously the sum 5) sis in (3.122) can be calculated yielding the total result 
2 


S51 @@1 sir, 51)) (7(P3,52)7"u (2, 52)) | 


’ ! 
SyS1 5552 


/ / 
=Tr ut Lim 5 Be = a ee oe Pons een) 


2Mo “ 2m 2M 2m 


Since J, = yp, this is just the result stated in (3.121). Now we consider the more 
complicated mixed terms in the square |---|? of (3.120). The first of these is 
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D> (Ot, ser, 51) (#2, 3)7"u(P2, 52))] 
Sie S482 
x [ (23, 53) Wu(P1, 51) (A(P}, sy” U(P2, 52) |" 
= OE OL SHO, 51) (B11) FPS, 53)) 


SS] $552 


x (i(P2,83)y"U(p2, 52) (H(P2, 82)¥” UP], 51) 
=D. (#04. Es mot 9d) 


S 2 in Oe 
« (Hs sn EM utp 51) 


- 1+mo_ ps +mo Dtigey, 
= al siryé ‘ oe ees u(pj, 51) 
sl 


2m 2mo 2) 
1 


Bit mo, po + mo ya t+ mo pi + mo] (3.127) 
2mo 2mo 2mo 


In the course of this derivation the identity (3.124) has been used four times. With 
Yv = Yv we see that this trace is identical with the second trace in (3.121). It 
represents the interference term of direct and exchange scattering. 

In order to evaluate the traces we refer to the theorems we proved in the 
Mathematical Supplement 3.3. Let us consider the trace containing eight -y-matrices 
originating from the interference term in (3.121). To make life easier here we 
consider only the ultrarelativistic limit where E >> mo (the complete result is 
derived in Exercise 3.8). Then we may neglect terms proportional to mg and only 
one term in the expansion of (3.127) remains. Using y’ {yyy = —2p1%uP' 
(cf. Mathematical Supplement 3.3, Theorem (8d)) this trace becomes 


Tr [Pi wry 2y"| = —2 Tr Piya hp 
= —8p|-p2Tr |p ip2] 
= —32(p\ -p,)(Pi-p2) (3.128) 
where we have applied Theorems (8c) and (2) in the last steps. In the same ultra- 
relativistic approximation the traces occurring in the direct term in (3.121) can be 
simplified to 
Tr (Pi %uPi%w] Tr [yp 27" ] 
=4 [Duddy oF (PvP) +E ia} fee | 
x 4 [(p3)"(2)” + 2)" (pa) + ph-prg"”| 
= 32 [(Pi-P)@1-P2) + @{-PrdOr-p))) (3.129) 
This is a repetition of the calculation in Sect. 3.2, (3.91). The traces were converted 
to the “slash”-notation by introducing two unit vectors A? = Oeandes ty 
so that y, = A and y, = B. This gives p/- A = (P\)cA” = (Pi), ete. and 


A-B = A°B, = guy. Furthermore, in the calculation of (3.129) we used Theorems 
2 and 3 of Mathematical Supplement 3.3. 
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Putting together (3.128) and (3.129) the squared invariant matrix element 
(3.121) reads in the ultrarelativistic limit 


Ma ltop 
= etn { 32 [(Pi-P Pier) + Of-pdOr-Pd)| 
a (P1 — py)*(2mo)* 
2 [-32(p{ -p3)(p1-p2)] 32 [@{ Pi -P2) + (P}-P2)(P} -p1)| 
(yp) i 7) in) (Pi — p)*(2mo)* 
_ [—32(p1 -p5)(P1-P2)| 
(1 —P3)?(P1 SSE 
The two interference terms, being complex conjugates of each other and at the 


same time real-valued, are found to agree. The scattering cross section in the 
centre-of-mass frame is given by (3.119): 


(3.130) 


d*pi a"p) 
2E/ 2E4 


4 
= ae Mo == 4 
dour = OnpE2p / IMalup Opi +2 — Pi — pr) 4E Ey He 131) 


In the integral we introduced the factor 4£/E, in order to get the usual invariant 
phase-space factor d3p'/2E". 
In the centre-of-mass frame we have 


P\ = (Fi, p,) = (E,p) ’ P2 = (Ez, P2) = (E, —p) ’ 
Pi = (Ej, Pi) = (EP), pp = (Ey, P)) = (E',-P’) 
In the second line we already made use of momentum conservation which gives 


pi = —p5. In the ultrarelativistic limit E >> mo, ie. p*? = E? — mj = E?, the 
scalar products needed in (3.130) are 


(3.132) 


pip. = BE? — pp, = E? +p? s E+E? =2E* ) 


PiPs = Ff? — pi D5 Sb ey? ee ee =op? 
Pip, = EE’ — pp, = EE’ + p-p' = EE’ + |p|-|p'| cos6 


@ 
~ EE'(\ + cos) = 2EE' cos’ = , (3.133) 
@ 
P{P2 = EE' — py'-p, = EE' + p-p' © 2EE' cos’ 5 ; 
med 
pi-p| = EE’ — p,-p, = EE’ — |p|-|p'|cos0 = 2EE'sin’ >, 


where 6 denotes the scattering angle (cf. Fig.3.23). The integral in (17) has the 
structure 


da ! q3 t 
v= oe sor SI +P — Pi — PSP?) (3.134) 


with f(p;, p5) containing the squared invariant matrix element (3.130) and the factor 


4E’2. According to Sect. 3.2, (3.74), the integral over p3 can be extended from three Fig, 3.23. Definition of the 


to four dimensions: scattering angle 
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a ! oS 
[F = [ve 5(p):p3 — m5) O((p5)o) - (3.135) 


A.) 


This integration “eats” the four-dimensional delta function in (3.134) leading to 


' 2d dq! 
=) tela = * 6[(p1 + po — pi? — mg] 


x O(2E — Ef (p},p) = pi + p2 — Pi) 
74 
= | Sieilde'acy 5[(p1 + p2)” — 21 + p2)-p}] fi, Ps = pi + pr — 7!) 


0 


2E 
dQ 
= SP f ipilae" s[28) -228)8"] FOK, Ph =p +p» Pd) 
0 
Lopate 
Ses = _ : pales 
5 [= 4ey P2 Be | Poe) ae (3.136) 


If we insert this intermediate result into (3.131) we get the differential cross section 
in the ultrarelativistic limit: 


do mo nl! eee 
eo rEg Eee Malte 
_ et4any 2 oe [e ‘P3)(Pi-P2) + (Pj -P2)(P1-P3) 
4n?E42 168 (=a 
4 PLPPr pr) +P P2)P1-P1) 
(Pr Slaw 
Ge a | 
(P1 — pyr, = 15) 


42 (3.137) 


P)=P\+p2—p; E'=E 


For an explicit evaluation of this result in terms of the scattering angle 6 we insert 
the scalar products of (3.133) and at various places neglect terms proportional to 
the electron mass mo < E. In particular, the momentum-transfer denominators are 
given by 


(1 —piy =pi t+ pe ~2pr-pi 
8 
= 2m5 — 2(E? — p-p') = —4E? sin? a 
(3.138) 
(1 ~ PsP = pt + py — 2pi-p} 


f 
= mg — 2(E? + p-p’) = —4E? cos? 5 


This leads to the final expression 
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sy 


= _ njret ea 
UR 


d {2 (40)? E22 (4E? sin? gy 
2E°2E? + (2E? sin’ 2) DE 2s 
(4E? cos? £) 4E* cos? $ 4E? sin’ $ 
a® {1+costZ 1+sin*¥ D 
=— | 2 + — +1 S| + (3.139) 
8H sin’ g cost g sin? f cos? g 


The first and second terms originate from the squares of the direct matrix ele- 
ment and the exchange matrix element, respectively, whereas the last term is the 
interference contribution. The elastic scattering of electrons is known as Moller 
scattering, named after the author who first treated this process correctly using the 
Dirac equation.'* Thus (3.139) represents the ultrarelativistic limit of the Moller 
formula in the centre-of-mass frame. 


3.4 Electron—Positron Scattering: 
Bhabha Scattering and Muon Pair Creation 


The scattering of particles and antiparticles is closly related to the process of 
particle-particle scattering. In fact, we will find that the knowledge of the scattering 
cross section for one of the processes is sufficient to deduce the corresponding other 
cross section. 

In Example 3.4 we have obtained the amplitude for positron scattering at a 
Coulomb potential. It was related to the corresponding process of electron scat- 
tering by the replacement of an incoming electron spinor u(p;,5;) with an outgo- 
ing positron spinor O(pr, sy) and vice versa. In the same way the amplitude for 
electron-positron scattering can be constructed. Written in momentum space the 
direct amplitude (compare (3.115) in the previous section) becomes 


mi_ | 8_ (on)* 64(p, — pi — pi +) 
E\EL\ EIB, eae 


i4 
x [a(pt, s1)(—iy ur, 51) BEET [B@2, 2)(—iy")vH3, 55)] 
(3.140) 


: 1 
Sq(dir.) = He =, 


where the bar over a variable is meant to indicate that this quantity refers to 
an antiparticle. Ie. (62, 52), (P3, 55) are the momentum and spin of the incoming 
(outgoing) positron. The corresponding Feynman graph (Fig.3.24a) contains the 
labels —p5 and —5, at the positron line which is drawn in the reversed direction 
when compared to Fig.3.22. As in the case of electron-electron scattering there 
also exists an exchange amplitude. The corresponding Feynman graph is shown in 
Fig. 3.24b). 


'4C, Moller: Ann. Phys. 14, 531 (1932). 
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Fig. 3.24. Direct (a) and ex- 
change (b) diagrams describ- 
ing electron—positron  scat- 
tering (“Bhabha scattering’’). 
The indices —p,; and —p 
of the positron lines show 
that we treat the positrons 
in the language of elec- 
trons. Then the positron is 
an electron with negative 
four-momentum, in particu- 
lar with negative energy. The 
exchange graph usually is 
drawn as in part (c) 
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Here the outgoing electron (p/) with positive energy is exchanged with the 
outgoing electron (—f2) with negative energy. Graph (b) can also be drawn as 
shown in (c). Thus it can be interpreted as representing an incoming electron 
(p;) with positive energy which by emitting a photon is scattered into an electron 
(—p2) with negative energy moving backwards in time. The photon is absorbed by a 
negative energy electron (—p;) moving backwards in time. This electron is scattered 
into a state with positive energy moving forwards in time. This is the interpretation 
purely in terms of electrons. Adopting the picture involving both electrons and 
positrons we may say that an incoming electron (p;) and an incoming positron 
(P2) are annihilated into a photon; the photon is again annihilated (“leptonized”) 
by creating an electron (pj)~ positron (p5) pair. Both nomenclatures, the one using 
positive and negative energy electrons and the other using electrons and positrons, 
are equivalent. 

The exchange diagram translates into the following ‘annihilation amplitude’ in 
momentum space 


1 me me 
__,2 1 fm | mM 4 54 eee os 
Sa(exch.) = —e V2 EEL \ BiB, (Cay OP) ao ey 


x [OB2, H)(—iy,)u(rr, 51) eo: fa(p!,s!)(—iy")u(BS, 5] 
(3.141) 


which has a relative minus sign compared with the direct amplitude (3.140). This 
can be understood in the following way. The initial state (before interaction) con- 
sists of an electron (p;) with positive energy and a sea of electrons with negative 
energy containing a hole with four-momentum —j . The occupied Dirac sea con- 
tains an electron with four-momentum —p}. According to Fermi statistics, the initial 
state, containing the electrons p; and —pj, has to be antisymmetric with respect 
to the exchange p, «+ —p}. In the final state we have the analogous antisymmetry 
concerning pj «+ —p2. In other words: Within our adopted “electron language” 
the outgoing electrons in Fig.3.24a with momenta p; and —p> have to be anti- 
symmetric. We can immediately check that this antisymmetry is fulfilled by the 
amplitude (3.141). Of course there is also antisymmetry with respect to all other 
particles in the Dirac sea, but these do not show up in the scattering process. Thus 
we can neglect them in our considerations. Again this discussion demonstrates the 
advantage and clarity of the electron formalism. 

Apart from the exchange of spinors, the annihilation amplitude corresponding 
to Fig.3.24c has one qualitative difference compared to the scattering processes 
we have studied up to now: The virtual photon is timelike, i.e. its momentum has 
the property gq? > 0. This is most easily seen in the centre-of-mass frame where 
Pi = (,p), po = (E,-p), ¢ = (2E,0). In ordinary scattering processes the 
exchanged photons are spacelike, g? < 0. Although being closely related to each 
other, processes involving timelike and spacelike photons may have quite different 
properties. 

To evaluate the cross section for elastic electron-positron Scattering we can 
proceed exactly as in Sect. 3.3. Equation (3.118) remains valid and (3.120) for the 
squared spin-averaged invariant matrix element becomes 
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+o -p)} (3.142) 


Here we can make a very important observation. The result (3.142) could have been 
obtained from the corresponding expression (3.120) for electron—electron scatter- 
ing simply by using the translation Table 3.1 for the momentum variables. This 
substitution rule has very general validity. It is a special case of the law of crossing 
symmetry. This tells us that the S—matrix elements of the processes which are re- 
lated to each other by an exchange of incoming particles and outgoing antiparticles 
etc. are essentially the same. One only has to exchange the corresponding momen- 
tum variables in the expression for the S—matrix element. For example from the 
amplitude of a two-body reaction A+B — C+D we can obtain the corresponding 
expression involving antiparticles, e.g. A + D— C +B (see Fig. 3.25) by simply 
exchanging the momentum variables pg — —pp, Ppp — —ps. This tule holds for 
the exact amplitudes as well as in any order of perturbation theory. Also processes 
which differ in the grouping of incoming and outgoing particles are related to each 
other. E.g. the matrix element of the three-body decay A — B+C+D can be 
derived from that of the two-body scattering process.'° 

If we have obtained an expression for one of the matrix elements we get the 
corresponding results for the other processes related by crossing symmetry for free, 
i.e. by an analytic continuation in the momentum variables. 

Using the substitution rule (p27 > —P3, p; — —P2) the results from electron— 
electron scattering can be immediately translated to the case of electron—positron 
scattering. Thus the cross section for unpolarized elastic ete” scattering in the 
ultrarelativistic limit (see (3.137)) becomes 

dé i fe ‘ba)\pr-b4) + OL-PNO-Pa) 
eae (ri — PDF 
fe (P| -BaPr Pa) + @2-P2)Pr-P1) 
(Oy ee 
(pi P2)(P1-P2) | 


(p1 + poy (pi —piy P,=pit+P2—P\ £'=E 


ae ¢ Lagos = 1 + cos? _ a | 


8E2 \ sin? $ 2 sin’ § 


ap 2 


(3.143) 


'5 Note, however, that a process may be forbidden by the energy-momentum conservation 
law. Le. the delta function by which the squared amplitude is multiplied to get the cross 
section (or decay rate) may vanish. 
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Table 3.1. Electron-electron 
scattering and electron- 
positron scattering are related 
by crossing symmetry 


Fig. 3.25. Three processes 
which are related by crossing 
symmetry 
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We have used p1 - fp. = pi’ + py = 2E, pi - py = pi’ + po = 2E? cos? g and 
Dice — pe oe oe g. The full result!® valid for arbitrary energies will be 
derived in Exercise 3.8. 

The process of elastic electron—positron scattering is also known under the 
name of Bhabha scattering. The validity of the Bhabha formula has been verified 
in many experiments, mainly at high energies. It describes the “elastic background” 
in all experiments performed at electron—positron colliders. An example!” is shown 
in Fig. 3.26. It is essential to include all three contributions (the direct, annihilation 
and interference terms) to get agreement with the measurements. 


Fig.3.26. The differential 


cross section for Bhabha e+ez+ete- 
scattering as a function fo 

the cosine of the scatter- 14.0 GeV 

ing angle. The measure- 22.0 GeV 
ments were performed at 34.8 Gev 

five different energies /s = : 38.3 GeV 


V(p1 + p2)? = 2E between ; cae 
14 GeV and 43.6 GeV. The 


full curves are the prediction 
of QED, (3.143) 
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There are, however, processes where only the annihilation diagram can con- 
tribute. This is the case if the initial and final states consist of particle—antiparticle 
pairs of different type. The simplest example is the process of muon pair creation 
et +e~ — ++ 7. Since muons differ from electrons Just by their much higher 
mass (m,, = 105.6584 MeV compared to m, = 0.510999 MeV) we can simply take 
that part of the Bhabha formula which originates from the annihilation diagram. 


In the ultrarelativistic limit (E >> m,,) the differential cross section for muon pair 
creation thus becomes 


da ) a 
ai =——(l+cos’?@) . 3.144 
(a etter spt ym 16E? ( ) ) 
Integration over the solid angle gives the total cross section 


'©H.J. Bhabha: Proc. Roy. Soc. (London) A154, 195 (1936). 
'TTASSO Collaboration, W. Braunschweig et al.: Z. Physik C37, 171 (1988). 
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= T a? 
Hanoy =e (3.145) 


Finally we note that Quantum Electrodynamics no longer gives a correct descrip- 
tion of annihilation processes of the type et +e7 — J+ +17 (where / refers 
to any leptons) if the available energy comes close to the mass of the neutral 
intermediate vector boson Z, which is mz = 91.16 GeV. This particle can be pro- 
duced “on the mass shell” as a resonance (the width is Iz = 2.53 GeV) and then 
completely dominates over the contribution from the virtual photon.!® The the- 
ory of electroweak interactions gives a unified description of both contributions. 
(See W. Greiner and B. Miiller: Theoretical Physics, Vol.5, Gauge Theory of Weak 
Interactions (Springer, Berlin, Heidelberg, New York 1993)) 


Fig. 3.27. (a) Total cross sec- 

500 tion for the process e” + 
e — pt +p as a func- 
tion of the squared centre- 
of-mass energy s = (2E)’, 
compared with the prediction 
of (3.145). (b) Differential 
cross section for muon pair 
creation at centre-of- mass 
energy s = 44.8 GeV. The 
angular distribution deviates 
50 from the QED prediction of 
(3.144) (dashed line). The fit 
to the data (full line) shows 
0 500 1000 1500 2000 2500 an asymmetry which results 
s(GeV?) from the influence of the 

weak interaction 
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Figure 3.27 shows the measured total muon pair cross section’? which agrees 
well with the prediction of (3.145). Already well below the Z-resonance energy, 


'8Recently there has been interest in the search for new particles via their signature as 
resonances in Bhabha scattering in the MeV energy region. See the review A. Scherdin, 
J, Reinhardt, W. Greiner, B. Miiller: Rep. Prog. Phys. 54 1 CSO, 

19 FASSO Collaboration, W. Braunschweig et al.: Z. Physik C40, 163 (1988). 


142 3. Quantum-Electrodynamical Processes 
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however, the measured angular distribution”? shows a notable deviation from the 
prediction of pure QED (dashed line). 

If the theoretically well understood contribution from the weak interaction is 
included the predictions of QED compare well with experimental data. (In order to 
get quantitative agreement radiative corrections of the order a? have to be taken into 
account). From this we conclude that the electron is a point-like elementary particle. 
An extended composite object would be described by a momentum-dependent 
form-factor F(q?) as discussed in Exercise 3.5 for the case of electron—nucleon- 
scattering. Experiments tell us that for the electron F(q*) = F(0) up to momentum 
transfers of several hundred GeV. This implies that the electron is a point-like 
object down to a distance of at least re < 10~'® cm! The same conclusion also 
holds for the heavy leptons yz and rT. 
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3.8 Mandelstam Variables Applied to Moller and Bhabha Scattering 


Problem. (a) Show that the kinematics of any binary scattering process 4 + B = 
C +D can be expressed in terms of the three Lorentz-invariant Mandelstam vari- 


ables 
S=(Qa+ps) =Wet+pay , 
t =(D¢ —Pay = (pa — py ; (1) 


u = (Pe — Ps) = (Pa ~ Pa)” 
Prove the identity 
St+t+usm2+mi+m2+m3 (2) 


(b) Derive the differential cross sections for electron-electron and electron-positron 
scattering in terms of the Mandelstam variables. Do not neglect the electron mass 
in this calculation. 

(c) Write down explicit results for the Moller and Bhabha cross sections in the 
centre-of-mass system and in the laboratory system. 


Solution. (a) The two-body scattering process is described by the 16" four 
‘momentum variables py, Pp, Pe, Pa. The equivalence principle of special relativity 
demands that observable quantities can be expressed in terms of Lorentz invari- 
ants. Out of the four Lorentz vectors p;(i = a,b,c, d) one can construct 10 scalar 
products p; - p; where j > i. Four of these are constrained by the relativistic 
energy-momentum relations 


aki = my : CSO ee). (3) 


The remaining six degrees of freedom still are interdependent since energy- 
momentum conservation must be satisfied by any scattering process 


*° JADE Collaboration, W. Bartel et al.: Z. Physik C30, 371 (1986). 
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Dat Ph = Pet Pa - (4) 


This gives four additional constraints, leading to the conclusion that two indepen- 
dent kinematic variables are sufficient to describe a two-body scattering process 
(if no polarizations are involved). From (1) it is obvious that any of the 6 scalar 
products p;-p; can be expressed in terms of one of the Mandelstam variables, e.g. 
Papp = (1/2)(s —m2 — mj) etc. (Fig. 3.28). The equivalence of the two expressions 
given for each of the Mandelstam variables (1) is an immediate consequence of 
(4). The relation (2) between s, ft, and u follows from 


s+tt+u=(Pa + pry + (D¢ —Pa) + (pa — Pay 
= 3p, + Ps + Pe + Pa + 2Pa(Pr — Pe — Pa) 
= 3p, + ph + Pe + Pa — 2Pa 
=m 4+mptmet+m, . (5) 
Although the third variable can be eliminated by means of (2), results often take a 
more symmetric form if s, ¢, and wu are used simultaneously. 
(b) In the centre-of-mass frame of two equal-mass particles (e.g. e7 +e7 > 


e- +e7) the momenta are p; = (E, p), p2 = (E, —P), p| = (E,P’), p) = (E, —P’), 
and thus the Mandelstam invariants have the values 


s=(pitpm)=4E? , (6a) 
20, oP =P) 

= —2|p|?(1—cos @) = —4|p|? sin? : (6b) 
u = (pi — pi? = —(—p' — py 

= —2|p|?(1+cos 4) = —4|p|? cos* g ; (6c) 


2 
which obviously satisfies (2). 
According to (3.137) in Sect. 3.3 the Moller cross section in the centre-of-mass 
frame reads (this is valid for arbitrary velocities) 


do ee Ge poe 

a) Se VA My? . 7) 
(35). lon h | | Ans | | ( 

A Lorentz-invariant differential scattering cross section d@/dt can be defined if 


we express the angle between p, and pi, (the scattering angle @;) in terms of the 
squared momentum transfer ¢ = q?. In the centre-of-mass frame the transformation 


is given by (writing 6; = 7 — 0, = 8) 


dcos@ dt = 2 peas 8 
aia” (=) = lel 3 —4m? (8) 
so that (7) becomes 
da _dcosé do mn 2 an ( 
dodt~=«~\deoosO/,, s—4me \d2/om 
mi —— 
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Fig. 3.28. Definition of the 
Mandelstam variables s,t,u 
in a two-body scattering pro- 
cess 
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Exercise 3.8. 


We have made use of the fact that the spin-averaged cross section does not depend 
on the azimuthal angle y. This would not in general be true in the case of polarized 
scattering. Although the derivation of (9) was made in the centre-of-mass frame the 
result is expressed in terms of Lorentz-invariant quantities only and thus is valid 
in any frame of reference. a 

Let us evaluate the invariant matrix element |My|? for electron-electron scat- 
tering explicitly, expressed in terms of the Mandelstam variables. According to 
(3.121) in Sect. 3.3 we have 


— | 1 ] 2 
[My |? = AC TD (754s a mee a Au ’ (10) 


Moller tu 


where the direct, exchange and interference terms Aair, Aex, Aint are functions of 
the variables s, t, and wu. They are given by the traces (see (3.121) 


1 

Ae git lw + mo) Yui + moyye] Tr G + mo)y" (2 + mo)” | : 
1 

A ex = all os F mou te mo) | Tr lw ap mo)y"(p2 ate mo)" | ’ (1 1) 
1 

Aine = st 1 + mo) yi + mo)y( + mo)7"“ Go + mo)” | 


According to (3.90) we find for the direct term 
Agir = a4 ae + PipPiy — Gur(Pr-p, — mi) 
x4 [ps p2” TPS Pe Oa mi)| 
- lo Pa) + Pips)’ — 2g pr-pt + 2m (12) 


The scalar products can be expressed in terms of the Mandelstam variables accord- 
ing to 


Pi'P2 = Pi Po = 3(s — 2mg) ’ 
PrP| = PrP, = —z(t — Img), (13) 
PiPs = Pi-P2 = —Z(u — 2m) 
Therefore, 
Ag, = (s — Re + (u — Die +4méet . (14a) 


The exchange term results from the replacement p} > p3 which corresponds to the 
exchange of the variables u < f, ice. 


AG 2) Dinar Amgu (14b) 


The interference term consists of a long trace (involving 8 gamma matrices) which 
can be evaluated using the theorems of the Mathematical Supplement 3.3. Without 
writing out all intermediate steps the result is 
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] 
A= g |-320 “Pr (Pi -P>) — 325 


+ l6mp(pr-p2 + pr-pi + pr-ps + pi-po + pl -ph + pr :p.)| 
—(s? — 8mes + 12mg) 


I 


= —(s —2mg)(s — 6m2) (14c) 
Using the crossing symmetry it is very simple to obtain the coitesponding results for 
electron—positron scattering. All we have to do is to rcplace P2 — —P>, Py + —pr. 


This means for the Mandelstam variables: 
s=Qitmyo@-pyra=u , 
t=(pi—pi)? unchanged, ais) 
w= (p3 — pi > @2+p1) =s 


The Mandelstam variables on the r.h.s. refer to “antiparticle language” where p> 
is the physical four-momentum of the incoming positron and thus the centre-of- 
mass energy variable s in Bhabha scattering is identified with s = (p, + po)’. 
Thus according to (15) the transition from particle-particle to particle-antiparticle 
scattering simply amounts to the exchange of the variables s and u. One often refers 
to these processes as scattering “in the s-channel” (Moller) and “in the u-channel” 
(Bhabha). 

Thus the invariant matrix element becomes (the bar denotes Bhabha scattering) 


— = 1 228 
4 
[Ma |? anabhA ae e(4r Pe Fale ae a ls aaa atm) ’ (16) 
with 
Adi = (u — 2m," +(s — Diney + Am@t = Agee (17a) 
a Omaye +(f— 2me) + Ames , (17b) 
Aim = —(u — 2me)(u _ 6me) F (17c) 


Using the redefinition (15) the relation between s, ¢, uw and the variables EF and @ is 
restored, i.e. (6a-c) remains true for both particle-particle and particle-antiparticle 
scattering. Note that the formula relating the cross section to the invariant matrix 
element does not undergo the exchange s © uw, i.e. (8) remains unchanged. 

(c) Using (6), (7), and (14) the complete Moller cross section in the centre-of- 
mass frame is 


da on yall 1 u 
ao Ad, ) 
(53)_= 8E2 is Adir com ex ay nt 


a2 


= SE2p4 


| ae os 6) [(2E? —mgy’ + (p?(1+cos 0) + m3)? — 2m;p*(1 —cos 6) 

a Oz 6)? [(2£? —mey’ + (p?(1—cos 8) + mg)? — 2mgp*(1+-cos 8)| 
cos 

2 


2 ee Breet Dy ; 18 
+ Geos 1-005)" ra ami) oe 
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A more compact expression can be deduced with the help of a few elementary 
trigonometric transformations: 


Wo ae | pean 
AQ )yy 46? (E2—-m2)?t — sint 6 
8E4*—4E? 
ss Bie 2 righ aL (E*—m mS “| : (19) 
sin? 6 
In the ultrarelativistic limit E >> mo this can be shown to approach the result 
(3.139) of Sect. 3.3 In the nonrelativistic limit E ~ mo,p” < mj) (18) approaches 


da a I 1 1 
gon Gel aR ie aye) - @ 
ONG oe 1684 \sin* 9/2 cost@/2 — sin* 6/2 cos? 6/2 


This is a symmetrized version of the Rutherford cross section, including an inter- 
ference term. 

The cross section for Bhabha scattering in the center-of-mass frame follows 
from (16), (17). Contrary to (19) it can not be expressed in terms of powers of 
1/sin* 9. This is plausible since now it is possible to distinguish between forward 
(9 < 1/2) and backward (@ > 7/2) scattering so that the cross section will not be 
symmetric unter the exchange 6 —> 1 — @. The Bhabha cross section can be written 
as 


do a? 1 444 . nie + 2pt( + ne 
=e = aa ae cos? — ~ 
dQ ms 16E2 pt ae 9/2 Mo p me 5 Pp cos oD) 


1 
caine [3mg + 4p°ms + p*(1 + cos’ 6)| 
— ee 3m¢ + 8pm? ae” Ap cote (21) 

E2p? sin? 6/2 i y 2) 2 , 


The ultrarelativistic limit (3.143) in Sect. 3.4) can be read off immediately. The 
nonrelativistic limit is 


dQ), me 1684 sin6)2. Ga 
which just agrees with the Rutherford cross section. The contribution of the anni- 


hilation graph is suppressed by a factor O(§7) at low energies. 
In the /aboratory system the target particle is initially at rest, i.e. 


PA = 05.90) ’ P2 = (mo, 9) ? 
0 ob p! (23) 
Pi =(Ei, pi), ka = = (£),p)) 
The Mandelstam invariants take the form 
5 = (pi + pr)” = 2mG + 2pi-pr = Amg(E + mo) , (24a) 
t = (pj — piy = 2my — 2p -py = Imp — 2E{E +2\p\|\p|cos6, , (24d) 
i=, =p) = ama — 2p{-p2 = —2m(Ej — mo). (24c) 


Since the scattering process is uniquely specified by fixing the incident energy E 
and the scattering angle 6; the variable E/ is redundant and can be expressed as 
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a function of & and @;. We can make use of the relation (2) which can be solved 
On Ey 


O=s+t+tu-—4m 
= —2(E + mo)(E; — mo) + Ei? — mé,/E2— me cos, (25) 
with the result 


E + mo + (E — mo) cos? 6 


| a a rea al) 
"Ein — (2 mg) cos, eo) 
and consequently 
2|p|mo cos 0} 
Pi Ip cos 6 (27) 


~ Fe iy (8 ip) eos? 7, 
This leads to the following explicit expressions for the Mandelstam variables 
2mo(E* — m2) sin? 64 
E +mo —(E —mo)cos* 6,” 
4m3(E — mo) cos? 6} 


= 2 
‘i E + mo — (E — mo) cos? 6; Cy 


c= (28a) 


We also can derive an explicit expression for the scattering angle in the centre-of- 
mass frame which now will be denoted by @*. Using (6) we get 


cos? = pees (29) 


4,/E*? — me 


which becomes, after inserting (28), 


—(E + mo) + (E + 3m) cos? 6} 


30 
E + mo — (E — mo) cos? 6; D 


cos — 


The centre-of-mass energy E™ is related to the laboratory energy E through (equat- 
ing the expressions for s) 


E* = 4/imo(E +m) . (31) 


The scattering cross section in the laboratory frame follows from the invariant cross 
section by 


cn ee? (32) 
dQ Ji, 27 dcos} dt 


Differentiating (28a) with respect to cos 6; we get 


dt pa! 
dcos0, gee d cos? 6} 
_ 8m2(E? — mg) cos 0 
[E + mo — (E — mo) cos? #1" 


(33) 
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Using (9) this leads to 


do mo cos 4; eer, 
40 )..= 7 FamulEom)cos are Mal yi 
i, 7 [E +m —(E — mo) cos? 6}? | | ( ) 


The invariant matrix elements have been constructed earlier in terms of the Mandel- 
stam variables, which in turn have been expressed through the laboratory variables 
E and 6). The results (10) with (14) for Moller scattering and (16) with (17) for 
Bhabha scattering are quite complicated expressions which can not be simplified 
significantly when laboratory variables are used. 


3.5 Scattering of Polarized Dirac Particles 


Up to now all calculations have been performed under the assumption that the 
spin of the electron (or positron) is not observed. In this example we will learn 
a technique to calculate the scattering of polarized fermions. This will be applied 
to the simplest possible case, i.e. Coulomb scattering of electrons as discussed in 
Sectoaly 

First let us briefly review the description of spin polarization (see Chaps. 6 and 
7 in ROM for details). Free electrons with momentum p and spin s are described 
by spinors u(p,s). s* is a Lorentz vector which is properly defined in the rest 
system of the particle where it reduces to a spatial unit vector 


(srs =(0,8') (3.146) 


The components of s“ in a frame in which the particle moves with momentum 
p are obtained by a Lorentz boost with the result 


ee cae, s'-p 
s ( a 2 Gera) rats ; (3.147) 


It is easily checked that (3.147) satisfies the normalization and orthogonality rela- 
tions 


Peas , peso . (3.148) 


which in the rest frame are trivially fulfilled. In the rest frame the unit spinors are 
eigenstates of the operator D - s’: 


S-s'u(0,+s') = +u(0,+ 8’). (3.149) 


Here 3 = ys5y°y which in the standard representation is the “double” Pauli matrix 


B= (4 o (3.150) 


The condition (3.149) has the covariant generalisation 
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As) Uns) = -ku(p, ks) (Qs) 


Here an extra factor 7° was included in order to make (3.151) valid also for positron 
spinors u(p, +s). Using (3.151) one introduces the spin projection operator 


6) = xt +759) (3.152) 
with the property 

ds) u(p,t+s)=u(p,t+s) , Xs) u(p,—s)=0 . @ls3) 
The formalism also applies to helicity states where the spin points in the direction 
of the momentum. Here one has to choose 
eae, 
IP| 


which according to (3.147) leads to the spin 4-vector 


2 
Bap 
f= (il Dp ic P r)=a(24 =) ; 3.155 
5 asia” GNCaeEEO El Tae rat a 


We call an electron with spin s parallel to p right-handed and conversely one with 
spin direction opposite to the momentum /efi-handed. Alternatively one speaks of 
positive and negative helicity (A = +1 or X = —1). 

After these preliminary remarks we look at the cross section for Coulomb 
scattering of an electron of momentum p; and initial spin s;. If also the final spin 
sf 18 measured the result is (see Sect. 3.1, (3.25)): 


3, = ehercumy y=" (3.154) 


do 4Z7a2 m2 
AQ s) = Tea Fens upirs)| (3.156) 


This expression in principle can be evaluated by choosing a particular representation 
of the Dirac matrices and inserting the corresponding explicit expressions for the 
spinors u(p,s). However , there is a more elegant way to proceed. We can make use 
of the trace techniques developed in the previous sections by introducing auxiliary 
summations over the spin orientations s; and sy. This can be done with the help 
of the spin projection operator X’(s) which according to (3.153) suppresses the 
“wrong” spin state u(p,—s). By use of these operators the Coulomb scattering 
cross section (3.156) can be expressed as follows: 


da 4Z70°m) 
Aoi) = aa (Mp s/yr0ulbi, 81) (ur, sdrdadulor, 99) 


Bea 4Z? 0° ms 
S> (AO Sf) 702(5i)u@i,8))) (BP, 5/) Ruy, 57) - 
Sp 98; 
(3.157) 
The projection 3(s;)u(pi, 5!) = 6,,./U(p;,5;) ensures that the sum over sj yields 
just one term with s/ = s;. The same holds true for the sum over s;. It is obviously 
sufficient to introduce the projection operators into one of the two matrix elements. 
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; scattering centre 
Fig. 3.29. A scattering pro- 
cess with positive helicities 
in the initial and final chan- 
nel 
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The double sum (3.157) can be transformed into a trace as in Sect. 3.1, (3.33). Thus 
we get 


do AZ cele ~ pitmo «a Pr+mo 
Ts) = a ee Sto Edie 


lal* 
Deedee Th: 

_ AZaPmi [Vt ashi th Sy A TB) (3.158) 
ial ZO Eh meee 


Before discussing this result let us look at a scattering process where either the 
incoming beam is unpolarized or the polarization of the outgoing particles is not 
observed. Then only one of the projection operators will be present in the trace. 
E.g. if the incoming beam is unpolarized (3.158) has to be replaced by 


do 14Z7a°mée [lt ysd¢ pi tmo_ py +o 
—(s¢) = = —_ Tr | —— 0 ——_ ro - |S: 5159 
ip) She lem om, © aan oe 
The factor 1/2 originates from averaging over the initial spins. 
In the last step the traces containing sg, are found to vanish. From Theorem 
1 of Mathematical Supplement 3.3 we know that the trace of a product of ys and 
an odd number of ¢-matrices vanishes: 


Tr[ys¢1 be “dn | = (-1)"Tr[d ae dns 
=(-1)"Tr[ysdi---dn] = 0  foroddn . (3.160) 


After expanding (3.159) two traces containing ys remain, which can be easily trans- 
formed by anticommutation of the matrix yo into terms of the form (Theorem 5) 


Tr[ys¢#] =0 . (3.161) 


Thus the cross section (3.159) is independent of the final spin and agrees with half 
the unpolarized Mott scattering cross section of (3.39), Sect. 3.1, 


da ge 
qo ere Cale2) 
Thus it appears that Coulomb scattering of electrons does not lead to a polarization 
of the beam. It has to be stressed, however, that this is true only in the lowest 
order of perturbation theory! If Coulomb—Dirac wave functions are used instead 
of plane waves one finds that the outgoing particles are polarized in the direction 
orthogonal to the scattering plane. The degree of polarization is of the order Za 
and can become quite large for heavy nuclei. 

Even in a first-order calculation we may expect that an incident polarized elec- 
tron escapes the scattering process with a final polarization depending on its scat- 
tering angle. We shall now calculate these final polarizations. We assume the spin 
of the incoming electron to be parallel to its direction of motion i.e. we start from 
a state with a well-defined helicity 4; = +1. In the final state with some specific 
probability the spin of the particle will be parallel or antiparallel to its direction 
of motion (helicity Ay = +1) (see Fig. 3.29). Thus (3.158) has to be evaluated 
inserting the polarization 4-vectors 
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0) ieee 
1h; t mo “TE |p| ed pe b) 


lp| E pr 
Sf. =Ap( — ,——)=dA 
Ing f (2 mo |p| Py 


(3.163) 


The polarized scattering cross section then takes the form 
do 4Z* a? me 1+ Arys$i Pit mo L+Apyste Bp +m 
s\n a OF ed 
da' Ai) lq|* L» 2 2mo a0 Z 2mo 


4Z702m21 1 
=~ Tae era nueaU. ate mo)yoP ate mo)| 


a ayy It [yorssi i + mo)yorss Yr + mo) | \ : (3.164) 


Here we dropped those terms which contain only a single ys$—factor since the traces 
vanish, see (3.159)-(3.162). As a consequence the scattering cross section depends 
on the product of helicities \; Ay. In many experiments the degree of polarization of 
the scattered particles is measured. It is defined as the difference between counting 
rates for positive and negative helicities, normalized to the total countig rate: 


_ doy =+1)-—doQy =-1 
~ doy = +I) + do0y ==) aa 


If the initial state is fully polarized, e.g. A; = +1, the final degree of polarization 
becomes, using (3.164) 


— Tr brsti(di + mo)rorsirWy + mo)] 


i Tr [yo + mo)yo + mo)| eee) 
The evaluation of the traces (see Exercise 3.9) leads to the result 
P=1- Ces aa (3.167) 
(4) cos? : + sin? g 
In the nonrelativistic limit E — mo this reduces to 
P ~1—2sin? 5 = cos (3.168) 


This is just the geometric overlap between the initial and final quantization axes, 
cos@ = p; - p;/|p’|, and indicates, that the spin is not influenced at all by the 
collision, when viewed from a fixed system. When the collision becomes relativistic 
the degree of polarization becomes less strongly angle dependent and approaches 
a constant value at P = 1 as E — oo. This is shown in Fig. 3.30. 
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Fig. 3.30. The degree of po- 
larisation according to (3.167) 
for various incident kinetic 
energies E/mo of the elec- 
tron 
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Degree of Polarization P 
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3.9 Degree of Polarization 


Problem. Calculate the differential scattering cross section (da/dQ2)(Ay, A;) for 
Coulomb scattering of electrons with longitudinal polarization. Derive the degree 
of polarization P as a function of the scattering angle. 


Solution. According to Sect. 3.5, (3.164) the polarized Coulomb scattering cross 
section is given by 
do 4Z*a*ms | 


ee ee eae nL) 
dQ lalé ig y Ta) © 


with the traces 


felt [yo + mo)yoPyr ae mo)| ' 


Ty = Tr [yorsg'i(i + m0) ors $y + mo)| ' 


The first trace can be easily determined (cf. Sect. 3.1, (3.36): 


T; = Tr [yop i oP7] +6 Trl y070] 
= 4 Ej; Ey + 4EyE; — 4p; -pp) + 4m, 
= 4(E* + p*cos8 +m’) 
=A (E71 + cos 6) + mp (1 — cos 6)) 


Oey 6 
= & (=? cos” > + me sin? 3) : (3) 
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where we have taken care of energy conservation in Mott scattering, ic. E; = Ef = 
E and |p;| = |p| = |p|. Since ys anticommutes with all gamma matrices y“, and 
since y3 = 1, the second trace can be written in the form 


T, = Tr [yo$i(—P i + mo)o4 (Br + mo)] 
= —Tr |nof ii r0¢s8r] + Tr [yofiro¢¢] mp - (4) 


Again, all other traces vanish since they contain an odd number of y-matrices. 
Theorem 3 of Mathematical Supplement 3.3 implies that 


Tr[didrdsdadsdo| 
== 4[ (12)(34)(56) + (12)(36)(45) — (12)(35)(46) 
— (13)(24)(56) — (13)(26)(45) + (13)(25)(46) 
+ (14)(23)(56) + (14)(26)(35) — (14)(25)(36) 
— (15)(23)(46) — (15)(26)(34) + (15)(24)G6) 
+ (16)(23)(45) + (16)(25)(34) — (16)(24)(35)| 5 (5) 


with (jj) denoting a; -a;. The 4-spin vectors for positive helicity are given by (see 
(G2163) im’ Sect. 3.5) 


Sp (2 =) 
' mo’ mo |p| / 


(6) 
a (2 E Z| 
ys | == === 
: my’ mo |p| 
The following scalar products are needed in (5) 
Ds = prs—O , (7a) 
Pee | gi aes6) (7b) 
Mg 
Dy 2 
-Sp = —(p’—E*cosé) , (7c) 
) me (p ) 
picpp =E? —p’cosé . (7d) 


Inserting the vectors aj = a4 = (1, 0, 0, 0), a2 = 5;, a3 = pi, a5 = Sf, A6 = Pf the 
result of the first term of the sum (4) is 
Tr [vos ii 08] 
= 4 [sPEi(sp-pp) + 5° @i A) Sp ~ SP (Pi -SPEy 

— Eis? (sr -pr) — Ej(s: ‘Pp)Sp a; EAS; Sy Ey 

+ (si -pdlsy-Pp) + (Si PNPE-Sp) ~ (81-5) PE-PP) 

= sp (si Poi; sp (Si “pp Ei + SS) (Pi Pf) 

+E (si -pidsp + Ep(sisp Ei — Epsppisp)] (8) 
Because sp - pp = Si «pi = 9, in every line the first term of the sum vanishes. 
Inserting the scalar products from (7) the remaining part yields 
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Po. 5 pe? 
Exercise 3.9, Tr [yo Pivots] = 4 |—(E” — p’ cos) — 2 (1 — cos @) 
iy 0 
2 F2 E2 2 2 
es (1 — cos 8) + —(p’ — E’ cos @) + i xl = cos@)? 
HG UW mG 
1 2 ff 
= —(p" — E? cos 0\(E? — p* cos @) — p 5 (cos G) 
m6 mo 
2 F2 2 2 
+ Zee — p’ cos@) +—>(p* — E* cos 6) — zB il Sees a) 
ey Ay as 
2p" 4p*k? 2h? 
=4 ae — p’ cos 0) — ae ee cosiay + —=(p? — E* cos 8) 
7G ms Mg 
ee 1 
+ P~ (1 —cos6? — —(p? — E? cos 0)(E? — p* cos a) 
mo Ng 
4 
= 5 (—p* cos @ — E* cos 6 + 2pE* cos ) 
0 
= as (p* — E*)* cos =-—4dm?cosé . (9) 
ms 4 


With the abbreviation 5; = (s?, —s;) the second trace in (4) yields 


Tr[yofi7o%r] mg =i, Tr [¥if7] = 4mg(5;-sp) = 4 (p* + E? cos o) (10) 
The sum of the traces in (4) then is 


T, = 4m¢ cos 6 + 4(p* — E* cos 6) = 4E7(1 + cos 6) — 4m2(1 — cos 6) 


0 26 
= 8(2%02 $— nin 4 (11) 
The polarized scattering cross section (1) thus becomes 
do 42707 m2 1 6 we 
Tn Xi) = ies [e cos? 7 + mg sin? 3 
0 
+ dniy(E? cos’ 5 — me on) ; G2) 
Special cases are the helicity—flip cross section Af = —A; 
(3) (3) m6 <i 29 (13) 
— = {| — Sai 
as flip a2 Ruth ae 2 
and the non—flip cross section Ay = +); 
do da eo 7] ia 
— = —S Oo = 6 
di non—flip dQ Ruth 2 \ 


We have factorized out the Rutherford cross section 
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(35) _ 422 0° BE? Zea 

AQ ] pun lal* 42? sin’ 2 , ~ 
The unpolarized Mott cross section derived in Sect. 3.1, (3.39), is given by the sum 
of (13) and (14) 


(5) -(8),+(8) 
dQ. Mott dQ flip dQ non—flip 
_ (do 2.2 
ga) en (oti (19 


The correction factor obviously results from the suppression of helicity-flip transi- 
tions at high energies in (13). 

Finally the degree of polarization can be obtain by taking the difference between 
the non-flip and flip cross sections and dividing by the sum of both quantities. This 
leads to the result 


_ E* cos? 6/2 — mg sin* 0/2 
E? cos? 6/2 + m2 sin? 6/2 
2m? sin* 0/2 


Se ee ee 7 
E? cos? 9/2 + m3 sin’ 6/2 ae 


3.6 Bremsstrahlung 


When electrons scatter at protons or in the field of a nucleus, they can emit real 
photons. This process is called bremsstrahlung because it involves an acceleration 
or deceleration (in German: “bremsen”) of the projectile. The emitted real photons 
fulfill the Einstein relation 


g=0. (3.169) 


Bremsstrahlung can be described by Feynman graphs, similar to those we have 
already encountered, with the difference that now the photon line does not end at 
a vertex. In this case the corresponding particle either travels into the future as 
a free photon (emission) or it emerges from the past (absorption). Generally the 
difference between real and virtual particles is given by the fact that the graphical 
lines of the former have an open end which signals an emission or absorption 
process whereas those of the latter both start and end at a vertex (see Fig. 3.31). 
In order to study the interaction of particles with the electromagnetic field in 
the case of bremsstrahlung we start with the four-potential of “one” photon with 
momentum k# = (£,k) and polarization €,,. The vector potential 4, is given by 


a plane wave: 


A*(x, k) = etNy (eh +e"), (3.170) 
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Fig. 3.31. A Feynman graph 


involving several real and on 
virtual particles P 
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where the normalization constant N; will be determined later. With h = c — 1 we 
have w = |k| and the dispersion relation reads 


kykt =0 . (3.171) 


In order to understand the polarization vector €,,(k, A) we have to study the gauge 
dependence of the A,,-field more closely. In an arbitrary gauge the vector potential 
of the free electromagnetic field satisfies the wave equation 


= (tee (GP) 


which is a consequence of Maxwell’s equations. A,, 1s a four-dimensional vector 
field and thus appears to have four degrees of freedom. However, all observables 
are invariant under gauge transformations A“ — A# + 04A(x) with an arbitrary 
function A(x), It is always possible to find a function such that the transformed 
potential satisfies the Lorentz gauge 


6,A" =0 (3.173) 


so that the second term in (3.172) vanishes. Even within this restricted class it 
is still possible to make further gauge transformations, provided that the function 
A(x) satisfies the d’Alembert equation DA(x) = 0. One possible choice is to set 

Ae Oe oA Oe (3.174) 
which is called the “radiation gauge”. In this way the number of degrees of freedom 
has been reduced twice by imposing constraints on the the A,-field. Thus we 
have derived the well-known fact that photons can have only two polarization 
states, A = 1,2, which both are transversal. The condition (3.174) of course is not 
covariant and will be valid only in one particular Lorentz frame. In this frame the 
polarization vectors are purely space-like. 


SSO) AH 1, Gal75) 
with the two transverse three-vectors 
k-e(k,A)=0 , (3.176) 


which are normalized to unit length 
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a oe ee aess—s—“‘i‘ 
ee — sles (ll) 


By performing a Lorentz boost transformation the three-vectors ¢ can be general- 
ized into 4-vectors e” which satisfy the covariant conditions 


ae — a (onl73) 
We se (Gago) 
Let us discuss the normalization of the photon field in (3.170). The constant N; will 
be chosen in such a way that the energy of the wave A” is just equal to w (fi = 13), 


i.e. it is equal to the energy of a single photon. The energy of the electromagnetic 
field in Gaussian units is given by 


l l 
Eun = gf as a eS =; [ox < B’> ) (3.180) 


since E* = B? on the average. As 
eV ALN, xe (ce!) = 2N, kx esi x) ©) G.181) 
The square of the cross product becomes 


(k x €)-(k x €) =€-ek-k —(k-e) = (62 — €-e)k* — (nen — ke 
Sek +ke —-e@iak aw’ , (3.182) 


where the conditions (3.178) and (3.179) have been used. We find the energy 
(3.180) to be 
Aw? 


2 
Ephoton = Tae [es < sin’(w-t —k-x) > = eae a (3.183) 


The condition Ephoton = w leads to the normalisation constant?! 


Ar 
(ee = 3.184 
‘ WwV ( ) 


Now, our task is to determine the scattering amplitude for emitting such a photon 
during electron scattering. In order to simplify this problem we first consider the 
electron scattering at an external (static) Coulomb field as in Sect. 3.1. The corre- 
sponding Feynman diagrams for emitting a photon in lowest-order scattering are 
shown in Fig. 3.32. 

As we can see, bremsstrahlung is a second-order process. The emission of a 
photon by a free electron in the presence of an external field to first order docs 
not happen, since in that case energy and momentum conservation could not be 
fulfilled simultaneously. The graph of this forbidden process is shown in Fig.3.33. yy mi, ie ine Rew 


The conservation law in this case would require man diagrams describing the 
emission of a photon in 
k= pe— pi >, 18, R=(-piy . (3.185) lowest-order electron scatter- 
ing at a static Coulomb field 
For a real photon, k* = 0. On the other hand, it follows that (bremsstrahlung) 


21 When rationalized instead of Gaussian units are used the factor 4m in (3.184) is absent. 
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Fig. 3.33. Ficticious graph of 
first order bremsstrahlung. 
This process is forbidden 
(the corresponding ampli- 
tude vanishes, because en- 
ergy and momentum conser- 
vation cannot be fulfilled si- 
multaneously) 
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(pp — vi)? = py? + pi? — 2py-p; = Img — 2E,E, + 2p,-p; 


=2(mé + pp, ~ y/nd + piy/md +9?) gi, (3.186) 


Thus (3.185) yields a contradiction. 
The S-matrix element of the 2" order processes shown in Fig.3.32 can be 
directly noted by applying our rules deduced before: 


Sp =e fatscy yl) |(-idGe, ISO — yin EMO) 


+ (=i VAS (x )ISE(® — y)(-1O, )) wi) , (3.187) 
with 
Z 
ASH) = a (3.188) 


being the Coulomb potential known from Sect.3.1. Since it is impossible to distin- 
guish whether the photon is emitted from the incoming or outgoing electron both 
amplitudes have been added coherently in (3.187). 

As before, it is convenient to transform the S-matrix element (3.187) into 
momentum space. We use the Fourier representation of the Coulomb potential 


Ze Zean | 4 etige 
a = 3.189 
iz] ~ ony Ta i: 
taken from Sect. 3.1, (3.7). With this we get 


S _ Ze*4n pu m5 [etsa d'y dg dp 

ae le, ~ On (274 

: , ie iP —y) etiay 

UD seo |i (en 2 eee kc ae —(-i7 )— 

(pfs 5p) d( Fears GR 
jen je iP @—y) 


= = (i We? ey oe 
yy lq/? ae co Z)( ) u(pi sje 


_— Ze 4a [4x | me [a d*p 
— V32 Vw EE; J Qnry (27) 


x {[en*e'e, Bee ee eRe <9 — a 


: l 
x Uy, Sp )(— Oe ype ens) 
+ [2r)5*(p — k - a ae weg +k —p;)| Qny5*(py — q —p) 


(—i¢)u (pi, 5i) } ; (3.190) 


x a(py, 5y(—i7’) 

gee ze 2p — mo +ie 
Here we have introduced the four-vector q = (0, q) into the arguments of some of 
the é-functions. We recognize that in the direct as well as in the exchange term two 
contributions appear originating from the factors e~** and et** in the photon 
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field (3.170). Let us first consider the direct term. The d*p and dq integrations 
break down leading to 

d °q d “p 44 4c4p * 

Bays aye OME £k ~ p)Qmy*5D = 4g - PI, lad 


d*q 464 
= [a On '640) 4k 4 —pafoslad 
= 2n6(Er = 2B + w)f(p, la\) ’ (3.191) 


ete —pr-ak —p,and Pp — pre k, 

Equation (3.190) containes a sum over two contributions where the photon 
either has momentum +k or —k. However, for a given process the energies Ey 
and £; are fixed and therefore only one of the two delta functions in (3.191) will 
contribute. Since we want to describe photon emission the electron looses energy, 
Ey < E;, and the positive sign has to be taken in (3.191) which corresponds to 
Ey = E; —w. The alternate possibility Ey = £; +w corresponds to a process where 
the electron gains energy from the radiation field during the scattering. This process 
of photon absorption can be represented by the Feynman graph in Fig. 3.34. 

In a bremsstrahlung-type process there are no incoming photons and the emitted 
photons are observed. Therefore we take only these parts of the scattering amplitude 
into account. Equation (3.190) gives 


4r me 4a 
= —Ze>276(E Se 
Sa e Tie J aw \ BEV? lah (py, Sf) 


x Ome sie in) — Cid] u(pi, Si) 
(3.192) 


I 


Here, 

q=Prp+k—-p; 
is the momentum transfer to the nucleus. Since the vectors p;, py, and k are fixed 
experimentally also q is a fixed vector. There is no energy transfer to the nucleus 
since the latter was assumed to be infinitely heavy. 

Guided by the construction of the bremsstrahlung amplitude (3.192) we adopt 
the following general rule: at each vertex, where a free photon with polarization 
vector €,, is emitted, a factor (—i¢) occurs and the normalization factor (3.184) of 
the photon, 1. e. J4n/2wV enters. 

To simplify the notation we split off the normalization and kinematical factors 
in (3.192) according to 


An me ar 
— 703 ey ee eee, 3.193 
Sq = iZe* 2n6(Ey + w — Ei) ay BEV? laP plk) (3.193) 


with the matrix element 


1 1 
Mat) = Be 3) gpm re” * MF =F me re | eo" 
(3.194) 


Fig.3.34. Absorption of a 
real photon during scattering 
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Using the energy-momentum relations p? = D7 = mé, k* = 0, this can be rewritten 
as 


Agama) alee 


M(k) = u(pz, Sf) Yu 2py- hie ¥ —2p;-k +ie 


ayn (Ges Be) > (Gals) 
The cross section of bremsstrahlung is given by the square of the scattering am- 
plitude |S|? per incoming electron flux (v;/V) and time (T = 276(0)), cf. (3.16). 
Furthermore we have to sum over the final states of the photons (V d?k/(2m)°) 
and the electrons (V d?p,/(27)*). This yields the total phase-space factor 


3 3 
poe eee (3.196) 
Qry Qn) 
Thus the iy ag cross section is given by 
Pee Isa? Vd?k Va3 py 
ei "Qn? Qny 
me ° 4a m6 aco Pk ga. 
ce! M.(k)|” 205(E (3.197 


In the following we want to evaluate this expression. We restrict ourselves to the 
case k — 0, i.e. we consider the emission of very soft photons. The general case is 
known as the Bethe—Heitler formula” which we discuss in Example 3.11. 

In the limit k — 0 the matrix element e#M,, in (3.193) can be approximated 
in the following manner: 


i: 2€:pr — — mo) 
e'M,,(k) = u(py, Sf) [ee lt 


2E+Dj _— Lp; a= “0 u(p; si) 


ve =k ‘Pi + ie 


(3.198) 


Here we have suppressed terms linear in # in the numerator. Furthermore the order 
of the # and ¢ factors has been changed using the anticommutation relation 


dp =enypvy = epp(2gh’"I—y" 7") =2e-p — pd (3.199) 


This makes it possible to simplify (3.198) since the unit spinors satisfy the free 
Dirac equation 


u(py, Sp) yr = mo) — (ana CH = mo) u(p;, S;) = . (3.200) 
Thus the term in brackets occurring in (3.198) can be reduced to 
eM, ~ apy, sou (P;,57) & = Es) (3.201) 


The first factor is just the elastic scattering amplitude (see (3.8)). Thus in the 
limit k — 0 we get the plausible result that the matrix element describing soft 


2 See e.g. Walter Heitler: The Quantum Theory of Radiation (Oxford University Press, 
Oxford 1957), 


3.6 Bremsstrahlung 161 
Se ee a 


bremsstrahlung is proportional to the elastic scattering amplitude. Using (3.197) 
and (3.201) the cross section for bremsstrahlung becomes 


ee Z*e§(4n) mp (# 7 cn ltr, sp ¥oU@:, 81)|? 
2w\v;|E,E; \k-pp kp; la\* 
Akad? p 


(27° 


x 2n6(Ep + w — E}) (3.202) 


This result can be compared to the cross section for elastic electron scattering 
(Sect 321,(3.23)): 


4Z*e4m) |#(mp, Spyyou(p;, si) |? 


ohne = 
elastic |v; |EyE; lal? 


d(Ey -E;\)a py, (3.203) 
which is obviously contained as a factor in (3.202). Thus neglecting the effect of 
the soft photon’s energy and momentum in (3.202), qg = UP k= pp, 
Ey = E; —w & E;, the differential cross section for bremsstrahlung can be written 
as 


dQd@Qdw (= Wes (272 & 7 +B O(E; — mo — w) .(3.204) 


This is the cross section of bremsstrahlung for an electron scattered into the solid 
angle d§2-. The soft photons (A — 0) with polarization « and momentum k are 
observed in the interval dwd§2,. It is very natural that the bremsstrahlung of soft 
photons is proportional to the scattering cross section of the decelerating electrons at 
the same energy and scattering angle. Indeed, the amount of energy and momentum 
carried off by the photon is so small that the “trajectory” of the electron remains 
nearly undisturbed. 

If the cross section of unpolarized electrons is to be calculated, one has to sum 
over the final spin states of the electrons and to average over the initial spin states. 
Owing to the factorisation property (3.204) this is easily achieved. One merely has 
to replace the elastic cross section by the unpolarized expression (da /d 2 )etastic 
which was derived in Sect. 3.1, (3.39). 

The result of (3.204) is more general than one might expect. It has been shown 
that in the limit k — 0 the amplitude for any process leading to photon emission 
can factorized according to 


lim M(k) = V4 ame (5 7B Mo , (3.205) 
nee ee: 


where Mp is the amplitude for the same process without photon emission. This 
result is true for any kind of process, irrespective of the spin or internal structure 
of the charged particle! The expression (3.205) is divergent in the limit k — 0. 
It can be viewed as the leading term of an expansion in powers of k. According 
to the soft-photon theorem*> the first two terms of this expansion are universal 
expressions which depend only on the charge, mass, and magnetic moment of the 
particle. Loosely speaking one may say that photons with a long wavelength can not 


23 FE. Low: Phys. Rev. 96, 1428 (1954) and Phys. Rev. 110, 974 (1958). 


Fig.3.35. The two types of 
lowest-order radiative correc- 
tions that occur in the Cou- 
lomb scattering of electrons 
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resolve the detailed structure of the radiating source. Similar low-energy theorems 
also hold for the emission of other kinds of bosonic field quanta, in particular for 
pion emission in nuclear collisions. 

Let us consider in more detail the energy spectrum of the photons emitted 
according to (3.204). The probability that soft quanta are emitted 1s obviously 
proportional to 

AW photon d |k| (3.206) 

dS, || 
which tends to infinity for k — 0. This behaviour is known as the infrared catastro- 
phe. In the following we will discuss how to cure this unphysical divergence by a 
detailed examination of the measuring process of bremsstrahlung. It is important to 
realize that the electron and photon detectors have only a finite energy resolution. 
Therefore, if photons with momenta |k| ~ 0 are measured, not only inelastically 
but also elastically scattered electrons (|k| = 0) are detected. In a comparison of 
theory and experiment we have consequently to consider elastic and inelastic cross 
sections, both up to order e”. In other words, since the bremsstrahlung cross section 
(3.204) is of the order e* with respect to the elastic scattering cross section of elec- 
trons, one has also to include the so-called radiative corrections to (da /dS2,) 
up to the same order. There exist two types of corrections shown in Fig. 3.35. 

Both diagrams in the figure contain a virtual photon being emitted and re- 
absorbed by the same electron. This differs from the two-photon exchange we 
considered in Example 3.6. There both photons are emitted by the electron and 
both are absorbed by the proton. In contrast in the case of Fig.3.35 the electron 
interacts with itself via the radiative field. Later on in Example 5.7 within the (quite 
complicated) calculation of these processes we shall see that these graphs produce 
a divergent contribution which just cancels the infrared divergence (3.206). 

For the time being we shall continue the calculation of the cross section for 
emitting soft bremsstrahlung and ignore the infrared divergence. First we sum over 
the different polarizations of the photon. This can be done very elegantly” if 
one makes use of the gauge invariance property of the electromagnetic field. The 
interaction of any electromagnetic current J,,(x) with the vector potential 4 nee) 
is given by fd*x J,,(x)A“(x). This integral must be invariant under the gauge 
transformation 


elast. 


AM) = AM) +O 6.207) 
m 


Integrating by part this implies the condition 


OA(x) OF,,(x) 
eal =0= fd*x 
/ ee) Ts, Ja x a A(x) (3.208) 
Since A(x) is an arbitrary function this yields the condition of current conservation 
Od CX) 
=) 
5 ; (3.209) 


4R.P. Feynman: Phys. Rev. 76, 769 (1949), 
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which can be written in momentum space as 
Kl (ee (3.210) 


since Ji(x) = fd*xJ,(k)e~**. This property is shared also by quantum me- 
chanical transition currents. Thus we can expect that the matrix element M,,(k) 
introduced in (3.194) satisfies 


kKeM (ky =0 , (3.211) 


since M,,(x) up to a numerical factor is the transition current for bremsstrahlung in 
lowest order perturbation theory. Using 4p = —/i + 2p-k and the Dirac equation 
(3.200) this is easily verified explicitly: 


k*M,(k) = ii(py, sp) yee se lnc a i u(pi, i) 


2pr-k + 1€ —2pi-k +1€ 

- —(py — mo)H + 2pp-k +k? 
= jh 7 SSS SSS SSS 

1(p¢ | 2py-k + ie Yo 

—H(gi — mo) + 2p;-k — k? 

+5 ye u(pi, Si) 
a 2pr-k 2pi-k 
= (py, Sf) Fea 1 Dyce u(D;, Si) 
=o. (3.212) 


Now we are ready to perform the summation over the photon polarizations charac- 
terized by the polarization vectors €,,(k, X) with A = 1, 2. The quantity of interest 
is 


Je MP = S~ leu(k, MMA)! 
NEN2 


= SO eg(k, Alen(h, MMM (KE) (3.213) 
lee 


To simplify the following calculation the coordinate system will be chosen such 
that the momentum vector k points into the z-direction 


eee Ono), 1) = (3.214) 


The two transverse polarization vectors have to satisfy (3.178) and (3.179). We 
choose them to be the purely spatial real unit vectors 

e(k,1)=(0, 1,0, 0) , ae 
e(k,2) = (0, 0, 1, 9) 


Of course this choice is valid only in a particular Lorentz frame and it also implies 
a particular gauge for the vector potential, namely the “radiation gauge” 


However, this is no serious drawback since the final result will be Lorentz- and 
gauge-invariant. Using (3.215) we obtain 
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le-M2=M'M*"'4+M?M? . G2igy 


Now we make use of the condition of current conservation (3.210) which reduces 
to 


ye = VE Va) (3.218) 


and thus implies M° = M?. Then we can transform (3.217) into a four dimensional 
scalar product by adding a vanishing contribution 


le-M|? = M'M*'+ M?@M” + M3@M*% —M°M* =—-M,M** . (3.219) 


Obviously this result is covariant. Comparing this with (3.123) we see that math- 
ematically what we have proven is the completeness relation of the polarization 
vectors which can be written as 


se En(k, A)e,(k, A) = —guy + gauge terms. (3.220) 
r=1,2 


The additional gauge terms need not to be specified in detail. They are proportional 
to k,, or k, and thus do not contribute to any observable quantity since (3.220) will 
be multiplied with conserved currents which satisfy k -.J = 0. Nevertheless these 
terms have to be present in (3.220) since a complete basis in the 4-dimensional 
space of Lorentz vectors has to contain 4 elements. The contributions of longitudi- 
nal, €,,(k, 3), and scalar, €,,(k, 0), photons to the completeness relation make their 
appearance on on the r.h.s. of (3.220). They do not correspond to physical photons, 
however. 

We apply the completeness relation (3.220) to the cross section of bremsstrah- 
lung (3.204), which we integrate over the photon angle dQ, and photon energies 
in the interval 


in order to circumvent the infrared catastrophe. The summation over the polariza- 
tion states of the photon leads to 


D 5 
ge A Gs ee 
y ( ) = ( | Gay 


This yields 


ie ie Aes le / 
—-_ = { —_ ———_— wdw [dQ 
dQ d25 ] sactig 227)? . 


| 2pr-Pi ms mé 
hep kp) (kp)? (k-pi? 


. (=) 4a rs (2 | dQ, 
a Sd elastic (27)? Win An 
| ee CT 
(—-k-6)1-k-6,) E71-k-6,P E21 —k-B;)? 
(G28) 
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We have (remember c = 1) 


Pp 
B,=v,== and B,== E (3.224) 


which are the initial and final velocities of the electron, k = k/|k| being the unit 
vector in the direction of the photon momentum. If the emitted bremsstrahlung 
photons are very soft, the initial and final energies of the electron are almost the 
same and we get 


I8;| = [B,/|=86 (3.225) 
and thus 
Gre, (bose, (3.226) 


: : . ; ; Fig. 3.36. © is the angle be- 
with the scattering angle O (see Fig. 3.36). The angular integrations of the last two tween the initial and final di- 


terms in (3.223) can be performed by elementary means: rection of the electron 
1 1 
dQ; me _ im dcos@ is / dz 
4nr B2(1—B-kP BE? , 2c —Bcosb? £2 J 2A1—fzy 
= 
7 ry ye a a e Bi 
~ E2X B 2x2 BEZ2\ x 
ie 1+, 
a 
| 
= —=1. O22], 


§ is the angle between electron and photon. The first integral in (3.223) 1s more 
difficult to evaluate. It can be calculated with the help of a trick also developed by 
Feynman. The two factors in the denominator of the integrand can be combined 
by introducing the following auxiliary integral 


d ap 

ae en = — 

lmtp | wot IE 2 
0 


ee! (-S+5)=a5 (3.228) 


Expressing the denominator through this identity we see that the first integral in 
(3.223) follows as 
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Z i i es, Le 
4m (1 — k-G,)(1 — k-G;) 
- fa can 1 
4x [(1—k-B,)x +(1—k- 6,0 — x)P 
/ [= 1 
= fad | ————>—— 
JOE at (= hBpx +B, — xP 
l I 
= Je pes I 
ates an (VG 9,2) cos 
0 -1 


= jas (+) i (where u = |G,x + G;(1 —x))) 


0 
1 
= fe | =/ dx 
9) SF =) eee ar 
0 0 
1 


| oS (3.229) 
J 1— 6° + 46?x(1 —x)sin“(O/2) 


This integral with a quadratic polynomial in the denominator can be solved in 
closed form with the result 


- 1 " 1 — @* cos?(O/2) + GB sin(Q/2) 
26 sin(@/2)\/1 — 62 cos*(O/2) VJ/1 — 6 cos?(@/2) — B sin(@/2) } | 
(3.230) 


This expression simplifies in the nonrelativistic limit (@ < 1) where the Taylor 
series has the leading terms 


2 e 
ie eS PS a St i + O(6*) . (3.231) 


In the opposite ultrarelativistic limit (G@ = 1—6, 6 < 1) the Taylor expansion with 
respect to the small parameter 6 leads to 


a 1 2 sin” g 
lor * 5 me (1 +0(6)) (3.232) 


sin 


Using E = moy = mo(1 — 6?)~'/? = mo/V/26 the argument of the logarithm can 
be expressed in terms of the momentum transfer (cf. (3.109) in Sect. 3.2) 


Dee! 2sin* 2 
q? = (pp — pi)? & —4E? sin? get i( ; 2 (3.233) 


Using these results (3.223) leads to the following cross section of soft bremsstrahl- 
ung in the nonrelativistic and ultrarelativistic limit 
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da ( do ) Ce, Wimax [C1 — 6? cos 8) — 2] 
ee — rea = — § cos — 
dS2r df elastic 


7 0 Wmin 


da Dae dens 4 3? sin? 2 nonrelativistic limit 
a sz) (3.234) 
elastic 


dQ Ge ae In) ~ 1 ultrarelativistic limit ” 


As explained above, the infrared divergence has bcen cut off by using wmin as 
the lower limit in the momentum integration. In the limit wmj, — 0 we have to 
include the radiative corrections entering the calculation of electron scattering, i.e. 


a ) , in order to get a finite result. 
Jt / elastic 


EXERCISE 


3.10 Static Limit of Bremsstrahlung 


Problem. Derive the S-matrix element for bremsstrahlung in electron-proton colli- 
sions treating the target as a finite-mass Dirac particle. Show that in the static limit 
it is reduced to the amplitude given in (3.192) 


pu An 
Sf = Je mE +0 E;) es eae lp. one 
1 
x U(Pf, Sf) a a woos | U(Pi, Si), (1) 


which describes electron bremsstrahlung in an external Coulomb field. Further 
show that the same relation between the two problems holds as in the case of 
elastic scattering, i.e. that the replacements 


0 al Serato = ata (2a) 
—_——_————_. AY u 3S aA ? 
vy gq? +i EGE; u ap IV pe I rae 


Wieieg) — py 1 =, and 
(ic aD) ty = Py (2b) 


have to be made when going to the static limit. 


Solution. The amplitude to be determined is represented by the two graphs of 
Fig. 3.37. Graph (a) yields 


5? = ies 2n)*5"(Py + pp +k — Pi — pi 
EE, aEpen ep a1 — Pi) 


x err sp-ier! ae ea "urs 


i 4 | 
x [a(Py, Sy tier uth | ee / = e,(k,A) Ga) 
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Fig. 3.37a,b. The two Feyn- 
man diagrams describing 
bremsstrahlung in electron— 
proton collisions 


UF rey Py Sy 


2: oe 12 Oe 


and graph (b) yields 


(b) l ms Mo 464 
Sf =P EE; ppp 2m) O (Pr + py + k — Pi — pi) 
if pay 
i 


x ter sX-iew (ier m@i.5) 


=) — ia Seals 


: Hey, SNC Hien! u(r, Si] BEET se eulk, 2) yo) 


The sum of both terms is 


=e? nie M An A 
= se ee 
t= [572 \ BE, EPEP a 


x O(Pp + pp +k — Pi — pi) [(Py, Sp)y*U(P;, Si)] 


n 1 ; 
x CD pe eT Bi Famer) Hes] 
- An (4) 
(pp +k —p)r +ie — 


If we compare (4) and (1) the relation of the factors is obvious. 

Note that in principle there are two additional bremsstrahlung graphs in which 
the photon is emitted by the proton instead of the electron. The corresponding 
amplitudes, however, involve the propagator of the proton and are suppressed 
by the large proton mass in the denominator. This corresponds to the fact that 
classically the acceleration of the recoiling proton is smaller by a factor mo/Mo 
compared to that of the electron. 

Now we assume that the proton mass Mo is large compared to the kinetic 
energies. In the rest frame of the proton we have P; — (Mo, 0) and ee = Mo, 1.e. 
Mo =e = EP and thus 


Fa 


Mé 
) EP EP 


ie (5) 
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Furthermore, 
(20)*5°(Pp + py + k — pi — Pi) 
= Q2n)b(Ey + — E,)Qry 8 (Py +pp+k—p,) , (6) 


with Py being the final momentum of the proton. The 6-function contributes only 
for Py-+p,;+k—p; = 0. If the proton is infinitely heavy it can gain an arbitrary high 
momentum ae violating energy conservation. Then the momentum balance 
Pr = p; — py — k& puts no constraint on the vectors P;, Py and k. In this case we 
can make i replacement 


Qn) S*(Py +ppt+k—p)=277 80) =v. (7) 


As in Exercise 3.7 in the infinite-mass limit, inner degrees of freedom of the proton, 
e.g. spin-flip transitions, can be neglected, which leads to 


jim _ Pr, Srytu(P;, Si) = #0, S)y"u(0,S) = gH? (8) 
ae 


Inserting (5), (6), (8), and (8) into (4) yields 


Se? més 4n 
= Tap a) io Ty Ameer + w — E;) 


a eeemescy i= caeene 


ae u(py, Sf) lz 


natn oe u(D;, Si) 


eee = fdiae ue 


(9) 


The 6-function makes the energy part of the photon propagator vanish. The result 
is identical with (1). 


EXAMPLE 


3.11 The Bethe—Heitler Formula for Bremsstrahlung 


We shall determine the unpolarized differential cross section of bremsstrahlung 
emission in electron scattering at a fixed Coulomb potential up to order a(Za)’. 
According to Sect.3.6, (3.197) the unpolarized bremsstrahlung cross section is 
given by 


Zen me | ak a"Pf 5 


f= Pans 210 Ep ets) (Pipes) (1) 
ae Qw\v;|EE; J (2n)3 2m iq 5 I 
with the de 
ppt +mo 
=e Hors) |e or 
aN 57 Sf . 

Bi H + M19 2 
90 be ee oneal (2) 
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The differential cross section with respect to the solid angle of the scattered electron 
and the photon energy and solid angle can be determined by integrating over dE;: 


Ze ne Ip, 


ag = 
Te D;| 


wdwd xd Qe O(E; — my —w)— Fi.pysk) - Gd) 


I 
lal? 
The averaging over the initial spin s; and the summation over the final electron 
spin s¢ can be reduced to the calculation of a trace in the usual manner. In order 


to sum over the two polarizations of the photon we use the completeness relation 
(3.220) for the photon polarization vectors €,,(k, A). From this it follows that 


ponte (tee ert ge) (5) 


ee 2p; +k 2mo 
x (rs, +e | (1) ; (4) 
We introduce the more convenient notation 
——— (ar ee +) = 6) 
32m5 \(p7-k) (pi'k) —(pik)(py-k) 
with 


= Tryp +H + mo) i + mo) Hp +H + more +mo)] , 
= Tr[°@; — ¥ + mo)yy"(i + moi — ¥ + moyy® @r+mo)| , (6) 
= Tri — + moy"i + mo) Oe + 4 + mo) uWWr + m0)] 
= Tr[y"@y + / + mo)(pi + mo)yu(Bi — ¥ + mo) + mo)| 
It suffices to calculate two of these complicated traces. That is, by substituting 
pi <* —pr and cyclic permutation in the trace we get 
Fy(p; <> —pp) = Tr |y°(—#i + ¥ + m0)y,(—#; + mo) 
x (pi + + mo)y(—By + mo)| 
= Tr|7°@i — ¥ — mo)": — mo) 
x Y@i — ¥ — mo) Pr — mo) 
Here we made use of the fact that the F; have to be functions even in mo. It can be 


easily seen that contributions with mp and m@ contain an odd number of y-matrices 
in the trace and therefore vanish. Analogously we find 


130) = ps (8) 


by applying Theorem 7 from Mathematical Supplement 3.3 permitting the reversal 
of the y-matrices in a trace 


Tr [di -++@n] = Tr[@n--- 41] 
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a 


In order to determine F we introduce Example 3.11. 
Pd =a with @ = ayy + ay = 2a979 — ¢ (9) 
and use 
Was =4 , (10) 
YE = 2d, (11) 
yielding 
iP = Ihe [yr ar K ar mo)(Pi = mop ae K + mo)(—2p ¢ ae 4mo)| : (12) 


This expression can be split up into a sum of traces containing 0, 2, and 4 y- 
matrices, respectively. Using 


Tr{@P} =4a-b , (13) 

Tr{db¢d} = 4[a-b c-d —a-c b-d +a-d bc] (14) 
we finally get 

Fy = 16(m6 pi-By —k-pik-pp tig k-pi tmp k-pp tig). (15) 
The calculation of the interference term F3 is more complicated. With the help of 
(11) and 

Wb Yn = 4a-b (16) 
as well as 

db ey. = —2¢R¢ (17) 
we find 


(hi + mor + ¥ + mo) Yu 
= 2p + Poi + Amo(py + pp + k°) — Imp? 
Applying (9) we can eliminate the °-factors giving 
F3 = Tr{(pi — ¥ + mo)| — 20 + #pi 
+ 4mo(p? + pp + k°)y? — 2img|Hy + mo)} (18) 


This expression expands into a sum of traces which contain at most four ‘y-matrices 
and can be calculated using (13) and (14). The result is 


Ey | — (pips) + k-py pi-Pp — & Pi Pi Py 
+ pi-Bi pp By — 2Ef Pi + 2EPK Py 
— (pi Bp) +k -Bp Di By — Pi By & Bi 
— 2pi-Byme — mé + 2m3((Er + By —w*)] (19) 
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Example 3.11. 


Fig. 3.38. The three momen- 
tum vectors p;, pp and k 
form a spherical triangle 


This expression is invariant with respect to the exchange p; <* —py (note that 
a-b = 4@-b), so it follows that Fy = Fy from (8). 

Now we can add the various contributions according to (5) in order to get 
the complete trace Tr F’. Further we notice that owing to energy conservation (the 
Coulomb centre does not absorb energy) the relation 


w =k = E; — Ey (20) 
is valid, and we introduce the momentum transfer 

Go 0p ae (21) 
with the square 

gq? = (mg + py-k — pick —pi-pp)=—lq? . (22) 


After some lengthy rewriting we get 
1 1 
F = ——~ —_______ 4 (peek Bek Ep) 
4m? (pik (pp-k? mo (py -k Ey — p ) 
+ ((pp-ky + i -k)’) (2p; -k pp-k + q°ms) 


+ 2pi-k py kg? (EP + EP —pipy)] (23) 


Inserting this result into (3) yields the bremsstrahlung cross section. For a com- 
parison with experimental data it is convenient to put in the scalar products of the 
four-vectors explicitly. As variables we use the absolute values of the electron and 
photon momenta (or energies) before and after the scattering, the polar angle of p; 
and p, with respect to the direction k of the photon, and the angle ¢ between the 
planes (p;, k) and (p,;, k) (see Fig. 3.38). From a formula from spherical geometry 
the angle between p,; and Py is given by 


cos(p;, Py) = cos 6; cos Oy + sin 6; sin Ay cos d 


Then the square of the momentum transfer follows as 


Go eee 
= —p} — D; —w? — 2w|p,| cos 67 + 2w|p;| cos 6; 
+ 2\p;| |p,|(cos 6; cos Oy + sin 6; sin 6ycosd) . (24) 
Furthermore, 


pitk = w(E; — |p;|cos6;)_, 
|p;| cos 6;) 05) 
Prk = w(E — |p,| cos 6p) 


Together with (3) and (23) this finally yields the Bethe—Heitler formula®> for the 
bremsstrahlung cross section: 


°° H. Bethe and W. Heitler: Proc. Roy. Soc. A146, 83 (1934). 
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Z? a3 |py| dw dd 2, 
7) |p| ~ — Ialt 
D; sin’ Oy 
(Ey — |py| cos 
p: sin’ 6; + D; sin” Oy 
(E; — |p;| cos 0;)(Ey — |p,| cos Oy) 
lp; ||p,| sin 6; sin Of cos b 
a ee ae eee eee KO Ge 26 
E; = Ipjlcos OME; — [ppleosgy tT) a 
The validity of this formula can most easily be shown by tracing it back to (23). 
An extended discussion of (26) can be found in Heitler’s book.2° There also the 
analytical result of the integration over electron and photon angles, 2. and (2; , is 
stated. 

In Exercise 3.16 we shall show that the Bethe—Heitler formula with some minor 
modifications also applies to the creation of electron—positron pairs. 

Although the steps leading from the basic S-matrix element to the Bethe— 
Heitler-formula have been “exact” one should keep in mind that the result has its 
limitations before comparing with experiments.?’ 

i) The derivation is based on perturbation theory using plane waves for the 
electron. If the criterion for the validity of the Born approximation 

Ze. 

Sa 2G 
is violated for the initial and/or final velocity, Coulomb waves should be used 
instead of plane waves. 

ii) The nuclear Coulomb potential in a neutral atom is screened by the electron 
cloud. This will lead to a reduction of the bremsstrahlung cross section in such 
cases where a significant contribution would arise from distances larger than the 
atomic radius. This happens at high electron energies as can be seen from the 
following qualitative argument. In momentum space the largest contribution to the 
radiation cross section originates from the region where the momentum transfer 
q =p, + k — p; is smallest. This happens at 


\Qmnin| = [Pe] — [Pei — 1A] - (28) 
Insertion of the relativistic energy-momentum relation yields in the limit E; /mp >> 
1, Ey/mo > 1 


\dninl = [BP — m3 — 4/8? — m3 - 


do = O(E; — mo — w) 
pe sin’ 6; 


Ae ee ea 
oS oe = eee 


(4E7 — q’) 


cE ige 


_ my (1 _ 1\ _ mow (29) 
- Ey E; > 


26W. Heitler: The Quantum Theory of Radiation, (Oxford University Press, Oxford 1957); 
see also H.W. Koch, J.W. Motz: Rev. Mod Phys. 31, 920 (1959). 

27 For a recent review see, e.g., R.H. Pratt and [.J. Feng in Afomtic inner-shell Physics, Ed. 
B. Craseman (Plenum Publishing Corporation, New York 1985). 
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Fig. 3.39. The direct and ex- 


change diagram describing 
Compton scattering 
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In coordinate space this corresponds to a distance from the nucleus of the order 
1 EE; 


- lmin| 7 mow 


(30) 


This value has to be compared with the extension of the atomic shell a(Z). Accord- 


ing to the Thomas—Fermi model a(Z) is of the order Z —3 times the hydrogenic 
Bohr radius: 


1 ! 
7 \ ens 
a(Z) a 


(31) 


From (30) and (31) one deduces that atomic screening will significantly reduce the 
radiation intensity at energies exceeding 


(32) 


taking E; ~ Ey ~ w. 
See 


3.7 Compton Scattering — The Klein-Nishina Formula 


The name Compton scattering refers to the scattering of photons by free elec- 

trons. In the language of quantum electrodynamics an incoming photon with four- 

momentum k and polarization vector ¢ is absorbed by an electron (or another 

charged particle) and a second photon with four-momentum k’ and polarization 

vector €’ is emitted. The corresponding Feynman diagrams are shown in Fig. 3.39. 
We describe the incoming photon as a plane wave (see Sect. 3.6, (3.170)): 


4 
A,(x,k) = =F SCee a=) (3.235) 
and the outgoing (scattered) photon by 
Bab ph 4a ENN ik! x! 
A zip culk ote ce (3.236) 


Figure 3.39 shows that the Compton process is of second order and differs from 
bremsstrahlung by the fact that here we have an incoming real photon instead of 
the virtual photon exchanged with a recoiling charged particle. As a consequence 
the amplitude for Compton scattering can be obtained from that of bremsstrahlung 
(Sect. 3.6, (3.187)) just by the replacement yoAo(y) > yA,(y, k’). In coordinate 
space the S-matrix element of Compton scattering is therefore given by 


Soe [atsa'y vip) | (ide, kD) iSO — y)(—idQy, k)) 


T(—tAG ese —»)(-i0,)) | Wi) (3.237) 
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Also in momentum space the amplitude can be directly written down with the help 
of the Feynman rules: 


me (47)? 
ple N20 2) 


x u(pr, Sp) |( | —i¢') 


(2m)*5" py +k! — pi — k) 


Tm 
+(- oo -i'} u(pi,si) (3.238) 


Here we have chosen the appropriate boundary conditions for the photon field. 
Owing to the plane wave factors exp(+ik-x) and exp (tik’-x’) in (3.235), (3.236) 
there are four possible sign combinations when passing from (3.237) to (3.238). 
Each of them gives rise to a delta function which constrains the four-momenta of 
the particles: 


+kh+pi=+k' +p, , (3.239a) 
eee (3.239b) 
+k+pi=—k'’ +p, , (3.239c) 
Sea oe (3.2394) 


(3.239a) describes the correct conservation relation for energy and momentum in 
Compton scattering. The energy-momentum conditions of processes b) and c) can 
not be fulfilled; therefore their contributions vanish (see Problem 3.12, where this is 
shown in case c); the argument for b) is similar). Physically (3.239b) and (3.239c) 
describe the emission or absorption of two photons by a free electron which is 
kinematically impossible. In process d) the photons & and k’ are exchanged with 
respect to the process a) discussed here. This corresponds to an incoming photon 
with momentum k’ and a scattered (outgoing) photon with momentum k. The 
kinematical conditions fixed by the experiment are those noted in (3.239a). Thus 
the relation (3.239d) is not compatible with the prescribed experimental conditions, 
i.e. process (3.239d) does not have to be considered. 

Here the situation is similar to the bremsstrahlung case (cf. the discussion 
in Sect.3.6, (3.191)). Not every term that occurs in the scattering amplitude is 
physically relevant for the process considered. The remaining term in the Compton 
scattering amplitude stems from the part exp (—ik - x) of the photon field in (2.235) 
describing the absorption of a photon with four-momentum k,, by the electron at x 
and from the part exp (+ik’ - x’) of the photon field in (2.236). The latter describes 
a photon with four-momentum k/, emitted by the electron at x’. 

Inspecting (3.238) we note that the scattering amplitude has a symmetry prop- 
erty: obviously it is invariant under the exchange 


[ee (3.240) 


This is a new example for the crossing symmetry which we first encountered in 
Sect. 3.4. In our case the crossing symmetry implies that the amplitude for absorb- 
ing the photon k,€ and emitting the photon k’, <’ is the same as that for absorbing 


Is 
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a photon k’,e’ and emitting a photon with k,e. In general crossing relates ingo- 
ing particles to outgoing antiparticles and vice versa. In the case of photons this 
distinction does not arise since the photon “is its own antiparticle”. 

It is useful to split the S'-matrix element (3.238) into two parts: 


me 4a 
EE; Ee ey Dp +k — p; — k) 
x eM(k', Me"(k,d) Muy (3.241) 


Here we have introduced the Compton tensor 


Muv = u(py, Sp) bee as oes Ts aa =H u(p;,5i), (3.242) 


which is a function of the four-momenta p;, py, k, k’ subject to the condition 
k + p; = k' + pr. Using the on-shell conditions for the momentum vectors (3.242) 
can be written as 

Bi th +m im Ve 


Mw = u(pr, Sf) I me =. rormemn ar) 


m9 
2pi-k | u(pi,s;). 1 G.243) 


—2p; +k! 


The tensor M,,, is an obvious generalization of the matrix element M,, that we 
introduced when discussing bremsstrahlung in Sect. 3.6, (3.194). The relation be- 
tween both quantities is given by 


Mion Pr )= Mile pek) (3.244) 


Since both photons interact with conserved currents the Compton tensor is a gauge- 
invariant object, characterized by the property 


Kk" Muy =k’My, =0 | (3.245) 


The proof of these two relations can be copied from the analogous case of 
bremsstrahlung, (3.212), and will not be repeated here. 

Now we shall calculate the photon scattering cross section using the rules we 
have derived; only the spinor algebra will be somewhat more complicated than in 
the previous examples. The cross section results as 


Sal? ape dk 
i / T |Vrei|/V (Cage (Cae? ; (3.246) 
with 


Isa? Se NSP 
T — VI/V ny*64(O)1/V 


being the transition rate per volume and normalized to one electron per volume 
(see (3.63-3.71)). |vre1|/V is the incoming photon flux. vy) = C— ve is the relative 
velocity of the photons with respect to the electron and 1 /V is again the number 
of electrons per unit volume. An additional factor 1/V originates from the number 
of photons per unit volume. The phase space volume elements of the final elec- 
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tron and photon in (3.246) are been given by Vd?py/(27)> and Vd?k' /(2n)°. This 
yields: 
7 e* mé i 
Ieee eel) V 1) V) 


Aa)? 


a e4 mo(4r) 
(21)? E; |Vret |2w 


x [*@ + k' — p; — k) |e/*M, ve" | 


P Pe apy dk! 


LM Vv 
aE os On 


2 mod3 py d?k' 
Ep 2w! 


(3.247) 


In the following we want to evaluate this expression in the /aboratory frame where 
the electron is at rest initially, p; = (710,0). Hence we have E; = mo in that frame 
and also |v;e1| = |c — ve| = |c| = 1. Now we use the covariant expression for the 
density of final states known from Sect. 3.2, (3.74), 


of 
= = i dp 5(p? — mp) (po), (3.248) 


16-9) 


and perform the integral over the recoil electrons (d?p,) and the absolute value of 
the photon momentum |k’| = w’. 


|k'Pd\k'| f mod*pr Ge 
6 +k — Fi —k 
~ ARS Ey a) 


- =m fv ale | [dp 5} — m8) O09) Bay + &! — ps ~B) 


= mo fora 6 (pi +k —k'P — mG) OC + w — w') 


0 
wW+inig 


=p if w'dw! & (2mo(w — w') — 2ww'(1 — cos 0)) 
w! w! 
a a — Imp — 2u(1 —cos| 241+ 7, (1 — cos 6)| 
2 
ae (3.249) 
2w 
Here we have used 
(k +p — WY Hh 4K? + pp} t+ 2k: pj — 2h -K! — 2k'-p; 
= m2 + 2mo(w — w’) — 2ww'(1 — cosé) (3.250) 


and we applied the familiar formula 


178 


3. Quantum-Electrodynamical Processes 


Fig. 3.40. The outgoing pho- 
ton (k') is scattered with re- 
spect to the incoming one 
(k’) by an angle @ into the 
spherical angle element dQ, 


i dx 5(f(x)) g(x) = S> I) ; 251) 


ff 
zero of f(x) 


dx 


6 is the scattering angle of the photon, see Fig.3.40. The energies of the incident 
and scattered photons are connected by 
_ Ww 

~ 1+ (1 — cos) 


mo 


0 
Ww 


(3.252) 
This relation follows from the root of the delta function that occurred in the 
derivation of (3.249) and thus is a simple consequence of the laws of en- 
ergy and momentum conservation. Equation (3.252) takes a particularly simple 
form if one looks at the wavelength A = 2n/w which leads to Compton’s for- 
mula 


= Ow —cosé) . (3.253) 
mo 


The wavelength of the scattered photon is increased by an amount of the order 
1/mp which, of course, is the Compton wavelength h/mgc. 
From (3.243) and (3.247) the differential photon scattering cross section results 
as 
do aw? / v|2 
Fe ee 
E'Gi +H +mo)¢ 


Hm) 


Aik 
=O 5 
(08) 


2 


+ (3.254) 


In the following we will be interested in the case of unpolarized electrons*® but 
keep, for the time being, the photon polarizations \ and \’. Thus (3.254) has to be 
averaged over the initial spin and summed over the final spin of the electron: 


WE a as da - 
Fp Oo = 5 bo Tig (1 Pe: (3.255) 


Using the familiar trace technique to eliminate the electron spinors this leads to 


da ag” 1 Pp + Mo Bi =P i) = 
ae Ne x = ae af t 0 
in Ee: tee 2 r| 2m a 2m r| : ey) 
where 
Ei th +mo)¢  £i —H' + mo) ¢' 
if = Se EE, Ete 
May. ae Dial (3.257) 
and 
Py oes) (3.258) 


*8 Polarization effects in Compton scattering have been discussed by F.W. Lipps and 


H.A. Tolhoek: Physica 20, 85 (1954). 
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Whe; 


using ¥* = y". The expression for I’ can be simplified by anticommuting the 
factor 7; to the right: 


pa 2pied! + H'HE — ¢'¢Gi — mo) i 2pi:€' ¢ — gH’ d' — dd'(Yi — mo) 
2pi-k Sop ki 
(3.259) 


The last term in the numerators can be discarded since it is orthogonal to the energy 
projection operator in (3.256): 


(Ji — mo)(9i + mo) = p? —mg =0 . (3.260) 
Thus instead of (3.257) we will use 
er / / eee —_ Usd) 
p> 2pied tee Gees gh’? 


ae: Se (3.261a) 
and similarly (commuting #; to the left) 
B Qn, -ed! + ! Diy RE 


2p; +k —2p;-k' 


The Dirac matrices (3.261) are still quite complicated expressions. The following 
calculations can be simplified considerably, however, if we choose a convenient 
gauge in which the polarization vectors are orthogonal to the initial electron mo- 
mentum p;: 


B= One ok dep, = 0. (3.262) 


In the laboratory frame where p}* = (mo, 0) this amounts to the “radiation gauge” in 
which the electromagnetic potential has no 0-component, i.e. €* = (0, €). However, 
the condition (3.262) can be imposed in any given frame of reference. Starting from 
an arbitrary set of polarization vectors €, e’ we can perform a gauge transformation 


gl = eb _ ee fag 
pick 


? 


(3.263) 
ee Be - Ke 
Pie 


? 


so that the new polarization vectors € are orthogonal to p;. The normalization and 
transversality conditions (3.178), (3.179) are not affected by the transformation 
(3.263): 


(3.264) 


which immediately follows from k? = k” = 0. Thus without restricting the gener- 
ality of our calculation we will impose the condition (3.262). In the remainder of 
this section for simplicity we will continue to write € instead of €. 

Using (3.262) we finally have to evaluate the trace in (3.256) with 


dye | gig! (3.265a) 


ee | 2p: 
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and 


Ps Pye" + dial (3.265b) 


The calculation of the trace in (3.256) is not easily done since products of up to 8 
y-matrices are involved. Two terms are identical, that is the two mixed terms with 
a denominator proportional to (k-p;)(k’-p;): 


I 


Lom (k -pi)(k’-pi) 
2 


~ 16me(k-pi(k- pp 


Tr] + mo) (4/44 + ma)4"H'E + AE hi + mod #4')| 
Tr|@r + mo) "WEG: + mo)d'H'd] (3.266) 


This follows from Theorem 7 in the Mathematical Supplement 3.3 according to 
which the trace remains unchanged when the order of the factors is reversed. 
We have to evaluate 


5-93) = cot ome (£08, 


we 2m \2k-p; 2k! +p; 
Bit (= aaa 
2mo 2k-pi 2k! -p; 
swt | iS iS 2s 
a 2 dm? (ez * Gk pie * Gk CEE 


(3.267) 


Note that in (3.267) the factors have been slightly reordered using #¢ = —¢i, 
H'd¢' = —d'W’. Each of the terms S), S), S3 contains a trace involving 8 gamma 
matrices.?? Without further simplifications each trace would evaluated to a sum 
over 3-5-7 = 105 terms, each consisting of a product of four scalar products. 
This follows from the expansion rule for traces, Theorem 3 in the Mathematical 
Supplement 3.3. Fortunately the final result of the calculation will be much simpler 
since in our case many of the scalar products vanish 


kek =k! =e-k =e'-k’ = e-p; =e'-p, =0 (3.268a) 
or are trivial 
Ce—— 6 —_ihe (3.268b) 


Thus we might write down the fully expanded trace and then simplify the general 
expression with the help of (3.268). However, we can avoid this tedious calculation 


* Complicated trace calculations in QED and other field theories nowadays are routinely 
performed with the help of the computer, using symbolic-algebra programs like REDUCE, 
MACSYMA, FORM, Mathematica, and others. 
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by making use of the fact that the arguments of the traces contain repeated factors 
(like ¢ in (3.266). We shall anticommute these factors until they stand next to 
each other. In this way two gamma matrices are eliminated since ¢¢ = a-a is 
proportional to the unit matrix. Let us apply this strategy to the evaluation of the 
three traces in (3.267). 


(a) The first trace can be expressed by 
Sy = Tr[Bp + mo)d'4HGi + mo) HF?) 
= Tr|prd' dH iN dd] + mo Te[d'¢ 4492] 
= 2k-p;Tr[ppd'¢h 4d") — Tr[prd' dpi HH Ed] 
= —2k-piTr [ped Wedd") = 2k-piTe[prd'¥2)] 
= 2k -pi {2(k-€/Tr[p,¢"] — Te[p¢'4'¥]} 
= 2k-p; [2(k-e’)A(py-e’) + 4py-k] 
= 8k -pi) [kp + 2k -eVoy-e’)] | (3.269) 
In the course of these transformations we have used k? = 0, e = e? = —-1, 
é-k =0. To eliminate the dependence on the final momentum py we use 
gp St ee (3.270) 


The first identity follows from squaring the four-momentum conservation relation in 
the form py —k = p; —k’ and using fe = pF — 7, ad k= 4% 90. Similarly the 
second identity (3.270) is obtained by multiplying the energy-momentum relation 
by ¢’ and using ¢’-p; = «’-k' = 0. Thus the final result for the first trace is 


S, = 8(k-p;) [k’-pi t2k-e'Y] Goal 
(b) Now we calculate the second trace in (3.267): 
Sy = Try + mo)¢d'h' i + mo)#'¢'4] (3.272) 


The comparison with (3.269) shows that Sj results from S, if we replace € e! 
and k «> k’ Thus from (3.271) the result is 


So = 8(k'-pi) [k-pi — 2k'-e] (3.273) 
(c) Finally we have to calculate the trace 53: 
S3 = Tr[(pp + mo)¢’¢HGi + mo)#'¢'Z| 
= Tr[(p; + mo)d’¢ H(i + mo) H'4¢'4| + Teh — #')¢' dH pi H'9'¢| 
=, (3.274) 


(since p, =p, +k —K ). . 
In the first trace, S?, we can anticommute the factor (#; + mo) to the right. This 
leads to 


(f; + mo)d'dH = ¢'¢@i + mo) = 2pi-k Pd + ¢'¢H(—pi + mo) 


The second term drops out since (—?; + mo) (fi + mo) = p? — mp = 0 so that we 
are left with 
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S3 = 2p; -k Te[¢'¢p:H'9'¢] 
= pik {2e-e" Telpih'd'd] — Telde'pif'd'¢) | 
= pik {2e-€' Te[pih'¢'4] — Tel] S (3.275) 
The second term in (3.274) can be simplified in the following way: 


= Tr — #')¢'¢hpH'¢'¢| 
= 2e!-k Te[ epi H'9'¢ | — Tele’ — #4: H'9'¢| 
= Qe! kTr [ed pi¥'d"| — Te[¢’(—d — DHHS) 
= —2e'-k Te[Hp i'd") + Ted’ H' Ah H'E'Z) 
= —2e'-k Trl Hpi 'd"| + Te[H'9¢' Ahi HZ] 
= —2e'-k Tr[Hp:H'?"] oe e Tr[H'¢' Ah pid'] — Tr|h'd' 2h id' 24") 
= —2e'-k Tr[Hp:H'¢"] —2k'-€ Te[d’W' eh pid |] 
= —2e'-k Tr[HpiH’d’| + i -e Tr[W' dh pi]. (3.276) 


The remaining traces in (3.275) and (3.276) can not be simplified further and have 
to be expanded explicitly. This leads to 


Sa oak [2e-e" ((:-k’)(e'-€) — (pi-€’ (K€) + @i-e)(k'-€)) — pi ‘k'] 
— 8k-e' [Ep -e!) — Qe’) + 2 i-b)| 
+ 8k'-2[(k-e)(k-pi) ~ K-K\E-pi) + K'-piXe-4)] 
= 8¢K pi (Hpi) [2"-2) — 1] = 8-2 @i-k) + 8K Pr -4) 
Gud 


where again k-¢ = k’-e! = €-p; = €’-p; = 0 has been used. 

Now we can finally construct the differential photon scattering cross section 
(3.267) using the three traces just calculated, i.e. S, (3.271), Sz (3.273), and $3 
(3.277). We arive at 


da 1 rot ] 8(k-p;) [Kk -pi + 2(k-e’)*| 
——()’,) = | Oe eee 
di)! w? Am2 A(k pi)? 
8(k’-p;) an in = Bey || 
Api 


fe {8(k-pi(k’-pi) [2€-€? — 1] — 8(k-e’P@-k) + 8(k’-€)"(p;-k)} 
A(k -p;)(k’-p;) 


aie. eee ae ~ + A(el-e? —2 
aes re a (e-e)° — : (3.278) 


where some of the terms have cancelled each other pairwise. While the trace 
calculation has been fully covariant we now insert the kinematics of the laboratory 
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ee eaten a a ee 


frame, i.e. k-pj = wmo, k’-p; = w'mpo. This leads to the well-known Klein—Nishina 
formula*® which describes Compton scattering of photons: 
da Low? [fw 

St Se SS ES = 

diay | ) 7 a [2 =f i +4e-eyf—2) . (3.279) 
w’ depends on w and on the photon scattering angle according to (3.252). For small 
energies (w — 0) we have w’ = w and the photon scattering cross section (3.279) 
is reduced to the cross section of Thomson’s scattering formula: 


da 1 
——~()', d =o See, : 
Gx : ye a ae é) (3.280) 
This result contains no quantum effects, it can be derived from classical electro- 
dynamics. The classical nature of the cross section (3.280) is rather obvious since 
it does not depend on Planck’s constant . Writing out the constants i and c we 
find that the cross section is proportional to the square of the length 

1 eh e 


ro ES CSS S| SSS 
mo fic moc moc? 


~2.8x107°% cm . (3.281) 


This quantity sometimes is called the “classical radius of the electron”. This name 
originates from the (incorrect) notion that the rest mass of the electron can be ex- 
plained in terms of the electrostatic energy of an extended charged sphere. Equation 
(3.280) can be written in the form 


da t 2 2 
(me .»)) = =e oe (3.282) 
Equation (3.252) shows that the classical limit w’ = w also applies if the photon 
scattering angle becomes small. In forward scattering (9 — 0), therefore, the exact 
Compton cross section reduces to the Thomson cross section (3.282). 

Finally, we shall sum over the polarizations \’ of the scattered photon and 
average over the initial polarizations of the incoming photon thus obtaining the 
unpolarized cross section: 


Ae ee 

= ——(N,A) . 3.283 
AQ: 2 a dQ, ) ( ) 
We could have performed these summations from the outset, i.e. by applying the 
completeness relation (3.220) of the photon polarization vectors to the squared 
matrix element in (3.254). This would have eliminated the dependence on the ¢ 
vectors, thus slightly simplifying the trace calculations. 

Instead we will start from the polarization dependent result (3.279) and explic- 
itly sum over \ and 2’. We will use the radiation gauge where the polarization 
vectors are purely space-like, ¢ = (0,€), so that 


eve! = el'(k, e,(k’,’) = —e(k, A)-e(R', X’) Cre) 


300. Klein and Y. Nishina: Z. Phys. 52, 853 (1929). 
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Fig. 3.41. The angle between 
the vectors of polarization e 
and ¢”!) is the same as the 
one between k and k’. All 
four vectors €'), ek and 
k’ are chosen to lie in the 
same plane. ¢® = e'?) js a 
unit vector orthogonal to this 
plane 


The spatial vectors e(k, 1), e(k,2), k form an orthogonal system, the same holds 
for the primed quantities. Now without restricting generality we can choose e(k, 1) 
and e(k, 2) to lie in the plane spanned by k and k’, see Fig.3.41. Then e(k, 2) and 
e'(k’, 2) are perpendicular to this plane and thus identical. We have 


e).c) —cosg , 


Bee S =e. (3.285) 
OR AO OO) 

The et polarization dependent term in (3.279) becomes 
= Lies le el’ —_ = 5 (cos? +1) . (3.286) 


ey. =I 
Using this result and (3.279) the unpolarized cross section for Compton scattering 
becomes 


da a Ges PD! Fae 
=a—-—>(—+—- 8 ; 3287 
dQy % 2m w? \w = oe ( ) 


The classical limit of this result (2 — 0 or 8 — 0) is the unpolarized Thomson 
cross section 


=f ~(|4.¢0s @) > (3.288) 
ae. : 2 ( ) 


In the wltrarelativistic limit w,w' >> my Compton’s formula (3.252) reduces to 


! Ww Mo Mo 
a = Se Bee) 
4 Sie acne) 1—cos@ 2sin? £ ( ) 


i) 


which is valid for not too small scattering angles 62 >> au In this limit the 
Klein—Nishina cross section approaches 


da ml 1 2m 
(=) =r Fen ae for 6? > ous (3.290) 
Figure 3.42 shows how the exact result (3.287) with (3.252) interpolates between 
the limiting cases (3.288) and (3.290). At high energies the angular distribution 
gets concentrated in a narrow cone in the forward direction. 

Lastly we integrate over the photon solid angle dQ, in order to derive the 
total cross section. Here we have to take into account relation (2.252), because a 
dependence on the scattcring angle of the photon is also hidden in w’. This yields 


I 
a 0 = apg | s 0400671, | 
(1 rag) = C05 6)) rE ee 


+ [ + aq — cos 0) — sin? 0} 
mg 


ee _ a Ps il eee 


(3.291) 
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where we have set z = cos@. This integral can be calculated in a closed form. 
Simple expressions can be derived for high and low photon energies. 


(a) Small photon energies (w < mo): 


SN) 8r 1 8 
a~ ae e#2sle-5)) Oe (3.292) 
—I 


Mo 


This is just the classical Thomson cross section. 
(b) High photon energies (w >> mo): 


1—mg/w ; 
1 1 1— 
C= oo eM | ee =z) = es 
OE lane (2) a-zP 
Bag lm +5 +0 (72 in “)] (3.293) 
wo mM 2 WwW mo 


In order to estimate the value of the integral the 1 in the denominators of (3.291) 
was neglected compared to (w/mo)(1 —z), which is valid if z < 1 — mo/w. This 
was accounted for by lowering the upper boundary of integration. The dominating 
logarithm in (3.293) results from the second term in the integrand. 

For completeness we also quote the result of the exact angular integration 
(3.291). This leads to the total Klein—Nishina cross section, valid for all values 


of w 
a? [1 +7271 +7) 1 1+37 
ee A = In(l +29) + = In( +2 ee | 
di ano | ae ( 1427 en Oy ea) G25)? 
(3.294) 


with the abbreviation y = w/mo. 
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Fig.3.42. The differential 
cross section of unpolarized 
Compton scattering as a func- 
tion of the scattering angle @ 
for various photon energies 
w 
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3.12 Relations of Energy and Momentum 


Problem. Assume that the four-momenta p;, py of an electron and k,k’ of photons 
satisfy the relation 


pr=pitk+h . (1) 
Show that this can only be satisfied by the trivial solution 

pip, andi = = @ (2) 
if the momenta are on the mass shell. 


Solution. Equation (1) is equivalent to pp —p; = k +k’. Squaring this relation and 
splitting it up into space and time parts we get 


ww! + E;Ey — mp =p,-Pp+k-k' (3) 
where we used the on-shell conditions 
= =a & Hk SO. (4) 


The absolute value of the r.h.s. of (3) is limited by the following inequality 


pi Dy + k-k'| < |pillpyl + |Al|k'| = VE? — mg y/ EF — mg +ww! . 6) 


We insert this result into (3): 


EE — mg <fE?—me,/E?—me . (6) 


Squaring yields (since E;Ey — mg > 0) 

E? E7? — 2m@EiEy + mg < EE? — mg(Ep + Ep) +m. (7) 
which rewritten is 

Casa ae. (8) 
This implies that 

E; = Ey (9) 
and, owing to the time component of (1), 


which means that w = w’ = 0. Since w = |k| and w’ = |k’|, also the photon 
momentum four-vectors vanish and (2) is proven. 
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3.8 Annihilation of Particle and Antiparticle 


The annihilation of matter and antimatter is a conceptually very interesting process. 
We shall study the process by considering the example of the annihilation of an 
electron—positron pair into two photons. The corresponding Feynman graphs are 
shown in Fig. 3.43. 

We immediately notice that these graphs are very similar to those describing 
Compton scattering. In fact, Fig. 3.43 becomes identical to Fig. 3.39 in Sect. 3.7, if 
the direction of the time axis is rotated by 90°! In the experiment, of course, both 
processes appear to be quite different. In pair annihilation two photons are emitted, 
whereas in Compton scattering one photon is absorbed and one is emitted, together 
with an electron. 

The S-matrix element, which corresponds to the processes in Fig. 3.43, can be 
easily written down by applying the usual rules. We have to consider the correct 
kinematics: two particles (electron and positron) enter and two photons leave. In 
coordinate space the S-matrix element reads 


Si =e / xd? y tb(x)| (-id(e, he) See —y)(—id0, 1) 
+ (—id@, ki))iSe@e — ») (iA, h))|¥-6) (3.295) 
which leads to the following expression in momentum space: 


a ms (47) 44 
ee S| ee (yas = pepe 
el pees Vou Pee) 


1 


x O(p+,5+) (-i#2) 3—— Cin 


ei] Uipess2)ee (3.296) 
eho Ma 

Here for the description of both photons outgoing plane waves have been used. 
Obviously the S-matrix element is symmetric with respect to photon exchange, as 
it should be according to Bose-statistics. The coherent summation of both graphs 
is necessary to preserve this symmetry. We will first interpret this process. 

An electron with positive energy and momentum and spin (p_,s_) was pro- 
duced in the past and moves forward in time. It is scattered into a state with 
negative energy and four-momentum —p; moving backwards in time. The wave 
function of an electron with negative energy and momentum —p, is given by 
v(p4,5+) exp (ip+-x) (see ROM, Chap. 6). During the scattering it converts its en- 
ergy into radiation by emitting two photons. 

As usual the 6*-function in (3.296) expresses energy-momentum conservation 
between ingoing and outgoing particles. Only the electron enters the reaction: the 
two photons and the positron exit the zone of reaction. However, the positron has a 
four-momentum —p, because it is represented by an electron with negative energy. 
Therefore 


jp Sh) 


a ky + (—p4) = Ay + ko — py . (3:297) 


187 


Fig. 3.43. Graph and ex- 
change graph of pair annihi- 
lation into two photons 
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It can be easily understood that the annihilation of an electron—positron pair into 
a single photon is kinematically forbidden. This hypothetical process is shown 
in Fig.3.44, which gives p_ = k + (—p,) or p_ + py = k and, conclusively, 
(p_ +p,)* = k* = 0. This, however, is not possible, as can be seen most easily by 
going to the center-of-mass frame where p, + p_ = 0. Note that this argument is 
only valid if the electron is a free particle. The one-photon annihilation of positrons 
and bound atomic electrons is indeed possible. In this case the second photon is 
Fig. 3.44. The annihilation of LS OL oe) We UALS ‘ ene : 
a free electron—positron pair Before beginning with the evaluation of the annihilation cross section we 
into a single photon is kine- | come back to the close relation between pair annihilation and Compton scatter- 
matically forbidden ing (Table 3.2). Both processes are related by the crossing symmetry which we first 
encountered when we compared electron-electron and electron—positron scattering 
in Sect.3.4. There we noted that processes of the type 4 + B — C+D and 
oe p- A+D—-+C +B are related to each other by a substitution rule, i.e. by replacing 
the momentum variables pg —> —pp and pp — —pz. In the case of pair annihila- 
tion, et + e~ — y+, we can identify A with the electron, B with the positron, 
and C,D with the two photons. Then crossing leads to the process of Compton 
scattering, e~ +7 — y+e~. We can identify D = D since the photon is its own 
antiparticle. 
To complete the picture we note that the crossing symmetry can be applied 
a second time. The Compton process thus is related to C + D — 4 +B which 
means y+ y + e+ +e. This is the process of electron-positron pair creation by 
— P+ Pe two photons (see Exercise 3.15). The corresponding Feynman graphs are shown 
in Fig. 3.45. The following table summarizes how these three processes are related 
to each other according to the substitution rule. Thus all of the three processes 
essentially are governed by the same physics. Only the kinematical conditions are 
different. We again stress that the crossing symmetry is exact, not being restricted 
to a particular order of perturbation theory. 


ky k2 Table 3.2. Three processes which are related by crossing symmetry 


F ete a a of pair Pair annihilation Compton scattering Pair creation 
production by photons is o- tet = ss ete 
closely related to that of pair Be ey ae ee aes Ey ere a 


annihilation into photons, 
Fig. 3.43 


We now will determine the cross section for pair annihilation. As usual it is 
related to the S-matrix element by 


2 3 3 
eal ‘ ae ‘ = é = ; (3.298) 
Insertion of (3.296) leads to 
ee ef ome (Any 
(Qi)? EAE ar 


dk; dk 
Och; pe eum le Vie. == eee ay 
(ki +ko—p4.—p_) [ef Myvi a, Dany 29) 
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Here we have introduced the tensor 
] 1 
M,, = ar! <=. 5 LL hoe (So) nL ae | = a 
py = U(D+,54) 1% Loe a ee u(p_,s 
| et ALO B- —Hy +m 
= Ua 8 Se ( 
(P1554) [Yu Seo ae as 
(3.300) 


In accordance with crossing symmetry we note that this “annihilation tensor” is 
identical with the “Compton tensor” defined in Sect.3.7, (3.242) when the re- 
placements indicated in the Table are made. Therefore most of the calculations in 
Sect. 3.7 can be taken over. The kinematics of the collision, however, is different 
since we now have two photons in the final state and two massive particles in the 
incoming channel. 

The six-dimensional two-body phase space is reduced to two dimensions be- 
cause of the delta function. Let us consider the integral 


a?k, d?k 
r= | | ee Se, — DOC (3.301) 
2W 2W 


where f(k;, k2) stands for the momentum-dependent integrand of (3.299). We now 
integrate out the variable k2, once again making use of the formula (3.74) 
dk, 
29 


oo 

= / ky 5(ky ky — 0) Olkay) (3.302) 
(6,9) 
Equation (3.301) becomes 
ir it 

is f purdinid on 5 (p+ qs = ky] 
0 
x OE. + E_ — wu) f(hine =p-_ + p_—h) 

E,+E_ 


d§2 
— a i WwW 16 [(P+ + p_) —2k-(p, +p-)] 
0 

x hie = pepo = hi) = (S308) 
To evaluate this integral we have to specify the frame of reference. The following 
calculation will be done in the rest frame of the electron where p_ = (mo,0). In 
this frame (3.303) becomes 

E4.+mg 


T= a / wy du 6 (2mg + 2moE 4 — 2w (mo + Ey — |py| cos 0)) 
0 
x f(ki, ko = py + p- — i) 
aD Gi hinko= pe P= = h) 
7 2 2m + Ey. — |p,,| cos 6 er 
dX, mo(mo + Eiki, ke = P+ +P- — kh) (3.304) 
4 [m + E,. — |p| cos OP 
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Fig. 3.46. Definition of the 
angle @ 
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where the photon energy w; = |k,| is determined by 


mo(mo + Ey) 


A NG 2) OD (3.305) 
my + E, — |p,|cosé 


W= 
Here 6 denotes the angle between the momenta of the first photon k, and the 
incoming positron p, (compare Fig. 3.46). In (3.304) every photon energy wy 
occuring in the function f(k;,...) is replaced by (3.305). 


ky, €1 
photon 


positron beam 


ko, €2 


photon 


In the laboratory frame where |vye)| = |v,| = |p,|/E4 the differential cross 
section (3.299) for pair annihilation becomes 


do ae wt ™o 
AX, mo(mg + E+) |p| 


leo Maven (3.306) 


with w, given by (3.305). Note the different kinematical dependence when com- 
paring (3.306) with the corresponding formula for Compton scattering (3.254). 

The further evaluation of (3.306) is straightforward. Averaging over the electron 
and positron spins 


FeO) = ey Foes ad) (3.307) 
leads to 
ae hs 
mato +E) Bp? 
: n= + mo (is ‘ Bee + mo (die a | . 
2mo 2p_-ky = 2p_-ky 2mo 2D hi epee 
(3.308) 


da 1 
On A= 


The trace in this expression coincides with the result for Compton scattering if the 
translation of the momentum variables according to the substitution rule is made 


(see (3.256) and (3.265)). Note the extra minus sign in (3.308) which arises from 
the summation over positron spinors 


2mo 


Seal s)ie,s)= (Fee) (3.309) 


As in Sect. 3.7 the special tranverse gauge condition 
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ij. Sa) (pel), 


has been imposed to simplify (3.308). According to (3.278) the calculation of the 
trace leads to 


l pa p= 
dtd ape =752] eee A > 9 Baill 
[ | Amé —k, ‘p_ ky ‘p_ ( A 1) 2 ( ) 
where the substitution p; — p_, k > —k,, k' — ky has been performed. Then the 
cross section for pair annihilation in the electron rest frame becomes 


da la we Mo [ko-p ky -p 
—— (A2,A1) = s S — + =" = pea A( oye > +2] 
dz, 8 me mo(mo + E,) \p,| ky (D ky = ( : ) 
1 ae mo(mo apie) Mo |= WwW 
as | SS ee | 
8 mi (my + E, — |p,|cos6)? |p, | bw, we (22-1) 


(3.312) 


where p_ = (mo, 9). The photon energy w; depends on the photon angle @ according 
to (3.305) while w2 follows from energy conservation: 


mo(my +E 
a= mo Ey — wr = mo By eG 
+ + 
mo 
= (agar 8 a an 
ee of =e ae) 


EE, — cos 0 

Bie AD NEOSE (3.313) 
Mo 

If the photon polarizations are not observed (3.312) has to be summed over Aj, A2. 

Using (3.286) this leads to the unpolarized cross section for pair annihilation 


dQ Kt dM 
2 
= 2 i) 314) 
2 m2 (mo + Ey — |p,|cos@? |p| \w1 wr 


Here @ is the angle between the momentum vectors k, and k2 of the two photons. In 
the case of Compton scattering 6 happened to coincide with the scattering angle 0. 

In the nonrelativistic limit Ex — mp) < mo the created photons have equal 
energies wW; — Mo, W2 — mo and are emitted back-to-back, 8 — 1. Since the 
incoming positron momentum is negligible in this case the angular distribution of 
photons becomes isotropic and (3.314) reduces to 


= 2 
() = ae (3.315) 
AX, nr 2 fay Bs 
where 3, = |p,|/mo is the positron velocity. If the incoming positron has a 


large momentum the angular distribution (3.314) becomes peaked in the forward 
direction. In this case nearly all the energy E, is carried by the photon that is 
emitted in the beam direction. Figure 3.47 shows the differential cross section 
(3.314) for some typical values of the positron energy. 


Gp 


Fig. 3.47. Logarithmic plot of 
the differential pair annihi- 
lation cross section in units 
of r¢ = a” /mi as a func- 
tion of the photon angle @, 
drawn for various values of 
the positron energy FE, 
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The total annihilation cross section is obtained by integrating (3.314) over the 
solid angle d{2,,. When performing this integration we have to keep in mind that 
there are two identical particles in the final state. This point is already implemented 
in the cross section (3.314) originating from the symmetry of the scattering ampli- 
tude (3.296) with respect to the exchange of two photons (ki,€, © ky,€2). Thus 
(3.314) gives the cross section that one of the photons is scattered into the angle 
d§2,,. Owing to the indistinguishability of the photons either of them could be so 
scattered. We therefore double-count the photons when we integrate da /d Qi, over 
the full solid angle 47; i.e., we would count four — not two — photons per scattering 
event. To correct for this double counting the cross section has to be multiplied by 
1/2: 


l da 
See ype 
o 5 fe ky 5 (3.316) 


This integration is carried out in Exercise 3.13. 
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3.13 The Total Cross Section of Pair Annihilation 


Problem. An unpolarized positron with four-momentum (E »P) hits an equally un- 
polarized electron at rest, annihilating into two photons with momenta k, and k> 
and polarizations A; and Ay. The angle between positron momentum and k is de- 
noted by @, the angle between k, and kz by 6 (see Fig. 3.48). Determine the total 
cross section of pair annihilation. 
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Solution. The differential cross section for pair annihilation has been given in 
(3.314) 


do ae mtE ae 
dQ 2\p| (« + mo)? 


+ sin? a) (1) 
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Here we have introduced the variable x which depends on the photon angle and is 
defined by 


phy E-x 
ee cose or cos? = —— . (2) 
[| |p| 
From kinematics we get the photon energies 
E + mo x 
= nd = — 3 
Wy = Mo oar a WwW es (3) 


To evaluate (1) the dependence @ = 6(0) is needed. The sine rule applied to the 
triangle spanned by k,, ko, and p leads to 


sin? — sin(7 — 6) _ sin 6 


= a (4) 

[k2| lp| Ip| 
and thus, using (3) 

sing = PL am sin 0 (5) 
From 

ee > _ 2Ex + mg 
fill) = aos 0 (6) 
Ip| Ip! 
it follows that 
l mo +X 2 
oO AR Sa ees et 2 a VE. D ) ; 7 
a’ (E + mo)" e aay ( x (7) 


The total cross section, corrected for the presence of two identical particles in the 
final state, is given by 


2 I da 
a=, [ane 
4) Fe E+|p| - 
a ae ao 
= ee ay (8) 
n [acoso 5 Dl | ae 
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We insert (1) and (7) into (8) and obtain 
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Fig. 3.48. Definition of the 
angles 6 and @ 
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, E+\p| nes 
arn Hea x 
a dx \(E es) 
2 2mo|p|? / i ( eh are +x) 
E—|p| 
es paar —2kx + mi) ; (9) 


We can immediately derive an asymptotic expression for the nonrelativistic limit 
from this integral. Replacing the variable x by the constant value x ~ E ~ mo 
everywhere in the integral yields the estimate 


ae Tt 


—24+1);=——_.  .. (10) 
| mo|p| 


a 

“= ppl Pa 
This can also be written as 
i 

B ) 

where ro = e7/moc? ~ 2.8 fm is the “classical radius of the electron” and 6 = 
|v|/c denotes the incoming positron velocity. 


It is not difficult to go beyond this approximation and solve the integral (9) 
exactly. We write 


(11) 
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Gg = ——_(/, + I 
2 ane foe) (12) 
with 
E+\p| ee: 
m DG 
= (UF Fy epee ate = 
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The integrals can be calculated analytically: 


» E+\|p| 
= +m ( se +n) 
Mo +X mo] |p -Ip| 
2mMo 2mo Ee (9) 
a = Ral 
oO Tel ae Se 
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E+ 
= -2p| + 2(E + mo) in = +P (15) 
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and 
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mo 1\ |Et PI ; 
h= (-s + 2E Inx + =| Exercise 3.13. 
my + E x) \p_ip| 
4mo E+ mk 
= ——_ (FEln 
my + E ( ~ IPI (16) 
This leads to the following exact expression for the total pair annihilation cross 
section?! 
an E+ an 
OE? + Amol + mg) in —F* _ (E+ 3mo)Ipl] (07 
mera eo a aa 


Now we derive two limiting cases. 
(a) The nonrelativistic limit (\p| + 0, E — mo). In the case |p|/mp < 1 we 
have the expansions 


E(\p)) = Mg + O(p’) ) 


mo ie ail 1 ; 
ee SLY) ; 

E+ mo 2 een 2 (p’) 

Beelol la daele2 Wel =H | 3 
| Sei ee +O : 

yielding 
arn . 
Fn = —— (1+ O(p’)) (18) 
mo|p| 


in accordance with (11). . 
(b) The ultrarelativistic limit (|p| > 00, E — 00). For E/mo > 1 we approxi- 


mate 
2 
m = 
lp] = Ey ane ys 
z 2 
me ms ] = 
2 = — ______ = 04 OU ; 
pp? E*1—m2/E2 te eee 
Me a OG) 


m+tE El+m/E £ 


Furthermore, the Taylor expansion of the logarithm gives 


- 2E 1 
Mo Mo Mo E 


In 


2E 
=iIn— Oe *) 
mo 


31. A.M. Dirac: Proc. Camb. Phil. Soc. 26, 361 (1930). 
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Thus we get the asymptotic formula for the cross section 


2 2E In2E 
a m= -1+0( 22 le) | (19) 


mo mo E /mo 


CCS EEE — SESE Saas 


3.14 Electron—Positron Annihilation in the Centre-of-Mass Frame 
Problem. Derive the differential and total unpolarized cross section for pair anni- 
hilation et + e~ — y+ 7 in the centre-of-mass frame. 


Solution. The general expression for the differential cross section of pair annihi- 
lation has been given in (3.299), (3.300): 


a? mo ee ane) 
do = €9°-My-e1 |? 
load B. EFM 
4nd*k, 4nd? ky 
Dig Bon (a te pedi jh) ea 1 
ASABE) ONGOIY 1S al Oma, (2)32w» (1) 
where 
Mar =7 0 DleMeral 
arrre AysA2 
aa iG | Ios ee 
ae ee ee 2) ‘ 2 
sage lee Mia (2-€1) (2) 
In the derivation of (2) the special gauge condition €;p_ = &)-p_ = 0 was chosen, 
which we indicate by the tilde. This was convenient for calculations in the electron 
test frame where p_ = (mo,0). Here the polarization vectors could be chosen 


to be purely spacelike vectors ¢ = (0,€) transverse to the photon momentum k 
and the A-summation was easily performed. In an arbitrary frame of reference the 
special gauge condition loses its simplicity and complicated é-vectors have to be 
constructed. It would be more appealing to use the general completeness relation 
(3.220) for photon polarization vectors 


} 
ext Nevlk, VF Qu (3) 


A=1 


This replacement, however, may be applied only to gauge-invariant expressions, a 
condition which is not fulfilled by (2). Nevertheless we can use (3) if we reinstall 
the gauge invariance of (2). This is achieved by going back from the special 
polarization vectors € to the general case € with the help of 


Elap= 
Ey = €} eee pes 
ky -p_ 
= E2"p_- (4) 
9 = ey = ko 5 
ky p_ 
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see (3.263) in Sect. 3.7. It is obvious that the expression 


mee ee ND 
é-€ = (a -22 a). (2 — kn) 5 
1&2 gra 2 eos (5) 


is invariant with respect to gauge transformations of the form ¢, > ey thik, 


€2 — €) + fo(k)ko. Thus (2) has been made gauge-invariant so that (3) can be 
applied. 


We introduce the abbreviations 


SS (E -&) = AB iy ) (6) 
AtA2 
where 
wv EE,‘ p- a E,-p- i 
py __ =e, oe a 
A mG one 1 E} Fie 1 (7) 


Vy Ltepy 
i Doe in eagle Lae 
ALY — (cltel — ee ses ee se pe eee ee 
ee pe es ps) 
_ gue 4 Hive + peky _ mpkity os 
ky-p_ (ki -p_) 
and 


kopP—v + p—pkov = mé kop kov 


8b 
ky -p_ Up na) Se 


Buy = SN a= 


The contraction of these tensors leads to (using the on-shell condition k? = k} = 0) 


ki -ko 4 (ki hoy? 
5 0 nC ©) 
DE (2) 2 a6 hp oepe ° (ki -p_-Y(ka-p-? 
1342 


Inserting this into (2) leads to the unpolarized squared invariant matrix element 


p : ky -k 
Pe eee oe 1°K2 
2 4m) 


771. oe ee 
ky:-p— —s ka-p_ Oi p_ ko +p_ 
ho)? 
Sat Gh 2) :] (10) 
(ky -p_)*(k2-p-) 
The differential cross section da /d 2; is obtained by integrating (1) over ad? ky and 
dw. With the help of 


co i ky 5(K2)O(k0) (11) 


2W> 
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Exercise 3.14. a brief calculation similar to that in Sect. 3.7 leads to 
ispie 
Race = ae mo a [au w 6[(p apa —hy] |er-M, “Ey |? (I) 
d§2 Wret| {ot / a . fi 


to be evaluated at ky = p,+p_—hk,. 
While (12) is still completely general we now select the centre-of-mass system 
where p, = (E,p), p- =(E,—p). Then the delta function becomes 


6[((p, +p- —k)?] = 6|(Q2E — wi) — kj] 


= 6|4E(E — u)| (13) 
so that (12) reads 
————— 
SS ee ee 14 
dh [vel E2 4E Jen Mp-e| oo 


The scalar products of (10) in the centre-of-mass frame reduce to 


fp. = weed) 
ky-p- =E*(1+vcos@) , (15) 
kyrky =2E? , 


with the velocity v = |p|/E = ,/E? — m3 /E. 6 is the angle between the incoming 


and outgoing momenta p and k. With |v;e)| = 2u the final result for the differential 
cross section of pair annihilation in the centre-of-mass frame is 


da _ 1a? m5 1/1+ucos@  1—vcosé 
1—vcosé 1+vcosé 


dX 8m? E2v 


més I mo 1 
{) ee ee 
e i? lesGemge() 2° (lies? =) ©) 
Using me /E* = 1 — v? this result can also be written as 
dG — la?’ mj 1142? —2v* — 2u°(1 — v’) cos? 6 — v4 cos 6 
dQ, 4m? E? v (1 —v? cos? 6) , oe 


It is an elementary task to integrate this expression over d cos @ to obtain the total 
cross section for pair annihilation. The result is 


2 al 
mor | we acy, SES 2 
=a |G — on — - w2—0)] (18) 


Since the total cross section is invariant under Lorentz transformations (in the beam 
direction) (18) should agree with the result of Exercise 3.13. which was derived in 
the rest frame of the electron. 
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3 
5 = E, +1P1 
LS) =) a Ee a ae E2+4mE +m? ] SLTIPLI 
mo|p, |2(E, + mo) (E; o£ +m) In os (EL+3mo)|p, || , 
(19) 


where the subscript L refers to the laboratory frame. To express E; in terms of the 


centre-of-mass velocity v we relate both quantities to the Mandelstam invariant S 
ike. 


5 = (pi. +p-LY = (EL +o, Pp, 
= EP + Imo Ey + me — p? = 2mo(Ey + mo) (20) 


and 
SS (ge bye) SS 5 Ve (21) 


The velocity is given by 


[s — 4me 4m 
y= Pl — , thus = : (22) 


This leads to 


z s 1+? a Qu 
C= is = = fj —= 
ye? PL ne 


2mo 1— oe) 


Inserting (23) into (19) confirms the result (18). 
Finally we come back to (17) and note the wltrarelativistic limit of the cross 
section, v — 1: 


= Dy 4 2; 
=) Ve i=icos 7 oe, lepces? (24) 
ur 


dQ/u  4E? sint@ ss sin’ 
This result has been tested experimentally at various electron—positron storage-ring 
accelerators. As an example Fig. 3.49 shows data taken with the JADE detector at 
the PETRA collider.*? Within the experimental accuracy the prediction of QED is 
fully confirmed. 


32.W. Bartel et al. (JADE collaboration): Z. Physik C19, 197 (1983). 
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Fig.3.49. The differential 
cross section d&/d§2; for the 
process et +e + y+y¥ 
for three different centre-of- 
mass energies \/s. The ex- 
perimental data are in good 
agreement with the QED pre- 
diction of (24) 
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a@VS =140 GeV 
AVS =220 GeV 
¢ VS =34.6 GeV 
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3.15 Pair Creation by Two Photons 


Problem. Derive the total unpolarized cross section for the creation of an electron— 
positron pair by two colliding photons, y + y — et + e~. Express the result in 
terms of the velocity of the produced particles in the centre-of-mass frame. Hint: 
Use the result of Exercise 3.13 for the pair annihilation cross section. 


Solution. The differential cross section for pair creation according to the graphs of 


Fig. 3.45 is given by 


mod? p4 mod? p_ 
Onyka Ory es 


a? 4n 4r 


pet | are eats 2 
> Ban duos MPP Ony'8' 4 +p — kr — he) (1) 


dOpair = 


where the factor 1/2 results from the photon flux factor 1/|v, — v|. The relative 
velocity of two collinearly colliding photons is 2 in any frame of reference. The 
invariant amplitude is given by 


air ~ | I 
My = tes) haart + ft) 
(2) 


The corresponding expressions for pair annihilation et +e7 — 7+ was derived 
In Sect 3:3: 
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a? mo mo 
[Drei] E,E 


A4nd?k, 4md?kp 
(27)32w, (27) 2w. ’ 
(3) 


aOomi = ~ |, (2°? (2m) O4(ki +h eat Tay) 


with 


l 

ME" = 184) [———h +g 4] (4 
fi (py +) fae Wi d\ ar Wo =” Up ese) ( ) 

According to the principle of crossing symmetry the invariant amplitudes can be 

transformed into each other if the momenta are substituted according to the Table 

in Sect 3.8, namely kj — —k, ky — —hky, p. - —pi, px — —p_. In fact the 

values of (2) and (4) are equal in magnitude 


|p| = |g] (5) 


This is easily verified by calculating (up) = (me) Using y°d'y° = 4, 
—pi th =p_—h, —py +h, = p_ — hk this quantity is found to agree with 
Mj anni Thus the differential cross sections (1) and (3) are equal, except for the 
Miinae space volumes and the flux factor. 

To get the total cross section for pair creation (1) will be integrated over d on 
and subsequently over dE ,. Using the familiar identity 


dp_ 
= = / d‘p_ 6(p* —m¢) O(p-o) (6) 


we obtain 
oe | eadPaee —ky—ky) F 
O pair = 5 d p+d j= (Weep I 2) 
1 
= 5 | p26 8{(h +ho—p)*—mi] F (7) 
to be evaluated at the electron momentum p_ = ki +h) —py. F = F(p4,p-3 hi, ha) 


is an obvious abbreviation for the factors which are common to (1) and (3). The 
analogous expression for the total annihilation cross section reads 


/ a? kd? ky 6[ky +ko -—p4—p-]F 


Oanni — a |ret| 


fi BP ky 2wy 6((pptp-—hy) F (8) 


7 D |2re1 | 


to be taken at k) = p4+p—-—hy. The factor 1/2 was introduced in (7) to account 
for the presence of two identical particles in the final states (see the discussion at 
the end of Sect. 3.8). 

The results (7) and (8) are most easily compared in the centre- of-mass frame. 
Since the total cross section is Lorentz-invariant this choice does not restrict gen- 
erality. In this frame we have py = (£, p), p- = (E,—p), and kj = (,k), 
ky = (w, —k) where energy conservation demands w = E. 
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Fig. 3.50a,b. The momentum 
balance of two-photon pair 
annihilation (a) and pair pro- 
duction by two photons (b) 
in the centre-of-mass frame 


The delta function in (7) becomes 


5((ki +h, —p)’—m9) naa 6((Qu—E,)°—p, —mz¢) 
= 6(4w(w — E,)) 


I 
= 7 = be) (9) 
leading to 
| I 
oni 5 fd 2, 26 Ip, |B, F 
ie 
=--E dine 10 
79 |p| ah + (10) 
The same reasoning leads to the total cross section for two-photon annihilation 


1 1 I 
a) dite ae 
Oanmn 2 [Drel| / ] 40/2 4E Wy 


iol. 
= Fo, 11 
Fi echo fan (11) 
(a) ky P+ (b) 
P i] ky 
A —— 


The angular integrals in (10) and (11) are identical since both extend over the 
relative angle @ between p and k, see Fig. 3.50. Inserting |v,¢)| = |v, —v_| = 2v 
where v = |p|/E, the comparison of (10) and (11) leads to the simple relation 


Oanni = ae Opair- ( 12) 
Therefore, we can use the result for the total unpolarized cross section for pair 
annihilation from Exercise 3.14, (18) and obtain the cross section for pair creation 


l+uv 
l—v 


7) 
a Init — 7) IG — yin SOO) = v)| (13) 


This result is known as the Breit-Wheeler formula? The nonrelativistic limit 
(vu < 1) is 
2 
a 
Onin < T—>V (14) 
pair m2 


and the ultrarelativistic limit v = ,/(E? — m2)/E2 > 1 becomes 


*G. Breit and J.A. Wheeler: Phys. Rev. 46, 1087 (1934). 
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an Oe PSA 
O pair ae mme (=) (In =a i) . (15) 


The pair production cross section thus is suppressed at the threshold (owing to the 
vanishing phase space volume), rises to a maximum (at v ~ 0.701), and at high 
energies falls of again according to (15). 


Remark. The cross section (13) is reasonably large, being of the order of the 
squared “classical electron radius” ro as in the case of, e.g., Compton scattering. 
However, pair production by two real photons has not been observed experimen- 
tally since it is difficult to prepare two colliding beams of high-energy photons. 
Nevertheless the graph of Fig. 3.45 can be tested in the collision of charged parti- 
cles. The graph of Fig.3.51a can be interpreted as describing the collision of two 
virtual photons which produce an electron-positron pair.*4 

Note that this process competes with the graph in Fig.3.51b where a single 
virtual bremsstrahlung photon can be split into an ete~ pair since its momentum 
is off the mass shell. 


- + 
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3.16 Pair Creation in the Field of an Atomic Nucleus 


Problem. Calculate the cross section of electron—positron pair creation by an in- 
coming photon in the field of a heavy nucleus with charge —Ze. Hint: The cal- 
culation can be considerably simplified by exploiting crossing symmetry which 
relates pair creation and bremsstrahlung. After a simple substitution the results 
from Sect. 3.6 and Example 3.11 can be used. 


Solution. To lowest order the pair creation can be represented by the graphs of 
Fig. 3.52. They differ from the graphs of bremsstrahlung (Fig. 3.32, Sect. 3.6) just 
by the interpretation of the external lines (incoming photon < outgoing photon, 
incoming electron «+ outgoing positron). 


34 See e.g. V.M. Budnev, IF. Ginzburg, G.V. Meledin, V.G. Serbo, Phys. Rep. 15, 181 
(1975); C. Bottcher, M.R. Strayer: Phys. Rev. D39, 1330 (1989). 
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Fig.3.51a,b. Lowest-order 
Feynman graphs for pair 
production in the collision of 
charged particles (thick lines). 
(a) Collision of two virtual 
photons. (b) Pair conversion 
of a virtual bremsstrahlung 
photon 
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Fig. 3.52. The graphs for pair [Day Se P+; —S+ = fy eke 
production by a photon in an 
external Coulomb field 
— Ze 
ky €& k, E 


The second-order S-matrix element in coordinate space reads 


— ef TN a 7 37 HPs) 
x ©) (e-** +e) iSpOe — yi") 
+ (=i VAG" (ISH — y)(—id) (er eH) Lup se? 2 (00) 


Using the static Coulomb potential of the nucleus 


—Ze aq eae 
Acoul — 0 =i Y ete i D 
en ae RCE ss 


and performing the Fourier integrations we get the S'-matrix element 


| 4 me 4r 
i 


<u se) i Sint 
Hii] CERO (3) 


Here py = (Ei,p,), p- = (E_,p_) and k = (w,k) denote the four-momenta of 
positron, electron and photon, respectively. 


(= Pe pak (4) 


is the momentum transferred to the nucleus. 
Apart from the sign, (3) is identical with (3.192) if we substitute 


PisSi > —~P,84  , 
Pf, Sf = jPayS= 4 (5) 
KX —- —-k,dr , 
and if we replace the electron spinor u(p;,s;) by the positron spinor u(p+4, 54). All 
further calculations can be traced back to the case of bremsstrahlung. There is a 
slight difference when noting the cross section. One has to divide by the flux of the 
incoming photons 7 = ¢ instead of {eet In addition the phase space is changed, 
since a positron is emitted instead of a photon. Thus we get the cross section 
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2 3 3 
do= Salt dP ya P- ; (6) 
TL Qnyp (2x) 


Integration over the electron energy E_ gives the cross section, which is five- 
fold differential with respect to positron energy and solid angles dQ, and dQ_. 
Averaging over the photon polarization A and summing over the spin directions s4 
and s_ we obtain the unpolarized cross section 


Z*a2 me 1 

i os eee eS 2 

g (27)? wh, E_ iq|4 Ip, | d|p,|d24 (pa| es df2_ 
x O(w—E,—mo)F'(p4,p_-3k). (7) 
Here the function 

l l 

jp = 1] a = eee, 
157 fro) fg 


NS SiGe 
2 


(8) 


tra v(p+,54) 


was introduced which can be expressed as a trace over up to 8 gamma matrices. We 
do not have to evaluate this complicated expression because F’(p,,p_3;k) is con- 
nected with the function F (y;, pr; &) known from (2), Example 3.11 (bremsstrahlung), 
namely 


Pepe k= Pp p-,—*) (9) 
the sign originating from the sum over the spin of the positron, since 
e —p+ + mo 
S > valp+s54)5p(P45 54) =o (4 (10) 
mo aB 
S+ 


The final result can again be expressed as a function of the angle between the 
momentum vectors. Let 0, (9_) be the angle between p, (p_) and k, and ¢ the 
angle between the planes (p,,) and (p_,k). Then our rule of substitution (5) 
yields the relation 


0 ee = at 8S on, uD) 
with the angles as defined in Example 3.11. Then the explicit cross section of pair 
creation follows from (26) in Example 3.11 (the Bethe—Heitler formula): 


Z* 0? |p, ||p_| dE4 d24,d2 


Le = — O(w — E, — mo) 


(27 Iai" w 
Dei? he a) 
pa sin G- > p. sin ¢, 5 5 
es) ee 
al ecsalcseh? meme, —|p,lcosmy 
Aue pi sin’ 0, + pr sin’ 9_ 
+2" E, — ppslcos,E_ — p-[00s6_) 
aa \p,||p_| sin 4, sin @_ cos QE? 4262-@) . (12) 


(E, — [p,[cos0,)\(E- — [p_[cos 6_) 


205 


Exercise 3.16. 


206 


3. Quantum-Electrodynamical Processes 


Exercise 3.16. 


To get the signs right, note that the substitution k — —k implies w — —w but 
of course |k| — | — k| = +|k|. Therefore the denominators in (12) should be 
treated as follows: pr-k = wEy — |k| |p,| cos Or = w(Ey — |pr| cos 6) > —wE_ — 
|k| |p_| cos(a — 9_) = —u(E_ —|p_|cos6_) = —p_-k. 

One should mention that the result (12), being based on the lowest-order graphs 
(the plane wave Born approximation) has only a limited range of validity. For high 
nuclear charges Z or low velocities v,, v_ the interaction of the produced charged 
particles with the nuclear Coulomb field becomes important. This can be taken into 
account by replacing the plane waves by Coulomb distorted waves. This calculation, 
however, can no longer be performed fully analytically. The criterion of validity 
of the Born approximation is 


Te 


a 
Alvs| 


For heavy nuclei this condition is no longer satisfied and the cross section changes. 
In particular the complete symmetry of (12) with respect to the interchange et © 
e~ will be lost since the electrons (positrons) feel the attraction (repulsion) by the 
Coulomb potential of the nucleus. 


Additional Remarks, Despite its complicated appearance the differential cross 
section (12) can be integrated analytically with respect to the electron and positron 
solid angles d{2_, d92,.. Since this calculation is lengthy and not very illuminating 
we merely quote the result which already was derived by Bethe and Heitler in their 
original publication: 


Gly ee 2 Pee E 
ge as a = Signa a Ns 
dk, m6 uJ) 3 Pip po 
cma ge me (( +1] = JO Se7ia sie | 
a Pp, Pp_p Cte +P) — 3p 
mw (= —p : Ob = Pa 2wE.E_ ) } 
2p apa apn a pimp pe 
(13) 
where the abbreviations 
E 
= pee In a= aes! a P| . 
Ips. mo (14) 
IE fe 2 
ean + |p. |lp_| + mg 


Mow 


have been introduced. Figure 3.53 shows the energy distribution of created positrons 
as a function of the kinetic energy E, —mo, normalized to the total available energy 
w — 2m. The cross section da/dE, was multiplied by w — 2m so that the area 
under the curve represents the total cross section &. The latter is found to rise 
slowly with energy. 

In the ultrarelativistic limit w >> mo (13) simplifies and can be integrated over 
dE, analytically, leading to a logarithmically rising cross section 
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If the target consists of neutral atoms, electron screening will lead to a saturation 
of the pair production cross section: The rise of (15) at high photon energies is 
caused by the creation of pairs at increasingly larger distances from the nucleus. 
Electron screening acts to suppress these contributions. 


CE ———_—_—_———————SSS Sees 


3.17 The Method of Equivalent Photons 


Throughout this chapter we have studied QED processes in which charged particles 
interact through the exchange of virtual photons. This terminology, however, has 
been somewhat artificial since we nowhere encountered true physical photons in 
these calculations. However, conditions can be found under which these virtual 
photons behave like ordinary real photons to a good approximation. Under these 
conditions the colliding charged particles can be replaced by an equivalent bunch 
of incoming photons with a certain energy distribution which can be calculated. 
This approximation serves two purposes: it can be used to simplify the description 
of various processes, and it also helps to visualize and understand qualitatively 
how high-energy scatterings proceed. 

A very interesting application was already mentioned at the end of Exercise 
3.15: By colliding charged particles at high energy the process of photon-photon 
scattering can be studied, even though no intense colliding beams of real photons 
are available to the experimentalist. In this example we will derive the method of 
equivalent photons and subsequently use it to calculate the cross section for the 
production of muon pairs through the reaction et te7 ~ett+e7+pttyp. 
We will discover that at high collision energies this process dominates over the 
pair annihilation reaction et +e” — ut + ~ which we studied in Section 3.4. 
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Fig.3.53. The differential 
cross section for pair produc- 
tion by photons with energy 
w according to the Bethe— 
Heitler formula (13) 
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Fig. 3.54a,b. Feynman graphs 
describing a scattering pro- 
cess initiated by a virtual pho- 
ton (a) or a real photon (b) 


Derivation of the Equivalent Photon Spectrum. For a start we will study reac- 
tions in which a single virtual photon is exchanged. A high-energy electron having 
initial momentum p = (E,/:p) is scattered into the final state p’ = (E’, p’) while 
emitting a virtual photon with momentum k = p — p’. This photon strikes a target 
where it gives rise to a reaction which produces a (possibly complex) many-particle 
final state X, see Fig. 3.54. The details of this reaction are not important for our 
study. As an example, the target might be a heavy nucleus and the final state an 
electron-positron pair produced in its Coulomb field. 

Our goal is to find a relation between the process shown in Fig.3.54a and 
the analogous reaction which is triggered by an incoming real photon shown in 
Fig. 3.54b. Thus let us investigate the unpolarized cross section for the Feynman 
graph of Fig. 3.54a which is given by 


MM —— 7 
CE 


Vo: PP mM? 


ad pM nae 
Cha a(t [Py eg 


QrPpE’ 4+4QrpE! ? 
n=l a 


(1) 


where the target is assumed to be a fermion of mass M and the final state Y 
consists of N fermions (this assumption only affects the normalization factors). 
The invariant matrix element in (1) reads 


Mg =j5@' P)Drpbig (Pi, P) 
An. 
= Te iO Pie : (2) 


Here jj = euy"u is the familiar transition current of the electron and Jf is the 
transition current of the target which may have a complex structure and possibly 
is not known in detail. For the evaluation of (1) we need the squared and spin- 
averaged invariant matrix element (2). This will be written as in Sect. 3.2 in the 
form 


2; 
ina 2 e 
|Mg|? = (47) (k2)2 


Here L*” is the lepton tensor which we encountered several times before: 


1 ptm ptm 
je a a Lu y 
2 p( 2m’ Im! 


Lee oe (3) 


! 1 VY vv L VY 
5a Pe + p™p* — gt¥(p!«p—m?))_ . (4) 


Out of habit we will call the object H,,, the hadron tensor although this may 
be slightly misleading since the derivation also remains valid if no hadrons are 
involved in the reaction. The hadron tensor is obtained from 


HEY = SO ey ci aes ae (5) 
Spin 


In general not much is known about the current Jj’. However, we can rely on the 
principle of gauge invariance which implies electromagnetic current conservation. 
The hadron tensor therefore satisfies the four-dimensional transversality condition 
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ee — Tk, = 0 | (6) 


This helps to simplify the expression (4) for the lepton tensor a bit. Use of p’ = p—k 
pidec= —(p — p')? — 2m? — 2p - p’ leads to 


py vy pep DD is Vv Vv 
IL, = 5 ae (20"p + 59° k ) = 5 aa (k¥p +k pe 5 (7) 


where the second term can be discarded because of (6). The scattering cross section, 
integrated over the final state of the electron, then reads 


ee DG Pee eee 
a= pe’ 2m B 2pep a) K?) Hyp Dna? : (8) 


where the target has been assumed to be at rest, P = (M,0), leading to the flux 
factor m/|p|. The symbol dI" designates the phase space volume of the target final 
state: 


nae, 
Q2nyE, 


N 
dD = (2n)'5*(Px —P —k) |] (9) 
n=l 


Now let us investigate the cross section for the analogous photon induced process 
according to Fig. 3.54b: 


N 


2 a mndP, 
dG = ———— |e- InP (20)'64(Px — P -k =a 
ema =p) or) 8) Oe WN ere; 
1 Ene “yy 
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Spin a» 
1 
= 2e(-HeM ar a 


where we have used the completeness relation of the photon polarization vectors 
Dn Sev = —9uv- 

The expression (10) contains the trace of the hadron tensor. The index 0 is 
meant to imply that the involved photon is real, i.e. it satisfies the mass-shell 
condition k2 = w2 — k? = 0. In contrast, in (5) there is no fixed relation between 
the frequency w and the momentum k of the photon. We only know that the 
virtual photon has a space-like momentum k2 <0. The squared momentum k? is 
sometimes called the virtuality of the photon. Except for this difference the tensors 
Ay, and H ae have exactly the same structure. 

Now let us try to express the electron cross section (8) in terms of the photon 
cross section (10).2° For this purpose it is helpful to choose a suitable gauge in 
which the transverse degrees of freedom, corresponding to physical photons, can 
be most easily singled out. This is achieved in the Coulomb gauge defined by the 
condition V- A = 0. The choice of this gauge also affects the photon propagator, 
a topic which we will discuss in more detail in Sect. 4.2. The covariant Feynman 


propagator 


35§ J. Brodsky, T. Kinoshita, H. Terazawa: Phys. Rev. D4, 1532 (1971). 
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~The (11) 


in this way will be replaced by the propagator in the Coulomb gauge which has 
the components 


Di ww i 


4n 4n kk; 
Cc ee we Caos 
where the latin indices as usual run over space coordinates i = 1,2,3. Note: we 
will also use the summation convention for repeated spatial indices, but in this case 
no distinction between co- and contravariant indices will be made. 

The photo-production cross section (10) in Coulomb gauge attains the following 
form 


1 
Ce = 552TH a , (13) 


The sign 1 indicates that because of the Coulomb gauge condition the hadron 
tensor is transversal (in three dimensions). 
The electron cross section (8) becomes 


a t 
A 
|p |B! 2x? 


i 1 I 
2p ps gk | —— De Dia eee 
(2p P 49 4 HO a vp ( ) 
Now we introduce a crucial approximation and discard the contribution of the 
“scalar” propagator D&. As a motivation for this step we note that its contribution 
can not be related to the interaction of transverse photons. Thus we are left with 
the approximate cross section 


z dp mcrae e Las en 
ToS | rim vali) (Ce ee - 


The transverse hadron tensor is obtained by applying two transverse projection 
operators which originate from the the photon propagator (12): 


kek kjk 
H} = @ - | (5 - = Ha - (16) 


The integrand of (15) contains a contraction which appears to be more involved than 
the simple trace of the tensor which had entered (13). However, closer inspection 
reveals that the additional term Pipl in fact also can be reduced to the trace H,- 
when the integration over the azimuthal angle of the final electron momentum p’ is 
performed. In Exercise 3.18 the following relation between these two expressions 
will be shown 


20 it E2E2 -: 2a 
[ dy pipjl ~ yo ill | digaioa (7) 
0 2k 0 


Here @ is the angle between p and p’, i.e. the scattering angle of the electron. 
Relation (17) is valid only for the case of forward scattering (small scattering 
angles) and all the following results will be restricted to this case. Furthermore 
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we will make the ultrarelativistic approximation E >> m, |p| ~ E and thus will 
neglect the electron mass wherever possible. 


Using (17) the electron scattering cross section becomes 


_ a fdip (1V f kB BE? , 
ee | Ee al (-F +e st) nit anar i i 


In the last approximation step we now identify 
ee Hig (19) 


le. we use k* = 0 for the photon momentum, thus neglecting the fact that the 
transition current H; strictly speaking has to be evaluated for off-shell photons. 
Under this condition the integral in (18) is found to contain the photon cross section 
(13) as a factor: 


Mow a py (1\\°/ kK EE? n 
The integration over the final electron momentum can be rewritten as follows: 
lp | +1 Qa E +1 
[oo =| d|p' | pr | acoso | dp ~2n | da! E? f dcos@ 
0 =) 0 0 =| 


E 1 he 3 
~ EB! BE? —— dk* , 21 
an f dB! EO i (21) 


where we have used 
(en ee Dap = 2m* —2EE'+2|p||p’|cos@ . (22) 


The maximum squared momentum transfer (at 9 = 7) in the ultrarelativistic limit 
is given by 


k2 = 2m? — 2EE’ — 2|p||p'| ~ —4EE’ . (23) 


For the minimum momentum transfer (at 9 = 0) the same approximation would 
give zero. This would make the integral diverge because of the pole originating 
from the photon propagator. Thus we must be more careful and take into account 
the finite electron mass. Inserting the Taylor expansion of |p| = VE? —m? ~ 
E(1 — m?/(2E7)) into (22) gives 


k? = 2m? — 2EE’ + 2|p||p'| cos é 


7 2 


m m 
~ 2m? — 2EE! + 28E'(1— 775) (1- 5) cos 
E2 E? 
~ 2m? — 2EE'(1 - one — wast é (24) 


me 


Considering forward scattering (0 = 0) this leads to the minimum squared momen- 
tum transfer 


(2 oo ae as (25) 
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Example 3.17. the scale of which is set by the squared electron mass. As a consequence the 
integral will be dominated by contributions from photons with small virtuality 
k? ~ k? = O(m’) being close to the mass shell. These photons originate mostly 
from peripheral collisions. Equation (24) allows us to estimate that the largest 
contribution to the scattering cross section arises from an angular region around 


mw 
E i? 
Using (21) the scattering cross section (20) can be written as follows: 


E ke 2 2 2pn 
_ a 5 DE oe ae 
iggy) Oud a fa + Pg al) 


is 
= i Si a (uo. (27) 
o WwW 


fis alae (26) 


The integration extends over the energy w of the photon and the function N (w)/w 
can be interpreted as the energy spectrum of equivalent photons emitted by the scat- 
tering electron. This equation is at the heart of the method of equivalent Photons 
which also is known by the name Weizséicker-Williams approximation®®. Origi- 
nally the equivalent photon spectrum N(w) was obtained classically by Fourier 
transforming the Poynting vector of the electromagnetic field generated by a fast 
moving charge. Above we have deduced N(w) from the transition current given 
by quantum electrodynamics. The result reads 


2 phe 2 2 ap 
NOS hme (z: (-5 ee = sin? a) 
2 k 


2 phe 2 2 DO iy Deep 
- i = =e ere 
= Of sdk? (eel Seas et hl (28) 
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where the relation (22) was used. The first term in the integrand leads to a logarithm 


[owe AN? (_@) 1, mw? /BE 
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The remainder of the integral can also be solved in closed form. The resulting 
equivalent photon spectrum can be written as 


al 2E 1 
N@) = [(E +£)in— +(e — B'y In 


i 
TO EOP ee = EE] (30) 


*6 The basic idea was formulated by Fermi already in 1924 to describe the energy loss of a 
particles in matter, E. Fermi: Z. Physik 29, 315 (1924). Later the method was formulated 
in general terms by C.F. v. Weizsiicker: Z. Physik 88, 612 (1934) and E.J. Williams: Phys. 
Rev. 45, 729 (1934). A detailed derivation with special emphasis on relativistic heavy ion 
collisions can be found in M. Vidovié, M. Greiner, C. Best, G. Soff: Phys. Rev. C47, 2308 
(1993); A useful review article is C.A. Bertulani, G. Baur: Phys. Rep. 161, 299 (1988) . 
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In the ultrarelativistic limit this result is dominated by the logarithmic increase with 


energy E. The remaining terms in (30) only depend on E£’/E, i.e. on the energy 
loss of the electron. 


Photon-Photon Collisions. The method of equivalent photons can also be applied 
if the target is not a charged particle but a second virtual photon which itself 
originates from a transition current. Here we will not repeat the derivation which 
is very similar to the case of a single virtual photon, and shall instead immediately 
present the plausible result. In complete analogy with (27) the cross section for the 
creation of a final state X in electron-electron scattering according to the graph of 
Fig. 3.55a reads 


a dw 
geet = fee [OH Ne) bartered Gl) 


Here Gx is the cross section for the creation of X in a collision of two real 
photons with energies w) and wy. 


Now we will apply (31) to calculate the cross section for muon pair creation 
through the process et + e7 > et +e7 + ut + ~. To achieve this we need 
the two-photon pair creation cross section for y + y > yt + yw, which has been 
calculated in Exercise 3.15. We will use the Breit-Wheeler romania derived in (13) 
of this exercise and express it in terms of the Mandelstam variable s = (4, + ky, 
i.e. the invariant mass of the created pair (which should not be confused with the 
Mandelstam variable so = (p1 + p2)* of the whole collision). The variable uv used 
in Exercise 3.15 is the velocity of the muons in the center of momentum system 
which is related to s = (2E,,)* through 


= Bal - ores i oe (32) 


In terms of the variable s the Breit-Wheeler formula takes the form 


hae 8M2  16M4 Js +,/s —4M2 
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Fig. 3.55a,b. Feynman graphs 
for two-photon scattering in- 
volving two virtual photons 
(a) or two real photons (b) 
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(b) 


Fig.3.56a,b. The kinemati- 
cally allowed regions of in- 
tegration in the w; —w plane 
(a) and the s — w plane (b) 


We are left with the task to solve the double integral in (31). To achieve this we 
transform to the set of variables 


S=4wW WW» ; W=Wytw . (34) 


Actually the variable s defined in (34) coincides with the Mandelstam-s only under 
the condition that the momentum vector of the scattered electrons p} and pj are 
antiparallel. In the center of momentum frame of the electrons, Pip, — eve 
have 


s=(k thy = +4) — (p, — pi +p, — phy 
= (w1 + w2)? — (pi + p5)? ~ (1 + ur)? = ([p}| — [p4 I)? 
~ (w tun)? — (Ej — Ei)? = wi +)? — (E — 0, — E +n? 
= ( +an¥ = —mY =4ujun (>) 


Since peripheral collisions with small scattering angles 0,,0: make the dominant 
contribution this approximation is well justified. 
The Jacobian of the transformation (34) reads 


A(s,w) =" Mt 4h i] = 4 Vues (36) 
O(w 1, w2) ] 1 


Using this result the pair production cross section (31) takes the following form 


4E* E+s/4E 
1 1 
CP ih eth dw —=——= NW) N(w2) Gy 7? 
eae Re Ihe "all; Ora) 


where w1,2 = 5(wt Vw? — 5). The limits of integration in (36) need some further 
consideration. The transformation (34) maps the quadratic range of integration in 
the w 1 — Ww plane to the acutely shaped area in the s —w plane shown in the bottom 
part of Fig. 3.56. This region is bounded from below by the curve w(s) = /s which 
corresponds to equal photon energies w) = uw) = w/2. The upper boundary is given 
by the straight line w(s) = E + 5/4E where one of the electrons is completely 
stopped, w) = Ew, =s/4E or uw, = E,w; =s/4E. Obviously each point in the 
s —w plane can be reached twice, corresponding to either w) > W2 OF W2 > wy. 
This explains the extra factor of 2 in (37). Both boundary lines intersect at the 
point of total energy transfer s = 4E*,w = 2E. 

We now evalutate the w integral in (37), restricting our attention to the leading 
logarithmic term in the photon spectrum (30): 


E+s/4E 1 
dw ————- N(w )N(w 
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With some effort this integral can be solved exactly. The result reads, expressed in 
terms of the parameter & = \/s/2E: 


(a= Cf erik - SOS ae. (39) 


This finally allows us to evaluate the total cross section for muon pair creation as 
a function of the invariant mass s of the pair: 


: Ee Fo ee 
Ove eepp— (in = ) i ds ae leas! Cys) 
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.(40) 


In the last step we have transformed to the dimensionless variable x = s /4M;; and 
used formula (33) for the photon-induced production process. While the integral 
in (40) in general has to be solved numerically, in the ultrarelativistic limit an 
analytical aproximation can be found. An inspection of the integrand reveals that for 
E > M,, the function f(,/xM,,/£) falls off more slowly than the remaining factors. 
Therefore we replace this function by the value it takes at the lower boundary 
f(M,,/E) = 41n(E /M,,). If the upper boundary is extended to infinity the remaining 
integral can be solved in closed form, leading to the numerical factor 14/9. 

Thus the total cross section for the production of muon pairs in electron colli- 
sions at high energies is given by 


4 2 14 
(pee 
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o —e Sa 
ee—ee [Lys = M2 M,, 9 
4] OE ee 
= tue —— {| In— |) In— . (41) 
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This result is valid in logarithmic accuracy, i.e. terms of the order unity are ne- 
glected compared to the logarithms in (41). Note that for the two-photon mechanism 
it does not matter whether an electron and a positron or two electrons are colliding. 

The rise of the cross section with incident energy is very interesting. For com- 
parison we refer to the result (3.145) for the annihilation cross section of an electron 
positron pair into muons: 


2 

Tete-asyt pn = = ’ (42) 
which falls off with energy. This difference in behaviour has a simple qualitative 
explanation: The reaction (42) requires that electron and positron meet and anni- 
hilate at the same point in space and time, a process which becomes less probable 
with increasing energy. On the other hand the pair creation according to (41) mainly 
occurs in peripheral collisions; viewed classically, for increasing incident energy 
collisions at larger and larger distances (impact parameters) contribute so that the 
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Fig. 3.57, Energy dependence 
of the total cross section for 
muon pair production by the 
processie | en 5 e% 
e + pt + u-. The data 
points agree with the QED 
prediction if the detector re- 
sponse is taken into account 
(shaded area). For compari- 
son also the cross section for 
the process et te — t+ 
ft 1S shown which falls off 
with energy 


cross section is enhanced. As an interesting consequence at sufficiently high energy 
(41) will be the dominant process for muon pair production, although it arises from 
a fourth order graph which should be suppressed by a factor a* compared to the 
annihilation graph. 


Figure 3.57 shows experimental results obtained at the PETRA collider at 
DESY for muon pair creation?’ which nicely show the increase of the cross section. 
The data points refer to an “untagged” experiment in which the scattered electrons 
(positrons) are not detected and mostly remain in the beam pipe, being deflected 
only by a very small angle. Experiments are also performed under single or double 
tagging conditions where the collisions partners are observed at finite deflection 
angles. In this case the equivalent photon spectrum gets modified?, 

We remark that the processes et +e~ > et +e~ 4+ +47 andet+ +e- 
ut + ys can be clearly separated in the experiment since the muon pairs in the 
former case are produced with rather low energy while in the latter case they carry 
the whole collision energy. 

The method of equivalent photons provides fairly accurate values for cross sec- 
tions in high-energy collisions. To make precise checks of QED predictions, how- 
ever, the Feynman graphs should be evaluated exactly*?, also taking into account 
interference terms. When evaluating the results from high-energy experiments the 
numerically obtained predictions are used as an input for Monte-Carlo simulations 
which also take into account the response of the detector system. In this way the 
theoretical curve in Fig. 3.57 was generated. 

Two-photon collisions of the type we discussed in this exercise have several 
uses. They can serve to check quantum electrodynamics and to study predictions on 


37B. Adeva et. al. (Mark J Collaboration): Phys. Rev. D38, 2655 (1988) 

°° J.H. Field: Nucl. Phys. B168, 477 (1980) 

*’ Pioneering works on the two-photon process are V.M. Budnev, LF. Ginzburg, G.V. 
Meledin, V.G. Serbo: Phys. Rep. 15, 181 (1975); G. Bonneau, M. Gourdin, F. Martin: 
Nucl. Phys. B54, 573 (1973) 
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the “photon structure function”. Furthermore they provide a comparatively “clean” 


source for the creation of new particles, e.g. Higgs bosons, supersymmetric parti- 
cles, glueballs, heavy mesons, etc.4° 
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3.18 Angular Integration of the Hadron Tensor 


Problem. Show the validity of (17) in Example 3.17 


2a 2 
dy a ee "dep 
= al —= He 
i, In PiPj y 2k? sin af on ae ’ (1) 


where the integration runs over the azimuthal angle of the scattered electron. 


Solution. The object Hy is obtained from the hadron tensor by applying two 
transverse projection operators according to 


kik, kik, 


Hy; 1s a three-dimensional tensor which can be constructed from the momentum 
vectors of the incoming and outgoing particles. The vectors available are the mo- 
mentum k of the incoming photon and the initial and final target momenta. In the 
following we use only a single target momentum vector @ but this can be gener- 
alized to more involved cases. We adapt the following general approach for the 
hadron tensor 


Hy =Aby +B kyl) + C&ky + DEL +E ky ky 


Here A,...,£ are yet unspecified functions which can depend on the scalar quan- 
tities k*, £?,k- €. After transverse projection according to (2) only the 4 and D 
terms survive: 


Kk ee £ k-2e 
The functions under the integrals in (1) therefore are given by 
het) 
Hp =24+n (@-F P| ; (5a) 
(p- ky? k-2£ ; 
pipjlly =A G ~ e ) +D (p-e- ae k) (Sb) 


In order to perform the azimuthal integration we introduce the following coordinate 
system: The z-axis points in the direction of the incident electron, i.e. the vector 
p, and the orientation is chosen such that £ lies in the xz-plane. Expressed in terms 
of spherical coordinate the vectors of interest are given by 


40 see M. Greiner, M. Vidovié, G. Soff: Phys. Rev. C47, 2288 (1993) 
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p=p(0,0,1) , (6a) 
= (sin. .08cos Gas (6b) 

p' =p'(sin@ cosy, sinOsiny, cos@) , (6c) 
k= p-—p' =(-p’sin@cosy, —p’sinOsiny, p—p'cos) , (6d) 

leading to the scalar products 

pl — pt Cos ous (7a) 
p-k=p—p cosé) , (7b) 
k* =p" sin? @+(p—p'cosby , (7c) 
k-£=—Lp'sin@cosysinB + &(p — p’cos@)cosB . (7d) 


We notice that the only quantity which depends on the angle y is k- £. As a 
consequence the coefficients of the A-terms in (5) are isotropic with respect to the 
azimuthal angle. Using (7a—d) the factors appearing in (5) are given as follows 


2 (p-ky pep” ‘me 


= = ie sin ; (8a) 
py 2 
po a 5 [p?sin? (1 — cos” y sin’ A) + (p — p’ cos 6) sin’ B 
— 2p'(p — p' cos @)sin@ cos y sin 8 cos 6| , (8b) 
; 2 DD. ph 
(v -£— <P : k) = ae sin? 6 [20 sin’ 6 cos’ B 

+ 4p'(p — p’ cos 6) sin @ cos ysin 3 cos B 

+ 2(p — p’ cos 8) cos” y sin” 6| : (8c) 


i 


The angular averaging leads to the replacements (cos y) = 0 and (cos? y) =>. 


Thus (5a) becomes 
"dp all Lene ee 2 
‘ — Hy =2A+D = [2" sin A(1 — —sin B) + (p — p’ cos ) sin? 6| 
0 27 k 2 
(9) 
while (5b) leads to 


Qe ed ae) 2 
dy emo DP pane i : 
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+ (p — p’ cos 6) sin? B| : (10) 


A comparison of these two expressions essentially confirms that they are propor- 
tional to each other, as claimed in (1). This is not exactly true, since the first terms 
in the square brackets do not agree. However, these terms are proportional to sin? 0 
and therefore are suppressed if the scattering angle is small. This argument also 
applies to the -dependence of the functions 4 and D: The term cos y in the scalar 
product k-€ which gives rise to a possible azimuthal dependence of these functions 
is suppressed by the small factor sin 0. 
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BETHE, Hans Albrecht, German-American physicist. *2.7.1906 in StraBburg. B. studied 
physics at Frankfurt and Munich. He was research assistant and Privatdozent at the Uni- 
versities of Frankfurt (1928), Stuttgart, Munich (1930-32), Manchester and Bristol. Since 
1935 he has been professor for physics at Cornell University (Ithaka, NY). In WW II he 
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has made numerous essential contributions to various areas such as nuclear physics, atomic 
structure physics, solid state spectroscopy, Quantum Electrodynamics. For his explanation 
of the nuclear fusion processes in the interior of main sequence stars B. received the Nobel 
price for physics in 1967. 


BHABHA, Homi Jehangir, Indian physicist. ~30.10.1909 in Bombay, {24.1.1966 at Mont 
Blanc in an airplane accident. B. studied physics at Bombay and Cambridge (PhD 1932). 
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and of the IUPAP. B. gave the first relativistic description of electron-positron scattering. 
B. also worked in the fields of nuclear physics and cosmic radiation. 


BREIT, Gregory, American physicist. “14.7.1899 in Nikolaev (Russia), ¢ 13.9.1981 in 
Salem (Oregon). B. emigrated to the U.S. in 1915. He was educated at Johns Hopkins 
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developed the description of resonances (the Breit-Wigner formula), worked on the charge 
independence of nucleon-nucleon scattering and initiated the study of heavy-ion reactions. 
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DALITZ, Richard Henry, British Physicist. *28.2.1925 in Dimboola (Australia). D. studied 
physics at the Universities of Melbourne and Cambridge (PhD 1950). He worked as research 
assistant and lecturer at Bristol and Birmingham. He became professor at the University of 
Chicago (1956) and at Oxford (1963). His main research contributions have been in hadronic 
physics, where he studied the decay and reaction properties of mesons and baryons, the 
interaction of A-hyperons etc. He introduced the Dalitz plot for the analysis of the many- 
particle phase space. 


M@LLER, Christian, Danish physicist. *22.12.1904 in Notmark (Denmark), {14.1.1980. 
M. studied physics in Copenhagen (with N. Bohr), Rome and Cambridge. He spent his 
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theory of relativity. In particular he addressed the question of conservation and localization 
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at Cambridge University where he graduated with a master degree in 1930. He was lecturer 
of mathematics at Cambridge and became professor of physics at the University of Bristol 
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monograph in 1933 (with H.S.M. Massey). His subsequent work concentrated on solid state 
physics where he made important contributions to various subjects, e.g. the band structure 
model, dislocations, defects, the theory of plasticity, metal-insulator transitions (the Mott 
transition) etc. In 1977 he was awarded the Nobel prize for physics (with J.H. van Vleck 


and P.W. Anderson). 
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3. Quantum-Electrodynamical Processes 


NISHINA, Yoshio, Japanese physicist. *6.12.1890 in Okayama, {10.1.1951 in Tokyo. N. 
studied physics at Tokyo University and did his postgraduate work in europe. He became 
a collaborator of N. Bohr in Copenhagen. After returning to Japan he was appointed one 
of the leaders of the Institute of Physico-Chemical Research in Tokyo. During his stay at 
Copenhagen N. derived the theory of the Compton effect (with O. Klein). Later he became 
the founder of experimental nuclear and cosmic ray research in Japan. He supervised the 
construction of several particle accelerators. 


ROSENBLUTH, Marshal N., American physicist. *5.2.1927 in Albany (NY). R. studied at 
Harvard and at theUniversity of Chicago where he got his PhD in 1949 under the direction 
of E. Teller and E. Fermi. He worked at Los Alamos and at the General Atomics Laboratory 
and in 1960 went to the University of California at San Diego. In 1967 he went to Princeton 
University and to the Institute for Advanced Studies. Since 1980 he is director of the Institute 
for Fusion Studies at the University of Texas in Austin. R. worked on the analysis of the 
scattering of relativistic electrons to study the charge distibution within nuclei. His main area 
of research is plasma physics where he developed the theory of inhomogeneous plasmas. 
He made suggestions to avoid plasma instabilities which were essential for the development 
of the tokamak reactors for controlled thermonuclear fusion. In 1985 R. received the Fermi 
prize. 


WHEELER, John Archibald, American physicist. *9.7.1911 in Jacksonville (Florida). W. 
studied physics at Johns Hopkins University (PhD 1933). He was a postdoctoral fellow at the 
Universities of Copenhagen and North Carolina. In 1938 he joined the faculty of Princeton 
University. After retirement he went to the University of Texas in Austin (1976). W. made 
important contributions in various fields of theoretical physics. His main interests have been 
in gravitation theory and cosmology and in the quantum theory of measurement. 
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4. Summary: The Feynman Rules of QED 


In the last chapter we analysed a variety of scattering processes. In this way we 
have gained enough experience to extract a set of rules — the Feynman rules — 
which in principle will allow the calculation of any QED process no matter how 
complicated it is. 

Let us consider the most general elastic or inelastic scattering of two particles 
of the type 


142 1'+2'+...+n , 


which includes the possibility of pair creation and photon emission. The matrix 
element Sg can be written as 


54 =i2r)'8* (m1 pa - So) M Hy ser UT 38 TEV (4.1) 


where the essential physics is contained in the Lorentz covariant amplitude My. 
The square root factors are due to the normalization of the incoming and outgoing 
plane waves. Within the conventions we use they are different for fermions and 
photons; this is expressed by the normalization factor N;: 


4x for photons 
Ni { (4.2) 


2mo for  spin-4 particles 
These factors become clear for spin-} particles, e.g., from (3.2) in Section 3.1 and 


for photons from (3.170), (3.184) in Section 3.6. 
From (4.1) one can derive the general expression for the differential cross 


section: 
1 
“e= WeEMaeai  e 64 (» 525) ae Yoni) 
OLB te fil 
Nid / N! d3 
<2 [iii ee Poo (4.3) 


Qe Q7) 2E,Qn) 


The square root in the denominator originates from the incoming particle current 
written in a Lorentz invariant way, see (3.79) in Section 3.2. 

The degeneracy factor S becomes important when the final state contains iden- 
tical particles. Since configurations differing only by a permutation of the particles 
describe the same quantum-mechanical state, the phase-space is reduced in this 
case. This is taken into account by the statistical factor 


Bae 
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J 
ae (4.4) 
k Qk: 


if there are g; particles of the kind & in the final state. 

In the case of electron—electron scattering this means that the cross section is 
reduced by a factor of 1/2. Another example of practical importance is the process 
of multiple photon bremsstrahlung, where the factor g,! can become very large. 
This factor arises because for g, identical particles in the final state there are 
exactly gx! possibilities of arranging (counting) these particles, but only one such 
arrangement is measured experimentally! 

To compare (4.3) with experiment one has to integrate the differential cross 
section do over the phase-space intervals which are not distinguished in the mea- 
surement. In addition one has to average over the initial polarization and to sum 
over the final polarizations, if these polarizations are not measured. 

The invariant amplitude M, can be expanded into a perturbation series in 
powers of the coupling constant e using the propagator method. The following 
tules allow the calculation of the expansion coefficients. They are given below 
in the form which is most useful for practical calculations, namely in momentum 
space. 


4.1 The Feynman Rules of QED in Momentum Space 


1) In the nth order of perturbation theory one has to draw all possible topologically 
distinct Feynman diagrams with n vertices that have the prescribed number of 
particles in the initial and final states (external lines). 


2) With each external line one has to associate the following factors: 
a) incoming electron: u(p,s) 


b) incoming positron: U(p,s) 
(outgoing electron with negative energy); 


c) incoming photon: €,,(k, A) 
d) outgoing electron: i(p,s) 


e) outgoing positron: v(p,s) 
(incoming electron of negative energy) ; 


f) outgoing photon: €7,(k, A) 
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3) Each internal line connecting two vertices has to be associated witha propagator 


a) electron: iSs(p) = mae os 


ore ie 


b) photon: iD#”(k) = At ah™ gn Ee 
k* +ie ic y 


4) Each vertex is associated with a factor 


127 as, 


Lt 


The index yz has to be multiplied with that of the photon line and summed 
over. 


5) The conservation of four-momentum holds at each vertex. One has to integrate 


over all momentum variables p that cannot be fixed (internal loops): ee 
T 
6) The amplitudes of all graphs have to be added coherently, taking into account 
the following phase factors: 


a) a factor of —1 for each incoming positron (outgoing electron with negative 
energy); 


b) a factor of —1 in the case that two graphs differ only by the exchange of two 
fermion lines — this also holds for the exchange of an incoming (outgoing) 
particle line with an outgoing (incoming) antiparticle line, since the latter 
is an incoming (outgoing) particle line with negative energy; 


c) a factor of —1 for each closed fermion loop. 


Here we add the following remarks: 

To 1: For the construction of Feynman graphs, only the topological structure 
is important. Since the theory was formulated in a relativistically covariant way, 
all possible time orderings are automatically taken into account. As long as the 
ordering of the vertices along the fermion lines is kept, the graphs can be arbitrarily 
deformed without changing their meaning. 

To 5: First one associates a four-momentum 6-function to each vertex and then 
integrates over the momenta of all internal lines. Since one 6-function is needed 
for the conservation of the total momentum, for a graph of order n with / internal 
lines there remain / — (n — 1) integrations over internal lines. We illustrate this for 
a graph of eighth order (Fig. 4.1). 

To 6: The sign factor in a) was discussed for the S matrix of (2.42). There it 
is denoted by ér. The minus sign in b) was explained in the examples of electron— 
electron and electron—positron scatterings calculated in first order. It originates from 
the antisymmetry of the wave function required by Fermi—Dirac statistics. Rule 6c 
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Fig. 4.1. A graph of eighth 
order with 10 internal lines. 
One must integrate over 10— 
(8 — 1) = 3 momenta of in- 
ternal loops 
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Fig. 4.2a—c. In graph (b) the 
lines (1) and (2) of graph (a) 
are exchanged explaining the 
minus-sign which accompa- 
nies closed fermion loops 


Fig. 4.3a,b. Two graphs with 
opposite directions of the in- 
ternal fermion loop 


(a) (b) (c) 
rie “kD 


is new. Nevertheless, it can be derived directly from 6b. Let us consider, e.g., the 
graph of Fig.4.2a which contains an electron loop and may be part of a bigger 
graph. Exchanging the two electron lines one gets the diagram 4.2b, which can 
also be drawn in the way shown in 4.2c. Consequently the graph with the closed 
loop gets a phase factor of —1 compared to 4.2c. 


A further very useful statement, which can be derived from the other rules, 
applies to graphs with closed electron lines. 

Furry’s Theorem: Graphs which contain electron loops with an odd number 
of photon vertices can be omitted in the expansion of My. This will be shown in 
Exercise 4.1. 


EXER ee 


4.1 Furry’s Theorem 


Problem. Show that Feynman diagrams containing a closed electron loop with 
an odd number of photon vertices can be omitted in the calculation of physical 
processes. 


Solution. Consider a process that can be described by a graph containing an electron 
loop with n vertices. According to Fig.4.3a and 4.3b for each diagram there is 
another one where the direction of circulation within the loop is reversed. We shall 
show that the contribution from each cancels the other for odd n. 

The relevant contribution to the S-matrix element describing the loop (a) has 
the form 


Ma = (ie Yu, )ag (iSe1 — Xn) ey (ie Fundy GSPOn —Xn—1)) go X «+ 
X (iSr(X3 — X2) oe (12 Yuy)cr USEO2 — X1)) ra 
= (ies) (iSp(1 — Xn) (—1e Yu, ) (iSpy a) Koes 
x (iSp0a = 22) ley.) (Se —x1))| . (1) 


The trace originates from the fact that the first - matrix is multiplied with the 
last propagator Sp since the loop closes here. Owing to the Feynman rules each 
y matrix is multiplied with the propagator following it. Since the starting point is 
arbitrary, the last propagator has to be multiplied with the first y matrix, leading 
to a trace. In an analogous manner the contribution from the graph (b) reads 
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My = Tr[(—ieyy,) GSk@1 — x2)) (—ieyy,) (SEQ — 3) x... 


Exercise 4.1. 
X (iSpQ%n—1 — Xn) (—ieYy,) GSe@n —x1))] « (2) 


The traces in (1) and (2) are closely related to each other. To see this we make use 
of the charge conjugation matrix C = iy’¥° with the property! 


CC. ae (3) 
Applied to the Feynman propagator in position space this transformation yields 
d*p ex WC em + moll 
(27y4 p? — mi +ie 
a d‘p eels =i a + mig Il 
Gi)? p? —me tie 
=e (4) 


CSp(x)C7! = 


Note the index 7 at the propagator in the last step, which indicates that Sp has to 
be transposed! Now we insert factors of C™!'C = fl in (2): 


My = Tr[C—'C (-ieyy,,) C7'C GSe@1 — m)) C71E (—iey,,) C1E 
x GSp(x2 —x3)) X---X C1 (iSpOn—1 — Xn) CW'C 
x (—ieyy,)C7'C GSrm —m))] (5) 


The first factor C~! under the trace is permuted to the right side (using Tr[4B] = 
Tr[BA] ). Furthermore we use (3) and (4), yielding 


My = (-1)" Tr[ (—ievz,) (iS# @2 — x1) (-iey,) (iS# G3 —x2)) x 
x (iSE @n _ oe) (-iey}., ) (iSE (x1 — <n) | 
= (-1)" Tr[ GSp@1 — Xn)) (ie Yun) SFG — Xn—1)) X + 


x (ieyy,) GSeQ2 — x1)) (ie yy) 
=(-1)"™, . (6) 


Therefore the sum M, + M, vanishes if m is an odd number! There is a plausible 
explanation for this result. In a closed loop there can be an electron as well as a 
positron “circling around”. These particles interact with the electromagnetic field 
with an opposite sign of the charge. Thus their contributions cancel each other for 
an odd number of vertices. 


Additional Remark: The existence of two contributions M, and M, having equal 
absolute value has the consequence that for even values of 7 the contribution to 
the amplitude made by a loop graph is doubled. One has to be careful, however, 
in the case n = 2. Here one might also be tempted to add two contributions, cf. 
Fig. 4.4a and 4.4b. This idea is incorrect, however, since both drawings represent 
exactly the same Feynman graph which has merely been drawn in two different 
fashions! In the case n > 2, on the other hand, this argument does not apply since 


1 See W. Greiner: Theoretical Physics, Vol. 3, Relativistic Quantum Mechanics — Wave 
Equations (Springer, Berlin, Heidelberg 1990), Sect. 12.1. 
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Fig. 4.4a—c. Two equivalent 
ways to draw a loop diagram 
with two external lines. (c): 
The tadpole diagram 
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(a) (b) (c) 


the loops turning left and turning right lead to topologically distinct graphs which 
differ in the ordering of the vertices. 

The case of a loop with a single vertex, n = 1, is somewhat pathological. 
Obviously there is no cancellation and Furry’s theorem does not apply. The contri- 
bution of the diagram in Fig. 4.4c (which is known as the tadpole graph) does not 
vanish automatically. Clearly the photon line cannot refer to a free photon since 
this cannot simply disappear, violating energy and momentum conservation. The 
tadpole graph will emerge, however, in higher orders of perturbation theory where 
the loop is coupled via a virtual photon (with momentum k = 0) to an electron line 
in some more complicated graph. This leads to a contribution to the “self energy 
of the electron” which we will treat in the next chapter. It turns out that the tadpole 
contribution has no physically observable consequence since its size is independent 
of the momentum of the electron, in contrast to the self energy correction to be 
discussed in Sect. 5.3. It can be fully absorbed into a (divergent) renormalization 
constant which at the end drops out of any calculation. The same effect can be 
achieved more economically by simply leaving out any tadpole contributions from 
the outset.? 


Lee eee 


4.2 The Photon Propagator in Different Gauges 


The form of the photon propagator Dp which was introduced in Section 3.2 cannot 
be determined uniquely. Until now we have chosen the form (in momentum space) 


4a 
Dies = fe +ie Juv, (4.5) 
which is only one of many ways of defining the photon propagator. The origin of 
this ambiguity becomes clear if one takes into account that the photon propagator 
is always sandwiched between two transition-current elements when one constructs 
S-matrix elements, e.g. 


J§3(P4, P3) Dewhh) jx (P2,P1) , (4.6) 


where p2 = p,—k and pa = p3+k. Now, the transition currents obey the equation of 
continuity. Their four-divergences vanish, i.e. in momentum space (in this context 
see also (3.210) in Sect. 3.6) 


* The formal way to do this is quantum field theory consists in the prescription of “normal 
ordering” of the interaction Hamiltonian. 
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ky ji —k,pi)=90 , (4.7a) 
kus ja3(p3 + k, ps) = 0 (4.7b) 


holds. Therefore one can add to Dr, the expression k,fi(k) + kvgy(k) with ar- 
bitrary functions f,(4) and g,,(k) without changing the result of the calculation. A 
somewhat restricted generalization of (4.5) kceping the symmetry between the two 
currents in (4.6) reads 
4n 

Dik) = ~~ a a Ky SAK) ae Kifiulk) ’ (4.8) 
with an arbitrary function f,,() of dimension [k~*]. The origin of this ambiguity of 
the photon propagator is the gauge degree of freedom of the electromagnetic field. 


Because of this there are no observable changes if the potential A,, is subjected to 
the transformation 


A hEO) =e A ESE = Ve) (4.9) 


Therefore the propagator of the photon field becomes ambiguous too. The special 
choice we have made in (4.5) is called the Feynman gauge. This is the most 
common choice. We now introduce two other gauges which prove useful in some 
applications. 


I) The Landau Gauge. If one chooses 


1 4k 
OS sa 4.10 
ful) 2 (k* + ie)? cay) 
for the function f,,(k) in (4.4), then the propagator reads as follows: 
At Kk 
=a so : 4.11 
Pruw(*) ie (su k? + =) Coe, 
In this form the propagator obeys the condition 
Kk) =O (4.12) 
in analogy to the Lorentz gauge 
KYA (k) =9 
of the potential in momentum space. 
Il) The Coulomb Gauge. For this we choose 
1 4r ko —_ 1 44 & iG 
a 2a i= 2k2+ie K7 ? co) 
where the latin indices i denote the space components (i = 1,2,3). Then the 
propagator takes the form 
zi uD 4.14 
de © = weg (8-2 (4. 14a) 
Deoi (k) = Deio(k) = 9; (4.14b) 
4 
Deoo (k) = = (4.14c) 


k 
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In (4.14c) we have used ké — k* = k? so that one factor k? in the denominator is 
cancelled. This gauge obeys the condition 


k' Dein (4) =0 , C= 2s (4.15) 


which corresponds to the Coulomb gauge of the potential, V- A(x) = 0 or 
k'Aj(k) = 0. The component Dcoo is just the Fourier transform of the electro- 
static potential 1/r. 


EXERC (SK 


4.2 Supplement: Systems of Units in Electrodynamics 


In electrodynamics traditionally several different systems of units are used, which 
may lead to confusion if they are mixed up. In this volume we use Gaussian units, 
which we shall now compare with other systems of units. As a starting point we 
shall use the force laws for electrostatics and magnetostatics. Coulomb’s law for 
the force between two charges e; and e) reads 


F=kh—r , (1) 
if 


where k; is a constant of proportionality that is still arbitrary at the moment. 
The constant k; defines the unit of charge. One usually assigns an independent 
basic unit to the charge (e.g. | Coulomb = 1 A s). Then &, has the dimen- 
sion [mass][length}[charge]~?[time]~?. In the MKSA system, which is part of 
the legally adopted SI system of units, this is achieved with the dielectric constant 
€q by defining 


| 
ie = : (2) 


In the Gaussian system one simply chooses 
Bel, (3) 


Charge is then a unit that can be derived from mechanical quantities. The system 
that is probably used most frequently in the literature of theoretical physics takes 


1 
eae 
Joke An a 


and is called the “rationalized Gaussian system” or Heaviside—Lorentz system. 
For the magnetostatic interaction Ampére’s force law is valid 


F=h [ [ener ji x cP x T12) . (5) 
rig 
where 
MKSA _ [40 
eee (6) 
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in the MKSA system. The units of charge density and current density are always 
related to each other by the continuity equation 
Op 

V-j+—=0 
which implies that the ratio of k; and ky has the dimension of a squared velocity. 
We identify this velocity with the velocity of light, which is characteristic for 
electrodynamics: 

7 Cook. (8) 
Furthermore one can introduce a proportionality factor, 3, in the definition of the 
magnetic field strength B, so that the Lorentz force on a moving charge e reads 


F =e (E+h~ xB) (9) 


In the Gaussian system and in the Heaviside—Lorentz system one chooses 


le (10) 
whereas 
(OE eee (11) 


Through (9) the definition of the field strengths & and B also depends on the 
choice of unit for charge. 
Summarizing all this, Maxwell’s equations read (in vacuum) 


V:-B=4rkhp , (12a) 
V-B=0 , (12b) 
B 
We ee (12c) 
@ Of 
4nk, . 10F 
we ee eee (12d) 
Cc Cro 


For a point charge (12a) leads to Coulomb’s law (1) because F’ = e LF. In the same 
way one recognizes that the inhomogeneous term in (12d) together with (9), namely 
fy k/e ee) x B, leads to Ampére’s law (5). Maxwell’s equations take the 
simplest form in the rationalized Heaviside—Lorentz system, since all factors 47 
vanish in this case. On the other hand they reappear elsewhere, e.g. in Coulomb’s 
law (1). This is quite reasonable because 47 is a “geometrical factor” that depends 
on the dimensionality of space. As such it should preferably not appear in the field 
equations but rather in their solutions. 

Of course it is quite easy to see that physical observables do not depend on the 
choice of units. Especially in the calculation of S-matrix elements the combination 
1/c(j,A“) always appears which is the interaction energy density. This combination 
is invariant since the current density transforms in the same way as the charge, 
i.e. because of (1) it is multiplied by a factor /k;. Simultaneously the potential 
because of 
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ae — ; (13) 
is multiplied by 1/./k;. Therefore, it follows that 
1 
GHG HL HL 1b, em 
ofS = (V4re ) (qe4 ) =e 14) 
( V4r ( 


When Heaviside—Lorentz units are used, the Feynman rules change in the following 
way: 


1) There is no factor N; = 47 for external photon lines. 

2) For each vertex there is a factor —ie4ly,,. 

3) The photon propagator does not contain the factor 47, i.e. it reads DE” = 
— gH /(K2 + ie). 

The final result of any calculation can always be expressed in terms of the dimen- 

sionless fine-structure constant a ~ 1/137.036. This constant, however, is related 

in different ways to the elementary charge: 


e?/hic Gauss 
a=< e*/4nhc  Heaviside-Lorentz. (15) 
e*/4meghc MKSA 


4.3 Biographical Note 


FURRY, Wendell Hinkle, American physicist. “18.2.1907 in Prairieton (Indiana), 11984. F. 
received his Ph.D. at the University of Illinois in 1932. Subsequently he went to Caltech 
and in 1934 to Harvard where he became professor of physics. F. worked on positron 
theory, quantum field theory, the theory of molecular energies and the quantum theory of 
measurement. 


5. The Scattering Matrix in Higher Orders 


In Chap.3 many scattering processes were calculated to the lowest nonvanishing 
order of perturbation theory. Because of the small value of the coupling constant 
a = 1/137 the first term alone frequently gives reliable results. Within a satisfac- 
tory theory, however, one should be able to calculate the contributions of higher 
orders too. As we shall see in QED — and the same is true in all quantum field 
theories — this leads to characteristic difficulties: some of the “small corrections” 
become infinitely large! Surmounting this problem has been an essential step in the 
development of the theory. In what follows we shall discuss “renormalization” in 
the lowest nontrivial order of perturbation theory. The finite theory obtained in this 
way can then be applied to calculate measurable effects of vacuum fluctuations, 
i.e. the interaction with virtually created particles. 


5.1 Electron—Positron Scattering in Fourth Order 


To survey the possible processes that occur in the higher orders of the perturbation 
expansion, we consider as an example the process of electron—positron scattering in 
fourth order. According to the general Feynman rules we must construct all topo- 
logically different graphs that have four vertices and the prescribed configuration 
of exterior lines. They are collected in Fig. 5.1. As one can see, a rather imposing 
list of 18 different diagrams results. The graphs (e-h) occur in different versions, 
being distinguished by the position of the photon loop, which for brevity have not 
all been drawn here. 

As an exercise we write down the invariant matrix elements for some of the 
diagrams. We already encountered a diagram similar to Fig.5.la when we dealt 
with electron—proton scattering (Example 3.6). The invariant matrix element cor- 
responding to Fig. 5.2 has the value 


4 ; —4rj 
We -et f i(P}, 8 )(— DF cm re MO Dar re 
x U(p2, S2)(—-17" easy, ae ry 0h) 


(5.1) 


Here we have introduced the momentum transfer g = p; —P1 = P2— p>; the factors 
(i)*(—i)* cancel. The resulting minus sign arises because of Feynman rule 6a in 


Chap. 4 since there is an incoming positron. 


(a) (b) 
(c) (d) 


2*( ~~ ; 
2* 
(e) : 
(f) 
to Be 
(g) (h) 


(i) & 


Fig.5.la—j. Survey of all 
Feynman graphs of fourth 
order for electron—positron 
scattering 
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Fig. 5.2. The graph of Fig. 
5.la in momentum space 
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Fig.5.3. The graph of Fig. 
5.1f in momentum space 


Fig. 5.4. The graphs (a) and 
(f) are exchange graphs. This 
explains the relative minus— 
sign between (5.1) and (5.2) 


Pi — P2 


Fig.5.5. The graph of Fig. 
5.1g in momentum space 


Pi =p, 


Pi —p2 


Fig.5.6. The graph of Fig. 
5.1i in momentum space 


Next we study the new diagram (f) which is shown in Fig.5.3. Its matrix 
element is 
(—1y) 


d*k i 
WO = use i Sy | 
fi +e Hel si)| Ont! Vy ) a ee 


—4mri 
—471 
(p: + po) + ie 


ei) 


1 
x 
“ft ¥—m +i 


x U(P2, S2(—1y")u(p1, 51) (5.2) 


The brackets enclose that part of the graph, which the momentum integration ranges 
over. The sign of (5.2) relative to (5.1) is explained by Feynman rule 6b. Namely, 
graph (f) is obtainable from graph (a) by an exchange of two electron lines. To 
see this, one only needs to choose a convenient time ordering by deforming the 
diagram (we pass over to configuration space for this purpose), as indicated in 
Fig. 5.4. Then for a certain time interval one has a virtual electron which has to be 
antisymmetrized with the incoming real electron, to satisfy Fermi statistics. This 
explains the relative minus sign between (5.1) and (5.2). 


pt PN > Nf 


The matrix element for graph (g), Fig. 5.5, reads 


—471 


So) 
oe ) me 


nee —eii(p! s}) [Sc eee a 
a ae Cry ff =a se 
ee ee yale, 3X17 eG 
Tae = eww ee) 2392) ae (5.3) 
where again the loop integration extends only over some of the factors. 
Let us finally consider graph (i) shown in Fig. 5.6. Because of the closed elec- 
tron line it has an additional minus sign. The matrix element is 


—47i 
gq? +ie 


M® = +e4a(pl,si)(—i7")u(p1, 1) 
d*k i i 
Ca te pe eee es 
: Ori yee = 1 See Mu) 
—Ari 


x 
q* +ie 


U(P2, 52)(—i7")u(p9, 53) (4) 


The trace results from the fact that one multiplies the different matrices —1ey, and 
iSp in the electron loop cyclically when one follows the electron line (compare also 
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w33) 


Exercise 4.1). This also ensures that the product of the 4 x 4 matrices 7, and Sr 
becomes a pure number. 

An inspection of Fig. 5.1 shows that there are three characteristic subgraphs, 
which can occur at various places in a diagram. These subgraphs are sketched 
separately in Fig. 5.7. 

These three diagrams are termed vertex correction, self-energy of the electron, 
and vacuum polarization. Mathematically they show up in the occurrence of the 
four-dimensional momentum integrals (loop integrals) that were emphasized by the 
square brackets in (5.24). 

Unfortunately all of these integrals are divergent as k — oo. This can be 
seen immediately by counting the powers of & in the integrand. While the four- 
dimensional volume element in the numerator grows like k?, the denominators 
for the three processes of Fig. 5.7 are proportional to k~*, k~3, and k~?, respec- 
tively, so that we expect a logarithmic divergence for the vertex correction, a linear 
divergence (for the time being) for the electron self-energy, and a quadratic di- 
vergence for the vacuum polarization. In the following sections we will consider 
these problems separately. 

We finally remark that in the systematic construction of all Feynman graphs of 
fourth order we kept silent about some terms. Figure 5.8 shows two examples of 
graphs that separate into two disconnected parts. 

In Fig.5.8a, for instance, a scattering in lowest order takes place, while inde- 
pendently in the vacuum a virtual pair is created and annihilated some time later. 
The S-matrix element for a process like that of Fig.5.8a separates into a product 
of the matrix elements for the “connected” part, which contains the external lines, 
and the “disconnected” vacuum bubble. These “vacuum fluctuations”, however, 
take place all the time, independent of whether there are real particles present or 
not. Thus every graph is multiplied by a factor of the kind 


mincceceus 


= SAC 


However, the constant C must have absolute value 1, because the “background 
noise” of the vacuum is always present, even in the absence of real particles. Thus 
the S-matrix element for vacuum—vacuum transitions is 


Soo = So.0c 


Since the vacuum — regardless of whether we take into account the electromagnetic 
interaction — must be conserved, |C|? = 1 follows and C is only a phase factor 
without physical significance. Disconnected graphs can therefore be neglected in 
the expansion of the S' matrix. 


(a) (b) 


(c) 


Fig. 5.7a—c. The three basic 
subgraphs involving a loop. 
(a) vertex correction, (b) self 
energy, (c) vacuum polariza- 
tion 


(a) 


(b) 


Fig.5.8a,b. Two examples 
of disconnected graphs of 
fourth order 
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5.2 Vacuum Polarization 


In this section we will calculate the influence of the creation of a virtual electron— 
positron pair (Fig. 5.7c) on the propagation of a photon. To do this we investigate 
how the unperturbed photon propagator 


—471 
5.5) 
iDeyw(Q) = uw 6.5) 


is modified by the correction of the order of e? 


Dry) = "r-e + a 


nao) 
= Dey (q) + TOC iDgov(q) (5.6) 


Here the polarization tensor 


iTTyo(q) _ d*k 1 I 
an | Sas" me Tap ae i. 


was introduced (cf.(5.4)). As already mentioned, counting of the powers of & in 
the integrand reveals that the integral is quadratically divergent. Before we embark 
on a calculation, inspite of this problem, we first examine some general features 
of II,,(q). Since it is a Lorentz tensor, IJ,,, can be constructed out of the parts 
Juv and q,qgy and scalar functions of g*. We write 


Tq) = Dguv + Gud OG) ar Guquil (q?) , (5.8) 


where the constant term D4g,,, is the value of the polarization tensor for vanishing 
momentum transfer, q > 0. The existence of D has unpleasant consequences. We 
now use the very generally valid identity for operators 


1 1 ll @ Il lal» i 
cap xe C2) 


which can be easily yey by multiplication with (¥ + io and female (5.6) by 
use of it. In the limit g* — 0 and up to terms of higher order in a = e? this yields 


—4T1 —4ri iD \, —4nmi 


qe bie g2 biel an? (ae ee 
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(5.10) 
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This is just the propagator of a boson with mass VD (a “heavy photon”). Thus the 
value of I/,,,(0) must equal zero, since we know the photon to be massless. The 
reason this is true has a profound root, namely the required gauge invariance of 
the theory. 


(a) (b) 


Equation (5.10), by the way, is valid even more generally, because every term 
in the expansion (5.9) has its counterpart in a Feynman diagram with one more 
electron loop (see Fig. 5.9a). For obvious reasons summing up these graphs is called 
the chain approximation. However, the infinite series generated in this way sums 
up only a certain class of diagrams. There is still any number of more complex 
“bubbles”, which also must be taken into account in the calculation of the exact 
photon propagator (see Fig. 5.9b). 

To see how the constant D is connected with gauge invariance, we consider, 
for instance, the scattering of an electron at an external potential with the Fourier 
transform 4,,(q), see Fig.5.10. The corresponding matrix element for the direct 
scattering is proportional to 


Mg ~ ety uiAy(q) . (5.11) 


To account for the vacuum polarization of the exchanged photon the following 
correction must be added 


—4m ill ,(q) 


VP Ww entpy'u; ——— AY : ene 
My ~ ety ui waa are (q) (5.12) 


The principle of gauge invariance requires this expression to be invariant under a 
transformation 


Ay(x) —> Ay) — segxt) or A,(q) — 4,9) + iquxq) .  G.13) 
Obviously this implies that 

Hyv(q)q” =0 (5.14) 
Because of the symmetry of IJ,,, (cf. (5.8)), 

q" Hyv(q) = 9 (5.15) 


is valid too. This can also be interpreted as the condition of current conservation 
Fa) for a polarization current 


Jn @ = iT gaa) (5.16) 


induced by the external field. Equations (5.14) and (5.15) applied to (5.8) yield 


Fig. 5.9. Equation (5.10) sums 
up all graphs of part a . More 
complex graphs (part b)), 
however, are not included 


(a) 


(b) 


Fig. 5.10. The interaction of 
an electron with an external 
potential (a) is modified by 
vacuum polarization (b) 
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D+q@ (HO?) + 1% @)) =0 . (5.17) 


Since the equation has to be fulfilled for all g?, the constant D must equal zero 
(assuming the functions J7 have no pole at g? = 0 !) and the polarization tensor 
must assume the simple form 


NCE = CF Gis the CE (5.18) 


where we have introduced the polarization function I7(q*) = IT (q?) = —IT®)(q?). 
The direct calculation of D, however, seems to contradict this conclusion. Ac- 
cording to (5.8) and (5.7) we get 


l 
D = git uO) 


= carie? / On} whe be pg te 
d*k 2m? — k? 

Qny' (2 — m2 +ieP ’ 

where the trace was calculated in the usual way: 


Tr[y"G + m)y,H + m)] = Tr[(-24 + 4m) + m)] = 4(—2k? + 4m?) 


The expression (5.19) does not vanish at all, but represents a quadratically diver- 
gent integral. Since the original theory was gauge invariant, the result D = Ois 
obviously due to the fact that the defining equation (5.7) for IZ uv 1S an ambiguous 
mathematical expression. There are different ways of avoiding this problem and of 
forcing the convergence of these integrals by “regularization”. So, for instance, 
one can simply cut off the & integration at a large momentum value A, or one can 
introduce a damping factor, which for k >> A continuously approaches zero, for 
instance A? /(k? + A?). 

We want to use the regularization prescription devised by Pauli and Villars.! 
It can be applied relatively simply and has the advantage that it conserves all 
invariances of the theory. The idea is to subtract from the integrand a function 
which has the same asymptotic behaviour, in order for the resulting integrand to 
fall off fast enough with increasing k. More precisely, a set of N (large) auxiliary 
masses Mj and constants C; is introduced and the integrand is replaced as follows: 


eC / Feng) 


= 8rie* (5.19) 


N 
— FHw(g) = / d‘k (urls ksm®) + > Cifuulask,M?)) G20) 
i=l 


The constants C;, M; are then determined such that the regularized polarization 
tensor IT uv(q) is given by a convergent integral. Through this procedure it is 
possible to treat the integral with common methods (e.g. to interchange the order of 
integrations and summations etc.). At the end of the calculation the limit M; = co 
must be performed. Since the cutoff procedure was chosen at will, the calculation 
makes sense only if physical observables do not depend on the parameters C;, M;. 
This can be achieved, as we shall see. 


' W. Pauli and F. Villars: Rev. Mod. Phys. 21, 434 (1949). 
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where the trace identities 2 and 3 of the Mathematical Supplement 3.3 have been 
used and “reg” stands for the regularization term. The calculation of momentum 
integrals of this type is rather difficult. Several techniques have been devised for 
this purpose which all depend on the introduction of new integrals over auxiliary 
variables and thus make the d*k integration simple. We make use of the following 
integral representation of the causal propagator in momentum space: 


= / do exp [ia(k? — m? +ie)] (5.22) 
0 


1 
k2 — m2 + ie 


In this way the momentum integration becomes Gaussian and can be readily solved. 
For convenience we will drop the term ieé, which makes the integral convergent, 
in what follows and consider the mass as a complex number with a small negative 
imaginary part. Then we obtain 


= 9 d*k 2 0) 
die = ome (27)4 ( [ance a qv ale ki (k x q) a Guvlk = @] O16 ie ) 
x [ac [aca exp {ilar (k? _ m’) + a2 ((k =i) = m)| \ +18). 
0 0 


(5.23) 


To get rid of the polynomial in k and k—q, one can introduce two vectorial auxiliary 
variables z; and z) into the exponential factor and make use of the identity 


i (5.24) 


Thus (5.23) can be written as 
& d*k oa Cues) ad a 5 | 
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x [ao [400 exp {ijn (k? _ m?) + a2 ((k — qy — m?) 
0 0 


(5.25) 
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After the order of the integrations has been exchanged the & integral is easy to 
solve. According to the Mathematical Supplement 5.5, (6), the Gaussian momentum 
integral is solved by 


d*k : = 
| oe [i(ak* + b - k)] = Gaytad oP (—ib?/4a) (5.26) 
and thus 
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The required derivatives are easy to perform. One obtains 


0 P Vv ee Vv 
= ON.) = —1 oo 4 ee te (Ces) , 


Ozy 2(a, + Q2) 
O | ie ee oo, 
: ae ellos) — Pe ee eXD(Gee) aes 


cero =) a 
del dee exp(...) { as cam 


Zip tr 2 — ad Zl nete 2o — G 
_ + tS eexrl(... 
a. 2(a, + a2) 2(a1 + G2) eS 
Zj=2z9=0 Op 1 AQ 


—|] —__———_ SS a 
Aewien) | (Gheben eo 


Contraction of the indices jy: and v leads to 
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Using this we get 
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The polynomial in the integrand is split into a gauge-invariant part of the form 
(5.18) and a remainder 
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We can show that the offending non-gauge-invariant part — we will call it AZT, 
— vanishes in the regularized theory. With the convention Cp = 1, Mo = m the 
non-gauge-invariant part reads 


ff dead 2 7 
Aft oe [fas ayda2 ai] ay 02g ee 
a 7 0 0 (a ya a (a + a2)? i a + Q2 
x leak [-mrtay 2) a } (5.30) 
fee 


We note that the terms in the square brackets look quite similar. This can be 
exploited to simplify the integral. Again, an auxiliary variable 9 is introduced and 
the expression is calculated at the point 0 = 1: 


= da\daz 
NEL ul a 
; =m mf (a1 ai 
x 5 C; exp i [Mra +a2)+ aie } : Ge) 
= Gn ae Op = 


Moving the differentiation before the integrals is allowed here, because the con- 
stants C; can be chosen such that the integral converges absolutely (at a; — 0). 
Now we perform a scale-transformation a, = oa; in the integral. As one can see, 
this has the effect of completely eliminating g ! Thus the integral does not depend 
on g at all, so the derivative 0/Og acting on it vanishes. This proves the gauge 
invariance of the regularized polarization tensor I Wie 

Let us proceed with the calculation of the gauge-invariant polarization operator 
from (5.18). According to (5.28, 5.29) its regularized version is determined by 


2 CO CO 
) ae a ie _ ea 
os T | - ? (a) + 03)4 
0 0 
N 
x Ss C; exp {i [-Mrta + a2)+ ae | } (5.32) 
i=0 
Here we introduce a factor 
[eo e} 
i [ae 6(@ — ay — Q2) (css) 
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and then, again, perform a scale transformation a; = ef: 
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1 1 


=~ fap, fap, BiB60 — B — B) 


0 0 


x i “ SC exp [io(—M? + foq’)| (5.34) 
0 i=0 


— 
==/ 
The range of the ( integrations can be restricted to the interval 0 < B; < 1 because 
of the 6 function. 

Without regularization the integral / = de do/o... would be logarithmically 
divergent. The gauge invariance of the polarization tensor which allowed factoring 
out two powers of momentum in (5.18) has thus reduced the degree of divergence 
by two. How do we have to choose now the values of C; and M; in order to obtain 
a finite result? Let us consider the 9 integral and let us deform the contour of 
integration to the negative imaginary axis. Since the product 3). = (,(1 — ;) 
never exceeds the value 1/4, this leads to an exponentially decreasing integrand 
as long as the condition q* < 4m? is fulfilled? If we introduce a lower integration 
boundary 7 and consider the limit 7» — 0, we get, using the substitution ¢ = 
io(M? — ;G2q7), according to exercise 5.1 
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t= tim f S29 cs exp [-iotu? — 61492) 
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3 dt 
= hae C; i > eXP (—t) 
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and with integration by parts 
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(5.35) 


* The value q° = 4m? is the threshold for the production of real electron—positron pairs as 
will be discussed in Exercise 5.2. 
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With this we have reached our goal: by the choice of the constants 


N 
ee 8 (5.36) 
i=0 

the first and the last term of (5.35) are made to vanish and we obtain a finite result: 
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m? 


where the term q” has been neglected compared to the large masses M;, and the 
abbreviation 


M2 A? 
ec ina =a (5.38) 


has been introduced defining an averaged cutoff momentum A? With (5.37) the 
polarization function finally (5.34) reads 
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The remaining one-dimensional integral in J7®(q*) can be solved analytically. We 
shall not give the exact result here (this will be deferred to Exercise 5.2) and 
consider only the limit g*/m? < 1. In this case one can expand the logarithm into 
a Taylor series, 


2 
inl —2z)=-(2 +5 +...) (5.40) 
and obtains after an elementary integration 
pee 2 
Uo) 2 2 re 5.41 
eC aes “L(+ mat) O20) 


3 We remark that the regularization of [(q*) could have been achieved with a single 
subtraction term (N = 1), namely C) = —1, Mi = A. This would not, however, have 
been enough to cancel the quadratically divergent, non-gauge-invariant term AJI,,v(q). 
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Thus the regularized vacuum-polarization tensor according to (5.39) consists of 
a constant term (up to a coefficient 9,,.g° — Gv ) that diverges logarithmically 
with the cutoff momentum A, and a well-defined finite momentum-dependent part 
IT®(q*). What is the significance of these terms? In order to understand them we 
go back to the modified photon propagator (5.6) and consider its influence in a 
scattering process. For instance, the amplitude of Moller scattering reads 


MP = nn + AOE 
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where in the last transformation we used the gauge invariance of the transition 
currents, g,jj = 0. In this way the term proportional to q,,g, drops out. One can 
prove this explicitly by considering that the u, are free Dirac spinors, namely 


(1 — mu; = 0 

i(p, — m) =0 
because g = (p} — pi). Since (5.42) is to be valid only to the order of a, it can 
also be written as 


\ and thus = q,iy"u) =im)(%, —piu =0 , (5.43) 


MY? = (—ieitiy"u1)[Z; @ + IT®(q’)) iDL(q)| (—iet} y,,u2) ' (5.44) 
with the constant factor 
eA? 
Cie re a, F (5.45) 


The expressions (5.44) and (5.42) differ by a term of the order of a? which is 
beyond the presently required accuracy. Compared to the matrix element in lowest 
order, the consideration of vacuum polarization thus yields a constant correction 
factor Z; and a HOH Basi -dependent modification IT*(q7). The latter approaches 
zero for small ler according to (5.41). Thus if one performs a scattering experiment 
with small g? (this corresponds classically to a “peripheral” scattering between 
two charges that are separated by a large distance), then the scattering amplitude 
in second order is simply given by 


M2 = 2M? 


The value of the electric charge, however, is empirically determined just by such 
experiments. A particle with the “bare” charge e for a distant observer seems to 
carry the “renormalized” charge ep , with 


En = yy e®@ . (5.46) 
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The bare charge e, however, in principle is not observable, since the interaction 
between electron and photon fields cannot be “switched off’. In this manner we 
have circumvented the problem of the dependence on the cutoff A in a most 
elegant way: only the renormalized charge is relevant for physical observations; it is 
experimentally determined to be eg ~ 1/137. The magnitude of the renormalization 
constant Z; and the bare charge e do not matter at all. To calculate any process 
one simply uses the charge eg and then has to deal only with well-defined finite 
quantities! 

Of course this argument is nevertheless a little unsatisfactory. If divergencies 
occur in the calculation of the renormalization constant, this is a hint that the theory 
is fundamentally not entirely consistent. For very large momenta, or, which is the 
same, for very small distances it breaks down. We can, however, convince ourselves 
that the region of validity will be very large. Since the divergence in (5.45) is only 
logarithmic, Z3 will be significantly different from unity only if 


Aw 87/24 = 107m (5.47) 


According to the uncertainty relation this corresponds to a length of Ax =h/A~ 
10-**%cm! In practice this is completely irrelevant, because the existence of other 
quantum fields limits the validity of pure QED anyway. For instance, as soon as 
there occur momenta in the region of the pion mass m, ~ 270 me, the strong 
interaction must be taken into account. On a still higher scale the weak interaction 
becomes important. According to present-day understanding both phenomena are 
unified in a single framework, i.e. the theory of electroweak interaction. However, 
in this more general theory, also, divergent renormalization integrals do occur (see 
W. Greiner and B. Miller: Theoretical Physics, Vol. 5, Gauge Theory of Weak 
Interaction). 

It might well be possible that space and time are not continuous but consist of 
tiny space-time cells. Then no momenta would occur that correspond to lengths 
smaller than the size of a cell. The loop integrals (which are divergent in the case of 
continuous space-time) in this case would have their natural “cutoff parameter” at 
the maximum momentum. Renormalization would still be necessary, but the need 
for an artificial regularization would not arise. 

Up to now the influence of vacuum polarization on internal photon lines has 
been examined. This leads to the occurrence of a modified photon propagator 
EG | ae ies iy in (5.44). Corrections of external photon lines must certainly be 
considered as well. These lines represent a potential A,,(q) with a momentum 
on “mass-shell” g? = 0. The potential satisfies the Laplace equation, which in 
momentum space reads 


GEG) =) & (5.48) 
and the Lorentz gauge condition, 
qrAuiq)=0 . (5.49) 


According to Fig. 5.11 one could try to form a renormalized potential AR out of 
the free A? by the prescription 


iT”?(q) 
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Fig. 5.11. Renormalization of 
an external photon—line 
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Unfortunately the second term is an undefined expression because it yields either 
ITA®, or the value zero (because of (5.48)), depending on how the factors are 
combined. A definite result is obtained from the following consideration. From 
(5.44) we know that the modified photon propagator DY@?) emerges from the 
free one by multiplication with the constant Z;. The propagator of a field, however, 
is always a quadratic function of the wave function. Therefore it appears natural 
to renormalize the photon wave function and thus the potential by* 


Ax) ale (S51) 


This is also plausible because a photon never is really free, but at some time it has 
been emitted from a source at a large distance (or will be absorbed by an observer 
at a large distance). The charge of this source, however, must also be renormalized, 
according to eg = /Z3 e. The argument again leads to (5.51). According to (5.51) 
it is thus sufficient just to drop the contribution of the vacuum polarization bubbles 
in the calculation of a graph with external photon lines and instead at the vertex use 
the charge ep . By this procedure the bare charge e is completely eliminated from 
the matrix element: in the case of internal photon lines by using DE = Z3Dr, which 
renormalizes two factors e at the two ends, and in the case of external photon lines 
by the replacement 4% = /Z3A4?.. 

Thus we have learned that according to the renormalization procedure the value 
of the polarization function at zero momentum transfer IT(0) = —(e?/31) In(A? /m2) 
has no physical significance at all, because it is absorbed in the coupling constant. 
The momentum-dependent contribution IT®(q*), however, leads to well-defined 
measurable effects. As has already been shown in (5.44), for instance, the scat- 
tering cross section of two electrons or other charged particles will be influcnced. 
The binding energy of an electron in an atom is also affected. 

One can understand this effect most clearly if one considers the Coulomb 
potential of an external static source of charge® —Ze, i.e. Ao(x) = —Ze/|ax|, A(x) = 
0. According to (5.50) the modified potential in momentum space reads 


Aj(Q) = Ao(q) + IT® (—4")40(Q) (5.52) 


or in coordinate space 


a 
Ab Ge) = / oR exp (ig - x) ( ae (—q’)) Ao(Q) : (53) 


* The finite part 17°( *) does not contribute to external lines because according to (5.41) it 
is proportional to q“ and thus vanishes because of (5.48). 

° In the following calculation we assume that charge renormalization has already been 
performed; however, we drop the index eg for convenience. 
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Since a stationary source can absorb momentum but not energy we have set gg = 0 
and thus q? = —q’. In the Exercise 5.3, (7) this is demonstrated explicitly. The 
original Coulomb potential in momentum space is 

mcm Ze 


Ao(q) = eas exp (—ig - x) —— = —4 


ia Tw jae (5.54) 


The Fourier integral in (5.53) can be approximately solved if one uses the Taylor 
series expansion (5.41) in lowest order in g?: 
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where the fact has been taken into account that the momentum transfer is purely 
space-like, g? = —gq’. Starting with a point-like charge —Ze, the potential energy 
reads 


eAi(n) = = 

|x| 

because of V7(1/|x]) = —4767(ar). In addition to the Coulomb potential a short- 

range attractive additional potential acts. This result was found very early on. It is 

only valid for low momentum transfer, i.e. in lowest approximation for J7®(q?) in 

(5.41). After Dirac and Heisenberg had discussed the effect of vacuum polarization 

a short time after the discovery of the positron, the resulting modification of the 

electromagnetic interaction was derived by Uehling® in 1935. Expression (5.53) is 
therefore often called the Uehling potential. 

Since the motion of an electron in the field of a nucleus can be very accurately 
described by a static potential Ao(x), one can immediately determine the change 
of atomic binding energies by means of (5.56). To calculate the expectation value 
of the additional potential AAo, it is obviously sufficient to know the density of 
the electron wave function at the position of the nucleus. Nonrelativistic quantum 
mechanics yields for the hydrogen wave function with principal quantum number 
n and angular momentum / 


4 
- oZa——55"(a) = eAp(x)+eAdg(x) , (5.56) 


3 3 
UE ACEa IE as (5.57) 
Tv 


[Pn (0)|? a oo 


The energy shift due to vacuum polarization in first-order perturbation theory then 
simply reads 


NIN Wy4(0)|? 


I 


4 
(PrleAdo|Yn) = —a(Za) | 
4m 


° E.A. Uehling: Phys. Rev. 48, 55 (1935). 
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Because of the short range of AAo(a) only s states (/ = 0) are influenced, since all 
other wave functions have a node at the nucleus (owing to the angular-momentum 
barrier). 

The historically most important example is the 2s state in hydrogen (Z = 1, 
n = 2,1 = 0), which should be energetically degenerated with the 2p state for a 
pure Coulomb potential. Equation (5.58) on the other hand predicts an energy shift 
of 


INGA = 2D MOR, (5.59) 


In spite of its tiny magnitude a shift like this is very precisely measurable by 
investigation of the energy difference to the nonshifted 2p, /2 state. In the hydrogen 
atom transitions between these states can be stimulated by electromagnetic fields 
in the radio-frequency region. According to (5.59) we would expect a resonance 
effect at the frequency 


= 6 
y = A? — _97.1MHz .. (5.60) 
2th 
Experimentally, however, it was found by Lamb and collaborators’ using micro- 
wave techniques that the 2s state lies above the 2p; /2 State, namely by (we quote 
the modern value) 


Vexp = +1057.8MHz . (5.61) 


Later we shall see that the “Lamb shift” in hydrogen is mainly caused by the 
other two radiative corrections of Fig. 5.7. Experimental and theoretical precision 
are, however, by far sufficient to confirm the presence of the vacuum polarization 
energy shift according to (5.60). 

To increase the effect according to (5.58) it is necessary to increase the density 
of the wave function at the nucleus. This can be achieved by increasing the nuclear 
charge number Z. In the nonrelativistic approximation the shift (5.58) increases 
like Z*, while the binding energy increases only in proportion to Z*. Actually the 
increase of AEY? is even larger, because one must use the bound-state solutions of 
the Dirac equation, which are much more strongly localized at the nucleus than the 
Schrodinger wave functions (5.57). This is partly offset by the necessity of taking 
into account the finite extension of the nucleus. 

For the extreme example of a hypothetical atom with Z = 170 the calculated 
vacuum polarization energy shift of the lowest bound state is AEY? = —8 keV. 
This amounts to about 1% of the binding energy, up from a fraction of 1077 in 
hydrogen. Experimentally the effect of vacuum polarization is most clearly seen in 
muonic atoms. This is explained in Example 5.4. 

The short-range delta-function polarization potential AAo(a) in (5.56) rests 
on the approximation J7® (q?) ~ —(e7/157)(q?/m?) for the polarization function 
(5.41). The task of Exercise 5.3 is to investigate the polarization potential induced 
by the charge of a nucleus more exactly. 


” W.E. Lamb and R.C. Retherford: Phys. Rev. 72, 241 (1947). 
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5.1 Evaluation of an Integral 


Problem. Perform the steps leading from the integral 


i | £2 S~ Cy exp [io(—M? + 6i62q)] (1) 
0 ° ==) 


in (5.34) to (5.35) in detail. 


Solution. Since the sum in the integrand is finite, we write, with the abbreviation 
M? a By Boq? =: B; 


N co 
payig f Bert = a (2) 
0 


i=0 


The integral /; is not well defined mathematically since the integrand diverges at 
the lower boundary. For this reason we replace J; by 


d 
I; = lim / Se, (3) 
Q 


with the understanding that the limit 7 — 0 is to be taken only at the end of the 
calculation. 

For further evaluation we now consider the following contour integral in the 
complex plane: 


J; = f Sew ; (4) 


ec 


which is extended along the curve C, as shown in Fig. 5.12. Obviously this integral 
can be split into four parts: 


R n 
p= [ Peres a i dO -i0k; + [Se —izB; at dz e 2B; (5) 
a) @ Zz 4 


n Sane 1 2 


where the last two integrals are extended along the quarter circles C, and C2 as 
indicated in Fig.5.12. Now according to the theorem of residues the integral van- 
ishes, J; = 0, because in the region enclosed by the curve C the integrand is a 
regular function. This is valid for arbitrary positive real values of 7 and R. We 
may therefore perform the limits R — oo and 7 — 0 and obtain 


—in 


Lise ee GZ sn, 
0=/; + lim lim do 108; + lim [oem ae tim | Sc eG) 
4-70 R00 Oo R—-0o z 7-0 Z 
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Fig.5.12. The integration 
contour in the complex z- 
plane 
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Using the parametrization z = Re'? we can rewrite the integral along C, in the 
following way: 


3/2 
[F exp (—izB;) =1 i ddexp(—ik cos? B;)exp(RsngB;) . (7) 
Z 
C) 21 


We now assume that the masses M? can be chosen larger than (1 /32q", i.e. B; > 0. 

While the absolute value of the oscillating factor exp(—ik cos @ B;) has the 
value I, in the limit R — oo the second factor is exponentially suppressed (except 
for a narrow region close to ¢ = 27 which can be neglected since its extension 
is of the order of 1/R). Consequently the whole integral along C, equals zero. 
Similar considerations for the integral along C, yield the value im /2 (after the limit 
7 — 0!). Thus we finally get 


-in 
: : Jaa ee 
I; = —lim lim / 70 08; ae 
n—0 R-co oO 2 
=ik 
aa 
© has, Sa 
= lin —e (je, 8 
lim f & : (8) 
—in 


where convergence at the upper boundary is unproblematic. With the substitution 
t = 10B; the integral reads 
Td 
t T 
I, =lim | —e‘ -i- 
j= tim [ Set —i5 (9) 
Bj 


with a positive lower boundary because B; > 0 was assumed. Integration by parts 
yields 
CO 
CO 
+ ja Inte~*) aie 
Bj 2 
Bj 


oO 
= Jinn |-e™ (In7 + InB;) 4 ja Inrew*] 5 
nB; 


t 


nee (Inte~ 
7-0 


7-0 


[e.@) 
=— lim Inn — In(M? — 616247) + ja Inte’ = iS ; (10) 
0 


Summation over all i from 0 to N yields (5.35) up to the constant term —in/2, 
which can be neglected because of the choice we CSUN cine ae 
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5.2 The Photon Polarization Function 


Problem. (a) Derive an explicit expression for the renormalized photon polarization 
function IT® (q”) given in (5.39) which is valid for all values of g2. Show that 
IT® (q?) obtains an imaginary part in the region g? > 4m? and give an explanation 
of this observation. 

(b) Prove that the photon polarization function can be expressed in terms of its 
imaginary part alone according to the “subtracted dispersion relation” 


[e@) 
1 ImII® (q) 
Tr® 2 Bg a 12 ; 1 


Solution. (a) The polarization function is given by the integral representation 
1 


2a q 
TR?) = fapoa - ont - 60-5] 
0 


1 

oo 1 I 1 z 
== = 38 | —— |-Sa -26)] =e) 

J 1-60 - BS 
where in the second line the logarithm has been eliminated through integration 
by parts. The denominator in (2) can be simplified by transforming to the new 
integration variable v = 26 — 1, 1.e. 611 — 8) = ‘(1 — vy"): 
el 


2a q? 2) (een ae 
TR (gq?) = —+ Jdvidi+v)y (5-2-3 v 
q mm? J 4 (3 6 Ea 
Sage fy + ju — Zu" 
m 4m le) 
1 
2 ie 
(ie aera 
=-2 fart | (3) 
T v4 -i 


In the last step use has been made of the symmetry of the integrand. The integral 
(2) can be solved by elementary means. We remind the reader of the basic indefinite 
integral 


Lae In UNE Kor es ¢ 
—= : 
i 3 arctan ior @€ <@ 


—¢ /-c 
Identifying c = 1 — 4m?/q? we have to distinguish three separate regions of the 
squared momentum 
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ee so, RegionI -oo<qg*<0 : 1l<c<o , 
Region ll 0 <2 47) en cai -rcn eae 
Region III 4m?<q*<00 : O<c<1 


Region III is of particular interest since here one of the two poles of the integrand 
enters the integration interval v € [0,1]. To get a well-defined result we have to 
remember that there is a general prescription for treating such poles, going back 
to the definition of the Feynman propagator. By giving a small negative imaginary 
part to the mass m — m —ie, the pole in (2), (3) is shifted into the upper half of the 
complex plane. Equivalently the integration contour can be modified by inserting 
an infinitesimal half-circle extending into the negative half plane. Then the definite 
integral consists of the principal part integral plus half the residue of the pole at 


(iy as 
1 
1 1 hae 1 
b= [du = | / oh | Jaohe + g2rires i, 
0 


I 
1 | 
=P fide “Lai, (5) 
0 


This corresponds to the well-known identity 


1 
x —1é€ 


(Le 
= eS ar 1mro(%) (6) 


Thus we obtain in the three regions of interest 


yan ea for lc = co 
h= yaaretan for —oo<c<0 , (7) 


i il the= ot 
a in +i for O<e< i 


The integrals of the class 


y" 
f= d are! 
i) =e . 


0 
needed in (3) can be traced back to /p using the following obvious recursion relation 


I 


= 2 
In — cha = f dow ae (9) 
0 


Using (7) and (9) we obtain the following result for the polarization function 
Ga = |= ee i *) ue 
= Ga Gain (10) 


with the abbreviation 
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The Fig.5.13 shows the function I7®(q?) multiplied by 7/a. The function is 
smooth at q* = 0 but shows an algebraic singularity at the momentum q? = 4m’. 
At this point of discontinuity an imaginary part ImJT® (q’) emerges. 


0.8 Fig. 5.13. The real part (full 
line) and imaginary part 
e (dashed line) of the photon 
0.4 polarization function I R¢q?) 
in units of a/a drawn as a 
0.2 function of the squared mo- 
= mentum q? 
70.0 
oS 
0.2 
ch 
oe 
~~ -0.4 
—0.6 
-0.8 
-1.0 
aeons ) 5 10 +15 20 
2 2 
q [m'] 


At large momentum the polarization function rises logarithmically: 


5 |e 
I y= & (-3 + gn! — Fino(@? —ant)) : (12) 


The imaginary part of J7® can be understood as follows: The value Go = 4 18 the 
threshold for the production of real electron-positron pairs by the electromagnetic 
field. The quantity | + IT® plays the role of the dielectric function of the vacuum. 
As in the case of macroscopic polarizable media a negative imaginary part of the 
dielectric function signals the absorption of electromagnetic radiation. In our case 
the intensity of the A,,-field is diminished while at the same time ete -pairs are 
produced. 
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(b) The validity of (1) is easily verified. We insert 


al 2m? 4m? 

ImIT® (q?) = -$5 (145) 1-S 2 _ 4m?) (13) 
from (10) and perform the variable transformation q’* = 4m?/(1 — v”) ie. v = 
1 —m?/q”. This immediately leads to 

fe ImIT® (q?) ee de 

aa ree a pS = IT® (q) (14) 

be ACIS SE T= ees as al lc 

4m 


according to (3). The name subtracted dispersion relation derives from the fact that 
(1) can be decomposed into partial fractions as follows 


TN) == fda? mq) (G— a -) (15) 
0 


Ge =e Ge 


Here a q?-independent term is subtracted in order to make the integral finite. 
Without this subtraction the integral would diverge logarithmically. The dispersion 
relation (1) can be deduced from Cauchy’s integral formula, taking proper account 
of the behaviour of J7® (q) in the complex q? plane. 


EROS —m”7___— re eet 


5.3 The Uehling Potential 


Problem. Calculate the potential generated by a given external point charge —Ze, 
taking into account the polarizability of the vacuum. What are the deviations from 
the Coulomb potential close to the charge centre and at a large distance? Find the 
polarization charge density induced in the vacuum. Hint: Use the identity 


(v? = ye) =—-Ar&(x) . (1) 


Solution. The potential is generated by a stationary external charge of density 
ius) = —Ze B(x) Sy0 (2) 


With the aid of the modified photon propagator Dy, from (5.6) this can be used to 
calculate the potential, taking into account the effect of vacuum polarization. It is 
again convenient to work in momentum space: 


Aysy= fay Daa Gy 


d‘ : 
= [SD @ - 3) 


The modified photon propagator can be expressed in terms of the renormalized 
vacuum polarization function. In momentum space this reads 
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ACD = Dawg) — Dea) 7o Dea) 
TAT Iu aes Le Oe —479 
= —_——— — Se DS ay 
Ge gq? Ar q ) q? 
Senely ( 

q? 


2 cae (4) 


Thus the modified potential (3) is 


/ d* —iq-x a) 
Ay) = f £4 e¥*(14 1 @)) Drladi"(@) 


ae 
ome (LEP a Aa) (5) 


since the unmodified potential in momentum space Is related to the current through 
A,(q) = Dryw(qy”(q). If the current source is stationary, j/“(~) = j”(x), the 
go-dependence in (5) drops out according to 


PQ@= ‘i dty ej") = i dyg e400 / a yen ti") 
=27rd6(go"(q) - (6) 
Thus (5) is reduced to 


ae ‘ 
Ate) = il a el (14 IT*(—@?)) Drw(0, ai") 


d°q ig-t R D 
aay ttt Ra) Au) (7) 
In the case of the electrostatic point charge (2) we have 
ira) = | dy 4 (-2e6,95%y)) = ~Zeb0 6) 
so that (7) becomes 
d>q 
/ er ap R 9 
Aye) = Ze | HF 0 (1 +" (-q)) Deol, ©) 
or, with the insertion of the polarization function (5.39), 
aq ia. 47 
/ = yey ay 1q:°x pet 
Ane 2 | © RB 
2a | : 
x 1428 [ap aa -sm(1+ Zu -6) (10) 
0 


Here we have tacitly assumed that charge renormalization has already been per- 
formed, i.e. e is the renormalized charge. From the identity (with r = ||) 


d>q exp(iq- 2) 2S 


1 
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the Fourier transform of the first term of course yields just the ordinary Coulomb 
potential. When evaluating the correction term it is convenient to eliminate the 
logarithm by partial integration and to introduce the new variable of integration 
v = 26 — 1. According to (3) in Exercise 5.2 this leads to 


1 
Wye 2 av aViaai) (12) 
res 1+ 50 -v) 


After exchanging the order of integration in (10) the Fourier integral can be solved. 
To do this we make use of the formula 


d°q exp(iq-x) | exp(-ar) (13) 
(Qn q?+a2  4n r i 


which is easily proved by residue integration. The potential then reads 


1 
2a 4 2 exp (iq - Z) 
Po @ ws fave — ee 
0 


1 
Ze a Wil = S08) 2m 
= —-— |1+=-— | dv——3— ee 
r Ju To exp ( =a") 
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A further transformation ¢ = (1 — y?)~!/2 or uv? = 1 — 1/¢? with vdv = ¢73d¢ 
simplifies the exponent: 


Ao(x) = — 


(14) 


Ac) = = 24 /B C=t en 
ZA aa 
Sr Pe er) (15) 


1 


This is the commonly used integral representation for the Uehling potential. The 
integral cannot be evaluated in closed form but is easily solved numerically. To get 
an impression of the behaviour of the correction term one can obtain asymptotic 
expressions for the cases mr <1 and mr > 1. 

mr <1. We first split the integral (15) at the point 7 into two parts: 


oO 


[aa see (16) 
1 


i a 


where we choose |/mr >> t > 1. Then in J, the exponential can be assumed 
constant (exp (—2mr¢) & 1), 


Re ig A + mtc+ ve) 


= InZr)— 1 (17) 
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In the second integral one can approximate \/¢2 — 1 ~ ¢, and thus 


Pd 
b =i = Cas (18) 


After partial integration the integral becomes convergent at the lower boundary: 
CO 
ee WC eae i gla Gems 


Tr 
[e.@) 


Se ln [a fn ont 
2mr 
2urr 
co CO 
—Int+ ju nien ee i ert 
2mr 
0 0 
1 
—Inr7—~C —-In24+In— . (19) 
mr 
Here the well-known definite integral dee du Inu exp(—u) occurs, the value of 
which is equal to the negative of Euler’s constant C = 0.5772... , and thus 
1 
h~-iIn27+In—-—-C . (20) 
mr 


As intended, the dependence on the value of 7 cancels when /, and / are added. 
The second integral in (15), which has not yet been taken into account in (16), does 
not cause any trouble, because it converges for large ¢ even without help from the 
exponential function. One can then approximate as follows: 


oO 


VC = —1 =} See al 
[a eo @ way le fea - a (Ge sea i) (21) 
Ze 2¢ 3¢ 1 ~ 6 
Then the asymptotic approximation for the potential reads 
Ze 2a 1 5 
~~ -— In—--+-C OY 
Ai) = at ae 37 ( mr 6 )| Ce) 


for mr < |. 
mr >> 1. Here only the region 0 < ¢ — 1 < 1/mr contributes to the integral, 
so that one can approximate ¢ ~ | at various places: 


? ] eller 3/2 —2mr 
[c(t +g) Mare = ae = 
1 


222 eo 2mr Jc Jere —2mr¢! : (23) 
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Fig. 5.14. The effective cou- 
pling strength Q(r) as a 
function of distance r in 
units of the Compton wave- 
length 
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By use of the integral representation of the gamma function, 


CoO 


/ ete aa he) , (24) 
0 


and [°(3/2) = ./7/2 we get 


(25) 


Ze a evamnr 


4./x (mr)3/2 


(On 
We have thus found that an electron in the field of a point-like positive charge 
feels the interaction 


Ayr) =—=" 07) , (26) 


where Q(r) is a function which tends to 1 very quickly for large distances, ac- 
cording to (25). The deviations are perceptible only if r is smaller than about one 
Compton wavelength of the electron. The approximation (5.56) used earlier de- 
scribes this effect only in the mean. The function eQ(r) can be considered as an 
effective coupling “constant”, which increases at small distances. It is also known 
by the name running coupling constant. Figure 5.14 shows the function Q(r), ob- 
tained by numerical integration of (15). The logarithmic increase of the effective 
interaction strength at small r is clearly visible. However, only at extremely small 
distances does the function Q(r) deviate considerably from the value 1. 
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1.002 


From the knowledge of the potential A(x) the corresponding polarization 
charge density can be calculated using Poisson’s equation. Using the integral repre- 
sentation (15) of the Uehling potential the vacuum polarization charge distribution 
is found to be 
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Employing the identity (1) we find 


» eS 1 || Z —2m¢r 
pvr(x2) = ate jas (1 + va) aca ie e: eo | . (28) 
1 


The induced vacuum charge thus consists of two components: There is a positive 
charge localized at x = 0 and a negative charge cloud which extends over a region 
of the size of the Compton wavelength I /m. This is shown in Fig. 5.15a. Fig. 5.15b 
shows a schematic representation of the distribution of ete pairs induced in the 
vacuum. The behaviour of the induced charge cloud thus is just opposite to what 
one is used from the case of ordinary polarizable media! One would expect that a 
dipole layer is formed in which the opposite (i.e. negative) charge is located at the 
inside and the like (i.e. positive) charge at the outside. We will come back to the 
apparently paradoxical behaviour of the vacuum polarization charge at the end of 
eect. 7.1. 


(a) (b) 


The total induced vacuum charge is found to vanish. This is immediately seen 
using the Poisson equation and Gauss’ theorem 


1 
i C2 ig) = oe / d’x V - (VAQ") 


=-z [ao- Vas" =0 , 
Ar 


since according to (25) 49? falls off faster than 1/r at large distances. 

The result (28) has to be interpreted with care since the two contributions which 
cancel each other when calculating the total charge are divergent when taken sepa- 
rately. The 6°(a) term is multiplied by an integral which diverges logarithmically at 
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(29) 
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Fig.5.15. (a) The vacuum 
polarization charge density 
pve(r) induced by a posi- 
tively charged external point 
source. It consists of a pos- 
itive part localized at the 
position of the source and 
a negatively charged ex- 
tended polarization cloud. 
(b) Schematic drawing of the 
electron-positron pairs in- 
duced in the vacuum around 
an extended positive source. 
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the upper boundary ¢ — oo. The negative charge cloud at small distances behaves 
as 


2am? 1 f 
pW) =Ze=—— fag ( + sa) Vena! 
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which also can be deduced by applying the radial Laplace operator to (22). The 
integral of p\,'(r) thus diverges logarithmically. 


Additional Remarks. The Uehling potential and the corresponding vacuum charge 
distribution can also be calculated for an extended source. In this case pyp is a 
smooth function and no divergent quantities are found. We consider an electrostatic 
spherically symmetric source 


Jo@) = p(r)=—Zeh(r) , (31) 
where h(r) is a smooth distribution function which is normalized according to 


[oe] 


/ d*x h(r) = 4r i drrh(r)=1 . (32) 
0 
The vacuum polarization potential at « then is obtained by folding the point-source 


Uehling potential with the extended source distribution. In momentum space this 
folding corresponds to a simple multiplication. According to (7) we have 


VP d? iq-x 4 A 

A@) = [GA Ta) 5 pea) (33) 
where 

pa) = | dx = a) (34) 


is the Fourier transform of the charge distribution of the source. If p(a) is spher- 
ically symmetric #(q) will depend only on the absolute value of the momentum 
and the angular integration in (33) can be carried out: 


2 i F 
A) == [ala (a?) aad Gs) 


The renormalized polarization function J7® (—q’) is known analytically (see (10) 
in Exercise 5.2), the remaining one-dimensional integral (35) in general has to be 
integrated numerically. 
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As an example let us consider the charge distribution of an extended atomic 
nucleus which can be approximated by the Fermi distribution function’ 


Po 
(ee elr—R)/c H (36) 


pr) = 
The parameter R characterizes the radius of the nucleus while c describes the 
“smearing” of its surface (the limit c — 0 leads to a sharp surface). The function 
(36) can not be Fourier transformed in closed form but f(q) can be expressed in 
terms of a rapidly converging series expansion.’ 

Figure 5.16 shows the Uehling potential induced by the extended source (36) 
for the example of the nucleus 7°8Pb. The following values for the parameters 
were used: Z = 82, R = 6.62 fm, c = 0.549 fm. The dashed line shows the 
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8 Ifa box distribution p(r) = poO(R —1r) is used instead of (36) the induced vacuum charge 
turns out to be divergent at the nuclear surface. 
* 'V. Hnizdo: J. Phys. A21, 3629 (1988). 
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Fig.5.16. The Uehling po- 
tential e4p’(r) induced by 
an extended 7°8pb nucleus 
(dashed line). The full lines 
show the corresponding vac- 
uum polarization charge den- 
sity pyp(r). It is positive in- 
side the nucleus and negative 
outside 


Fig. 5.17. The vacuum polar- 
ization charge density shown 
in Fig. 5.16 here is multi- 
plied by the radial volume el- 
ement, r?pyp. The total area 
under the curve has to vanish 
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Uehling potential e4}* in units of MeV, the full line is the induced vacuum charge 
deduced with the help of Poisson’s equation. The result is consistent with the earlier 
discussed case of a point-like source (see Fig. 5.14): In the interior of the source 
the charge density is enhanced by vacuum polarization. In the exterior there is a 
negative charge cloud (to make this better visible the curve has been multiplied by 
a factor 30 in the figure). The Fig.5.17 shows the radial vacuum charge density 
r?p¥?. The area under this curve vanishes when one integrates up to a distance of 
a few Compton wavelengths. Owing to the small value of a the total positive and 
negative induced charges are very small (OQyp = —Oy; = 0.037e compared to the 


charge of the source O = —82e). 
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5.4 Muonic Atoms 


A very effective method to increase the strength of vacuum polarization is to use 
negative muons (js) instead of electrons as test charges. These particles obey — 
as far as we know — QED as strictly as electrons, differing from them, however, 
by their mass, which is larger by a factor m,,/me = 206.77. They decay by weak 
interaction!? (u- — e~ + v,, + Ve), but can be regarded as nearly stable, if one 
deals with electromagnetic processes, because of their long lifetime of 2.2 x 10~°s. 

Today muon beams can be produced in particle accelerators without great effort. 
Bombarding a target with high-energy protons produces 7 mesons, which decay 
into muons and neutrinos (t~ — yz~ + v,,) after about 2 x 1078s. Afterwards the 
muons are decelerated by collisions in matter. Finally a muon that has become 
sufficiently slow can be “captured” by an atom. Usually it is first captured in one 
of the outer shells (the main quantum number n is typically 14), from where it then 
goes down to the Is level by a cascade of radiative transitions. In contrast to the 
free decay mentioned above it is then mostly captured by a proton of the nucleus 
(u- +pt —+n-+v,). The cascade only needs a time of about 10-°...107!2s, 
which is very fast compared to the lifetime of the muon. In the transitions between 
the outer shells predominantly electrons are emitted (Auger transitions) while the 
transitions between inner shell orbits occur via photon emission. The X-rays that 
are emitted by these processes can be measured with high precision. 

Muonic atoms are of particular interest for QED because the bound states are 
highly localized owing to the large muon mass. Indeed, the Bohr radius (with 
Fe al) 


CE 
“B my(Za) ” (1) 


is by a factor me/m, smaller than that of electronic atoms. It can therefore easily 
become smaller than the Compton wavelength of the electron A, = 1 /m., which 
is the typical scale of vacuum fluctuations. Figure 5.18 gives an impression of the 


This is fully discussed in W. Greiner and B. Miiller: Theoretical Physics, Vol. 5, Gauge 
Theory of Weak Interactions (Springer, Berlin, Heidelberg, New York 1993), 
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relevant scales in a heavy muonic atom. Here r,, stands for the nuclear radius; ae 
and ae are the Bohr radii of muons and electrons, respectively. 
Muonic atoms therefore are the ideal tool for examining vacuum polarization. 


The simple estimate of the energy shift (5.58) is modified to 


Ame : 
AS Sey eT (=) (2) 
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This follows immediately from (5.57). This simple approximation is not, however, 
sufficient to obtain adequate precision; one must use the exact form of the Uehling 
potential of Exercise 5.3, which requires a numerical integration. 

Interestingly it turns out that the energy shift in muonic atoms is nearly ex- 
clusively due to vacuum polarization, in contrast to the Lamb shift in (electronic) 
hydrogen. The high precision of measurement even makes it possible to see con- 
tributions of higher order in Za. This is demonstrated in Table 5.1 for the example 
of a transition in muonic lead. 


Table 5.1. Contributions to the 599/27 — 
4/52 energy difference in eV in muonic 


lead 

Dirac energy EDD B39 se 2 
VP aZa Uehling P05) ae Il 
VP a’ Za 15 

VP a(Za)"=? =a 

VP a*(Zay 1 
other corrections Ose 2 
electronic shielding —82+4 
sum theory 43133646 
experiment* 43133148 


* T. Dubler et al.: Nucl. Phys. A294, 
397 (1978). 


The excellent agreement between theory and experiment is remarkable. This 
does not only confirm the (dominating) contribution of the Feynman graph of 
Fig. 5.10b, which is of the order of magnitude of aZa: additionally, higher-order 
corrections to the photon propagator are confirmed, the graphs of which are dis- 
played in Fig. 5.19. Note that the particles generated in the loops are electron— 
positron pairs. The contribution of pot p~ pairs is much smaller. (If there were 
only muons, we would of course have the same situation — except for the finite 
nuclear radius r,! — as in electronic atoms, only the scale of energy would be 
enlarged by a factor of m,,/me.) . 

The dominant higher-order contributions are due to the graphs that describe the 
multiple interaction of the ete- loop with the field of the nucleus, 1.e. a(Zay’, 
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Fig. 5.18. The relevant length 
scales in a muonic atom 
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Fig.5.19. Typical higher- 
order vacuum polarization 
graphs contributing to the 
binding energy in muonic 
atoms 
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a(Za)°, etc. (because of Furry’s theorem only odd powers contribute). Very ex- 
tensive calculations are required to determine these higher-order contributions. 

We remark finally that in heavy muonic atoms it is essential to take into account 
the finite extension of the nucleus. In particular, the lower orbitals do indeed pass 
through the interior of the nucleus to a large degree. Muons are therefore a sensitive 
probe for determining nuclear charge distributions and deformations. 
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5.5 Gaussian Integrals 


In the following we prove an integral formula needed in the calculation of radiative 
corrections: 


a 


/ d*k exp |i(ak? + 2b -k)] = =a eXP (—ib?/a) (1) 


for a > 0. Equation (1) is split into four cartesian single integrals. The one- 
dimensional integral 


/ Coe [i(ax? -f 2bx)| (a > 0) (2) 


—co 


is subject to the transformation 
ib? 


[+1 ae 
= —— i) 
i ae i(ax* + 2bx) au ae (3) 
1.e, a rotation by the angle —7/4 and a shift of the origin, which transforms (2) 
into a standard Gaussian integral: 


/ dx exp [i(ax? + 2bx)] = = 


tee 
= +2 Few (-ib?/a) (4) 


du exp (—au”) 
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Owing to the Minkowski metric in (1) we also need the complex conjugate relation 


oo 
% _ 1-1 a oD 
i exp (—i(ax* + 2bx)) dx = 1S Fe (+ib*/a) . (5) 
The four-dimensional integral (1) then reads 
/ d*k exp [i(ak? + 2b - k)] 


2 oO 
- / dk exp [i(akj + 2boko)] | | / dk; exp [—i(ak? + 2;k;)] 
i=l, 


+i (1-i\ # 
= = ( =) = exp |—i(63 - b)/a] 
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5.3 Self-Energy of the Electron 


Just as the propagator of the photon was modified by the creation and subsequent 
annihilation of a pair, so also will the electron propagator be modified by the 
process where by a virtual photon is emitted and reabsorbed. We want to calculate 
how the undisturbed electron propagator 


i 


i ——— 5.02 
BaP) po—m+ie CS 
is modified by the Feynman graph of Fig. 5.7b. In order e* we obtain 
ise = a. 
iSE(p) ate (5.63) 
= iSp(p) + iSr(p) (—12(p)) iSF(P) 
Here the self-energy function 
d*k —Ani i 
i =(-ie? | —=>—- 7" 5.64 
a Jo ene! eerie 2 oc) 


has been introduced (compare (5.3)). X(p) is a 4 x 4 matrix in spinor space, in 
contrast to the polarization Lorentz tensor IT,,,(q). One can decompose it into terms 
proportional to the unit matrix Il and to p. However, the following decomposition 


is more convenient: 


Mathematical 
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S(p)=A+BY-—m)+ U%pyp—my , (5.65) 


which in a sense corresponds to a Taylor expansion about the point f? = m. The 
constants 4, B and the residual term X/®(p) should not contain any -y matrices. The 
last term in (5.65) contains terms proportional to # = p*, proportional to 7, and 
proportional to m?. Such terms do of course already occur in the first two terms of 
(5.65). What is new about the third term is that these factors are multiplied with a 
momentum-dependent function (residual function) ©®(p). Before we perform the 
explicit calculation of (5.64) we examine the meaning of the first two contributions 
in (5.65). Using the identity (5.9), the “chain approximation” of (5.63) can be 
immediately summed up as a geometrical series. Similar to the photon propagator 
(5.10) this yields 

yes 1 

ISp(p) = = eae . (5.66) 
Not only is (5.66) approximately valid up to order e, but it exactly sums up all 
graphs with arbitrarily many single photon lines put one after the other (the “chain 
approximation”). 

Let us now have a look at the modified propagator in the vicinity of = m. This 
loose manner of speaking means that actually we are looking at matrix elements 
of Sf between spinor wave functions that are on mass shell p? = m?. Since the 
free spinors obey the Dirac equation (f — m)u(p) = 0, in the transition operator 
one can set # = m, if # acts directly on a free spinor. This replacement would not 
be allowed for bound electrons, for which pu(p) # mu(p). 

From (5.66), together with (5.65), we get 
Re i 
OS = Ga ae eae 

1 
“(=p lt ar 
ee (Se Ei 
~ G-m—A\I -G—m)Z®(p)) + ie 


Here 4, B, X® were treated as small quantities of order e2, and terms of higher 
order were neglected in several instances. In the first transformation, for instance, 
products like AB etc. have been dropped, and in the last line we have set (i=8)"' = 
| + B. Near the mass shell we can obviously neglect the momentum-dependent 
correction ( — m)2/®(p). Then the modified electron propagator reads simply 

i(1 +B) 


(5.67) 


or 
iSp(p) ~ Zp iSp(p,m + m+6m)_ , (5.69) 
where the electron renormalization constant 
GAVAP (5.70) 


and the self-energy 
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ém=A (5.71) 


have been introduced. The latter shifts the pole of the electron propagator from the 
value m to m + dm. This means that the electron, which originally had the bare 
mass m, now moves with the physical mass 


m=m+ém i, C7) 


if one takes into account the interaction with the self-generated electromagnetic 
field. Since it is completely impossible to switch off this interaction, the quantities 
m and 6m separately do not have any physical significance, just as the bare charge 
had no physical significance in the case of charge renormalization (5.46). All ob- 
servables, i.e. S-matrix elements, contain the renormalized mass mp ~ 0.511 MeV. 
Thus we need not worry too much about the fact that 6m will again prove to be 
a divergent expression. An analogous role is played by the factor Z given by 
(5.70). It multiplies all electron propagators that occur in a diagram. Since internal 
electron lines are always located between two vertices with the factor (—ie7,) one 
can perform a charge renormalization to absorb the factors Z), namely 


e=De . (5.73) 


In contrast to (5.46) there is no square root involved here, because there are always 
two electron lines that share a factor of e. The renormalization of the external lines 
again requires special consideration. Application of Feynman’s rules to an external 
electron line of an arbitrary graph causes the self-energy replacement 


u'(p) = u(p) + iSp(p) (—iZ(P)) u@) (5.74) 


ce 
Zi u(p) Las -i5Q) ulp) 


1 


according to the graphs of Fig. 5.20. The direct application of this formula results 
in an undefined expression of the form (¢ — m)~'( — m)u(p). However, since 
we know how to renormalize the propagator S/(p), and since according to (2.24) 
the latter is a quadratic function of the field amplitudes, we must perform a wave- 
function renormalization, 


u'(p) = JZ, up). (5.75) 


In the calculation of the matrix element of any Feynman diagram of arbitrary 
complexity the renormalization constant cancels out. Let us consider a graph of 
order n containing ne external electron (or positron) lines. It is easy to see that 
there are n — n,/2 internal electron lines, each of which must be renormalized 
according to (5.69), taking into account the electron self-energy. This yields the 
renormalized matrix element 


Mf ~ (Zp)? 4/Za Mp = ZEMp (5.76) 
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Fig. 5.20. Renormalization of 
an external fermion line 
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which coincides exactly with the result one obtains by the renormalization of the 
electron charge according to (5.73) at each of the n vertices. 

After these general considerations we are left with the task of explicitly calcu- 
lating the self-energy function ¥(p) and of identifying the terms of the expansion 
(5.65). As already mentioned, by counting the powers of k the integral (5.64) is 
linearly divergent; it must thus be regularized. However, (6.54) has the further 
problem of diverging at small values of k, too. For the time being this is not 
obvious; however, it will become clear in the following. To avoid this so-called 
infrared divergence we (just formally) attach a small mass yz to the photon. With 
this modification the self-energy function reads 

ae | ak I 1 b-H+m 

“(p, 4) = —4mie Coase Gao sii 
(In the end, physical observables have to be calculated in the limit p — 0. A 
detailed discussion of this problem will follow later.) In this way we will be 
prepared to face possible problems with the integrand of (5.77) for k — 0. 

To calculate (5.77) we again introduce the parameter representation (5.22) of 
the propagators. The numerator can be simplified according to the rules of the 
Mathematical Supplement 3.3, y4(¢ — # +m)yp = —2p + 2# + 4m. We remind 
the reader again of the idea of that short calculation: y“pfy, = p’y* an = 
pe Ypty + 29uv) = —Y" Yup + 2 = —4p + 2p = —2p. If we again replace 
the factor proportional to k by a differentiation according to (5.24), we finally get 
the self-energy function, regularized by the Pauli—Villars method: 


(5.77) 


S(p, pw) = 4rie? [ec ice (-29 - Dig oe 4m 
0 0 
d‘k 
x / nyt (exp {ilor(k* — p*) + a2((p — k)? — m’) 


(5.78) 
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a) 
Evaluation of the & integration is possible with Gauss’ formula (5.26): 
d*k : 2 2 I 
——_ --- = exp /1{-—a + = 2.) nr 
x exp [—i(—2ap + zy /A(ay + a2)| 


After having performed the z differentiation and a trivial transformation we get for 
(5.78) 


ee) ie.) 
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= e 1 Oy 
SiG) oe ee ee 
(P 1) =| ed / e2 (a; + a2)? {( us ay + =) 
0 0 


5 12 3) 2 zi 
x = = 
exp i( ae Oy Lb a2gm | aE ree} : (GR) 


[e.@) 
If we introduce again the factor 1 = f da5(@ — a) — a2) of (5.33) and perform a 
0 


scale transformation according to a; = 0(;, we get 
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0 


(5.80) 


Obviously the 9 integral is /ogarithmically divergent at the lower boundary. To 
regularize it, it is sufficient to subtract a single term in the integrand (C; = —1), in 
which the photon mass yp is replaced by the large cutoff momentum p, = A, ice. 


Q 


fd 
T= i Q {exp [io(B1 Bop? = Bry oe Bom*)| — exp (—iof, A’) } (5.81) 
0 


where in the second exponent all other terms have been neglected compared to the 
large A*. The integral can be solved by use of the formula 


CO 
/ ag (citi tie) _ gietertie) jy (5.82) 
Q Z| 

0 
In connection with (5.35) we showed how this result can be obtained by performing 
the limit lim i ---, Then the regularized self-energy function reads 

oe 
a oe BA? 
Sp, ps, A = / 4 2m — B Vn | ae (5.83) 
may” a = pnt AP Sao 
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If the momentum vector is time-like an effect that already showed up in the 
polarization function IT®(q) of (5.39) occurs here again: If p* is sufficiently 
large, the argument of the logarithm in (5.83) obtains a zero, which moves 
into the region of integration @ € [0,1]. An examination of the quadratic form 
(1 — B)m? + By? — BC — B)p* shows that this happens if p* > (m + yp)’. If the 
squared momentum passes over this threshold, X'(p, 4, A) gets an imaginary part. 
Physically this must be understood as the possibility of a virtual electron decaying 
into a real electron and a real photon, just like in Sect.3.3 (Bhabha scattering), 
where a virtual photon turned into a real electron—positron pair. At p* = (m+ 1)’, 
therefore, ©(p, 1, A) is a nonregular function. Thus the expansion intended in (5.65) 
is only possible if the fictitious photon mass p is not set equal to zero! The reason 
for the difficulties in the case 4 = 0 is obviously due to the fact that an electron 
that is arbitrarily close to the mass shell is still able to emit real photons (with 
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accordingly large wavelengths) and that for this reason it is not at all possible to 
consider an isolated electron without a radiation cloud. We will therefore keep ju 
finite and only at the very end will we perform the limit to the physical value 
0) 

The complete solution of the integral (5.83) is rather difficult. 1 We want only 
to identify the constants A and B of (5.65). The mass correction 6m pests from 
the calculation of the self-energy function on the mass shell, ¢ = m, p? = m? (in 
the sense discussed above: sandwiching between free spinors u(p)): 
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In the limit 4 — 0 this integral converges to a finite value, so that we can set 
p. = 0. Splitting the logarithm yields 


1 
2m A 
= — | dB2Q—- 8) |InB-—2Ind — 6)+In— : (5.85) 
oF op 
0 
With the aid of the elementary integral 
1 
] 
dx x” Inx = -——— 
/ oe hale Ww eDe (5.86) 
0 
it follows immediately that 
Oe = fee In te + 
Ar m2" 2 i cD 


The renormalization constant B results as the first term in the Taylor expansion of 
3), With (5.83) and p? = p” 


== / dp [tn ee 
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"Tt can be found in R. Karplus and N.M. Kroll: Phys. Rev. 77, 536 (1950). 
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The first integral is solved just like (5.85); here we can set ju = 0 without penalty: 
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= | 286 [In 6 — 2 In(1 — B)+1n A? /n?| = ie + ~In— 
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The second part can be approximated in logarithmic accuracy by 


2 - By u (2 - A =) 
a ee 2 fe oe oa ae 


where the cutoff term in the denominator has been replaced by a reduction of the 
upper bound of the integral. With the substitution ¢ = 1 — B we get 


l 


fe 
ne-2 far (2-1) in a1 
m 


p/m 
and thus 


6 fla jie 

Atk =] ae (0% =e lhe nts+7) : (5.89) 
We finally remark that the mass renormalization 6m (5.87) and the renormalization 
2, of the electron propagator (5.89) are only weakly, that is, logarithmically, diver- 
gent. The counting of the powers of & had led to the overly pessimistic prediction 
of a linear divergence. 

Except for that, the renormalization constant Z) has very unpleasant features. 
It is infrared divergent for zero photon mass and in addition depends on the gauge 
of the photon field. If we had used instead of the “Feynman gauge” another form 
of the photon propagator (cf. Chap.4), we would have got a result for Z different 
from (5.89). This is not true for the mass renormalization 6m, which is gauge 
invariant. In the next section we shall see that this twofold ambiguity of Z) has no 
harmful consequences. 


5.4 The Vertex Correction 


As the last of the radiative corrections fundamental for renormalization we examine 
the change of the vertex due to a virtual photon as depicted in Fig. 7a. According 
to the Feynman rules the factor —iey,, is replaced by 
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= —iey, — ieI,(—p',p) (5.90) 


with the vertex function (cf. (5.2)) 
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This momentum loop again leads to a (logarithmically) divergent integral and 
must be renormalized. Additionally we have providently introduced once more the 
fictitious photon mass jz, in order to be able to handle a possible infrared divergence. 

Although a complete evaluation of the vertex function I’,(p’,p) is feasible, it 
is quite demanding. We therefore restrict ourselves to the important special case 
that the electron lines of the vertex “lie on the mass shell”. By this we mean that 
at the end of the calculations a matrix element of the form a’(p’)I,.(p’,p)u(p) 
between free spinors is to be formed. The following calculation is valid only under 
this condition,!* although we will not always write down these spinors in what 
follows. This condition permits us to replace p’ — m when acting to the left and 
7p — m when acting to the right. 

Now we decompose I),(p’,p) into a sum of the limit for zero momentum 
transfer g = p’ — p = 0 (“forward scattering”) and the remainder 


Dp’, p) =Uu(p,p) + (Lp, p) — Lup, P)); 
=I,(p,p)+IE@',p) . (5.92) 


When constructing the forward-scattering part we do not have the vector q,, at our 
disposal (it is equal to zero); therefore I,(p,p) can only be proportional to 7, of Py. 
The matrix elements between free spinors of both of these operators are, however, 
simply proportional to each other, if the momentum transfer vanishes, and can thus 
be transformed into each other. This follows from the Gordon decomposition of 
the Dirac current 


= cre 5 

(p'yuuld) = HPP + Pu + iow" =p) ]u) (5.93) 
It is thus sufficient to use only ,,. This leads us to the ansatz 

Tpp)=ly (5.94) 


L will soon prove to be a constant that diverges logarithmically in the cutoff 
momentum A, while the remainder of the vertex function, namely ONG »P) 1S 
a well-defined finite expression. One can easily understand this assertion if one 
expands the first electron propagator in the integral (5.91) at fixed momentum p 
according to the operator identity (5.9), that is, 
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'2 Explicit expressions for J, assuming that one or both electrons are on the mass shell are 
given in A.J. Akhiezer, V.B. Berestetskii, Quantum Electrodynamics, Wiley-Interscience, 
New York, 1965. 
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The first term, which is independent of Pp’, is proportional to |k|~! for large values 
of & and is the reason for the logarithmic divergence of the integral (5.91). On 
the other hand, the following terms of the series, which vanish as p’ — p and 
therefore lead to Up! ,P), have higher powers of k in the denominator and render 
the momentum integration convergent. Since the electric charge is measured by 
scattering with low momentum transfer, the replacement 


le), = ley, — ely, + O(@) (5.96) 
makes us expect that one further charge renormalization will be necessary, namely 

C= ice (5.97) 
where by convention the renormalization constant Z, has been introduced; 

Ly =D (5.98) 


The divergent part I,(p,p), however, can be traced back to an already familiar 
result without any calculation. To do this, we differentiate the electron propagator 
Sp = (f —m +ie)~! with respect to momentum. Because of SF (p)Sz'(p) = 1 we 
obtain, according to the product rule, 


O # 0 
dpe (p)- SE '(p) + SP)a a =e) =O, 


Or 
= Se(p) = —SrP)YSe@) - CL) 
12) 


The differentiation of the electron propagator with respect to momentum thus cor- 
responds to the introduction of a vertex with zero momentum transfer, as indicated 
in Fig. 5.21a. Obviously it is then also possible, according to Fig. 5.21b, to relate 
the vertex correction with q = 0 to the diagram of self-energy through a simple 


differentiation: 
(a) gel (b) q=0  Fig.5.21. Illustration of the 
3 Ward identity 
Op# Yu Op* | 
g (5.100) 
L(p,p) = Sos 2 


This follows immediately by application of (5.99) to the self-energy function (5.77). 
Equation (5.100), which is called the Ward identity,’ has far-reaching conse- 


quences. . 
If one differentiates the expansion of the self-energy function (5.65) with respect 


to the momentum vector, one gets 


'3.C. Ward, Phys. Rev. 78, 182 (1950). 
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Dai =I.,Pp,p)= oe —By,, + OG — m) : (2001) 
On the mass shell 
L=—B , andthus Z,=2 . (5.102) 


The renormalization constants of self-energy and vertex correction are thus exactly 
equal and simply cancel each other! According to (5.46), (5.73) and (5.97) the final 
charge renormalization is 


g=2, 2/ae—VAe 5 (5.103) 


which includes the effects of vacuum polarization, self-energy, and vertex correc- 
tion. Since we consistently include only corrections of order e*, the multiplica- 
tive treatment of the individual corrections is justified, because in lowest order 
(een ee) = eee) ire) 

The result (5.103), which states that charge renormalization is solely due to 
vacuum polarization, is most satisfactory. This is because the resulting renormal- 
ization of charge (5.103) in contrast to (5.73) and also to (5.97) does not depend 
on the fictitious photon mass js and the gauge chosen, which indeed were both 
chosen at will. Yet the Ward identity has a much more fundamental significance: 
it ensures the universality of the electromagnetic interaction. The reason for this 1s 
that self-energy (Z2) and vertex correction (Z;) will look different for each charged 
particle (e, j, p, «+ -). Equation (5.103), however, ensures that the renormalization 
of charge does not depend on what species of particle one is dealing with, but that 
it is only a consequence of the photon propagator being modified by virtual pair 
creation. Thus if the bare charges e of two elementary particles are equal, the Ward 
identity (5.103) ensures that the physically observable charges eg are equal too. If 
the Ward identity did not hold the bare charges would have to differ by exactly 
the amount which ensures that the difference due to renormalization 1s cancelled. 
This is absurd! — The measured elementary charge e is a universal constant. A 
remarkable result of quantum electrodynamics is the fact that this property remains 
true in all orders of perturbation theory (we have restricted ourselves to the lowest 
nontrivial order e). 
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5.6 The Form Factor of the Electron 


We want to study those physically observable consequences arising from the re- 
placement of the vertex factor —iey,, by the complex expression (5.90), which 
has the form —ie(y, + I,(p’,p)). As we did in our general considerations of the 
previous section here the electron will be approximately regarded to be free (i.e. 
on the mass shell). 

To evaluate the momentum integral (5.91) we first simplify the numerator which 
will be called X. Since the vertex function is to be located between free spinors, 
we have i(p’)(’ — m) = 0, ( — m)u(p) = 0 and can replace p’ — m,7 — m. To 


5.4 The Vertex Correction 


be able to do this, however, one must place the matrix p’ totally at the left and the 
matrix # totally to the right, so that each stands adjacent to its eigenspinor. Using 
the commutation rules of the Dirac matrices we get 


X= 7 —H +m)y,G —H+m)y 
=F hm)” 2p hy lp +H +m) + 2p — by | 
= [#y" + 200" — 8) Jule +20 — my) (1) 


This expression can be transformed into 


X= 4{ [0-1 (P-K)-B/2)4+0' +p — bya —mk,} (2) 
The vertex function thus reads 


d*k 
Q —_ Ee 
IE Gp Pp) = —4 x 4mie / Ony 


. Yul(p! — k)-(p — k) — ke? /2] + (o' +p — bk) — mk, 
(k2 — p2 + ie\(k2 — 2p'-k + ie\(k2 —2p-k+ie) 


(3) 


where in the denominator again the mass-shell condition p? = p” = m? and 
k? = 2 was used. Obviously the evaluation of this integral is rather laborious. 
However, one can employ the methods already used in the calculation of vacuum 
polarization and self-energy. For this reason we shall pass more quickly over the 
intermediate steps. 

Again one can introduce the integral representation of the propagator (5.22), 
where now because of the three propagators in (3) three parameter integrations are 
required. Using the Gaussian integral (5.26) we get the identity 


atk (ik z) ee EEE Eee 
(nyt XP 7) (2 2 + ie\(K2 — Ip! k Lie? — 2p -k +e) 


CO 
lf eeidlendes | a eae 
~ (4n7P J (ay ta2 +03) a, tar +03 
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(4) 


The momentum factors k in the numerator (3) can be converted into a differentiation 
of the exponent with respect to the auxiliary variable z, as in (5.24). Thus one may 
replace k exp (ikz) = —i0/0z exp (ik -z), which leads to 


—z/2 + p'a2 + pay (5) 
St. 
Q; +Q2+ 33 


Finally the integral (3) assumes the form 
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x exp | fia et 
Here q = p’ — p denotes the momentum transfer. In the derivation of (6) we used 
p? =p” =m’,p'-p =m? — q’/2 several times, for instance in order to obtain 


(p'on + pas)” = m*(a +03)" — 470203 
In addition we replaced  — m, p’ — m. A further trick was to make use of the 


symmetry of the integrand under the exchange of a2 and a3. Terms like 


[e.@) 


[ aeadas(as — a3)f(02,03) , 

0 
with a symmetric function /(a2, 03) = f(@3, @2), are equal to zero. The term i/2 in 
the fourth line of (6) is due to the factor k?, because in the twofold differentiation 
(—10/0z) of (4) the product rule must be applied. The argument of the exponential 
can be made real and negative by a rotation about —7/2 in the complex a; plane. 
To this end we take into account that the momentum transfer to a free particle is 
space-like, g* < 0. One can thus substitute 


OU ee? —1Q; (7) 
and afterwards have the integration extend to +00 again on the real axis. Addition- 
ally, as in (5.33), we introduce an auxiliary integration with respect to a variable 
o according to 


[oe] 
J 4080-4 - 03-03) = 1 5 (8) 
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The vertex function (6) then reads 
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Now an exchange of the order of integrations follows, and afterwards a scale Example 5.6. 
transformation a; = e@;, so that we finally get 


er 
Tyle',p) = -< f dPidPraps6(1 - Ar — Be ~ Bs) 
0 
/ i! a 
x | de Ww) PP — 5(ha + Bap + p’) 
0 


l l m 
75 [m?(G + 23)” — osq7] — =} So rag + pV Bi(Bo + 6) 
x exp{—o[—(o)3q7 +(h+hsym? + Biy7]} . (10) 
The o integral has a part that is logarithmically divergent because of the term 
Yn(—1/(2e)). We know from (5.102) that such a divergence occurs. Regularization 
is performed according to (5.92) by subtracting the term for forward scattering 


(q = 0): 
(one) Ui p)— Sip) CU 


Strictly speaking we would have already been obliged to take this into account in 
the derivation of (10), in order to justify the formal manipulations. 

We want to represent the regularized vertex function in a more clearly arranged 
form. Therefore we write 


i 
Pi@'sP) = WwiG?) + sow 9g" Faq’) - (12) 


This is exactly the ansatz we had found in Exercise 3.5 by general considerations on 
the interaction of a photon with a spin-1/2 particle. The functions F\(q”) and F2(q’) 
are called form factors. Obviously the electron gets an apparent internal structure 
by the interaction with the virtual radiation field and differs in its behaviour from a 
pure Dirac particle. The form factors in (12) can be re-expressed by integrals over 
the @ variables. To obtain the form given in (12) we use the Gordon decomposition 


Tp’) = AO’) (@ + Pn + iowa”) ue) (13) 


The integration over g is easily done. For the first form factor we obtain 


e T 
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The logarithmic integral originates from the 1/@ term in the integrand. We used 
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In a similar form this leer occurred in C2) and (5.82). ine Deedes p'-p 
has been replaced by m°? —q7/2, because g° =p —=—p)) = pep 
2m? — 2p’ - p. The term m?,(G + (3) in the numerator of the first term of UE) 
follows from (m/2)(p + p’) 61 (2 + 83) by replacing (p +p’), = 2m yy, —ioyrgq”. 

The result for the second form factor is less involved. There is no need to 
regularize and the result is 


F,(q?) = e / d rd yd B35(1 — 6, — Ba — Br) 
0 


. m? Gi (B + Bs) 
m?(8y + 83)? + Bip? — BoAsq? 


We do not want to go into the details of the general evaluation of the integrals (14) 
and (16), which is fate difficult. A simple result is obtained in the limit of Jow 
momentum transfer, q? — 0, which is also of special physical. significance. The 
form factor F.(q’) can be calculated immediately. Since no infrared divergence 
occurs, we set y.? = 0. Equation (16) then reads 
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(16) 
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(17) 


In the limit g? — 0 the function F\(q*) contains a divergent part, which leads to 
charge renormalization and which is eliminated by the regularization in (14). We 
obtain in the lowest nonvanishing order 


Og: m 3 
BU) a, (in >) (18) 
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which can be checked by the elementary but rather Icngthy integration of (14). Thus 
a logarithmic divergence occurs, similar to the case of the self-energy graph (5.89). 
The regularized vertex function I" Me ,P) for free spinors and low momentum 
transfer is now completely determined by (12), (17), and (18). 

To understand the physical consequences of this result, we examine the inter- 
action energy of an electron with a static external electromagnetic field Ae ust as 
iim xercise 3.5: 


W = f da igen 


=P ax re / WTiy « vo lu 
== AY py! Deas WD Pate 4 We Yo alee 3 (19) 


WT 


Here the graphs (a), (b) and (c) of Fig. 5.22 were added. They all contribute to the 
interaction of a fermion with an external field. 


~~ *. 4 a ot mk 
(a) (b) (c) (d) 


The self-energy correction can be left out, because for free particles it only 
contributes to charge and mass renormalization. This is so because free particles 
are on the mass shell, so that the term ®(p)( — m)? in (5.65) does not contribute 
because of # = m. Insertion of (17) and (18) as well as (5.18), (5.41), and Df? = 
—4ng’? /q? yields for small values of q? 
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where the term —1/5 results from vacuum polarization (5.41). Using the Gordon 
decomposition this can be written as 
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Since we are interested only in slowly varying (‘quasistationary’) fields, the cor- 
rection proportional to q° in the last term was dropped. The momentum factors can 
be transformed to gradients in configuration space: q,, — i0, acts on the photon 
field and pi, = —i0,, Py = 10, act on the spinor field to the left and the night, 
respectively. This leads to 
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Fig. 5.22. The graphs (a—c) 
contribute to the interaction 
of a fermion with an exter- 
nal field 
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The first term contains the ‘convection current’ of the electron, which interacts 
with the potential. In the special case of a purely magnetic field the second part 
can be identified as the magnetic dipole energy. To see this, we introduce the elec- 
tromagnetic field strength tensor F#” = 0#A”— O” A” and use the antisymmetry 
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In the case of a purely magnetic field F'* = —B?, o)2 = 3 and cyclic permuta- 


tions. Thus the interaction energy becomes 
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Here we have for once also written down the natural constants ft and c. The factor 
his due to gq — ihd, and the c is due to the Gordon decomposition, which strictly 
speaking contains the factor 1/2mc. As is to be expected, the magnetic moment is 
thus proportional to the spin expectation value of the electron. In units of the Bohr 
magneton jig = ef /2mc the proportionality factor (Landé’s g factor) is 


1 
g=2(1+52) ~ 2(1+0.00116141) . (26) 
TV 


The difference of the g-factor from 2 is called the anomaly of the electron. It is 
one of the most important predictions of quantum electrodynamics and since its 
first calculation by Schwinger" it has been measured with impressive accuracy. A 
modern experimental value is!° 


Gexp = 2(1 + 0.001 159652193), (27) 


where only the last digit is uncertain. 

Obviously Schwinger’s prediction is perfectly confirmed within the range of 
validity of second order. To understand the result (27) completely, higher-order 
terms must be taken into account. In Fig. 5.23 we show the graphs of fourth order 
(a’). One finds that only the five diagrams (a—-e) contribute to the magnetic mo- 
ment. In sixth order 72 Feynman diagrams contribute. With increasing accuracy 


‘tJ, Schwinger: Phys. Rev. 73, 416 (1948) and 76, 790 (1949). 
'SR.S, Van Dyck, Jr., P.B. Schwinberg, H.G. Dehmelt: Phys. Rev. Lett. 59, 26 (1987). 
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of measurement 891 Feynman diagrams of order a* have to be calculated and a 
number of further corrections (virtual hadron creation!) must be taken into account. 

The pure-QED contributions usually are represented by the coefficients C; of 
a power series in a/m which turns out to be the natural expansion parameter for 
this problem: 


aie = 2 +O) +0(=)'+a(=)+...| (28) 


Above we have evaluated Schwinger’s second-order term C, = 1/2. It took nearly 
a decade to obtain the correct analytical expression for the fourth-order coefficient 
which reads!° 


C, = +5 —3 In2)¢(2) + 3¢(3) 
Nee 47sO05 4. = (29) 


Here C(n) = 14+27-" +37" +... is Riemann’s zeta function. At the time of writ- 
ing many, but not all, of the sixth-order graphs have been calculated analytically. 
For the remaining graphs (involving overlapping photon loops) one has to solve 
multidimensional integrals numerically. This is also true for the eighth-order con- 
tributions. The following values for the coefficients C; and Cy have been found!” 


C3 = 1.17611 £0.00042 , 
C= 12 20s. (30) 


where the errors result from the statistical uncertainty of the Monte-Carlo integra- 
tions. Using these coefficients the theoretical g-factor is 


Gineor = 2(1 + 0.001 159 652 140 + 0.000000 000028). (31) 


The larget part of the error is caused by the uncertain knowledge of the fine- 
structure constant a. Equation (31) is in remarkably good agreement with the 


164 Peterman: Helv. Phys. Act. 30, 407 (1957); C.M. Sommerfield: Ann. Phys. (N.Y.) 5, 
26 (1958); 

'7 Many of these very sophisticated and laborious calculations have been worked out by T. 
Kinoshita and collaborators. The subject is extensively reviewed in the book T. Kinoshita: 
Quantum Electrodynamics (World Scientific, Singapore, 1990). 
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Fig.5.24. Hadronic correc- 
tions to the anomalous mag- 
netic moment of the muon 
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Fig.5.25. In the standard 
model of electroweak inter- 
action the virtual creation of 
neutrinos, intermediate vec- 
tor bosons Gy and 
Higgs particles @ contributes 
to the vertex function of the 
muon 


expcrimental result (27). This proves most clearly that the “bare” electron is an 
ideal point-like Dirac particle. There are indeed deviations, but they are solely due 
to the interaction with the radiation field, which can be calculated with arbitrary 
accuracy. The observable extended structure is thus no “intrinsic” property of the 
electron. 

The same conclusion is true for the muon. Its (g — 2) anomaly is slightly 
larger than that of (27). This is, however, well understood, because in graphs with 
virtual fermion loops, for instance (a) in Fig.5.23, ete pairs are preferentially 
created by the muon. Therefore the result of the sum is no longer independent 
of the lepton mass. The theoretical prediction is somewhat less precise since the 
hadronic corrections make a larger contribution, owing to the higher energy scale, 
i.e. smaller length scale, of the vacuum fluctuations probed by the muon. 

The presently available theoretical and experimental!® values for the anomalous 
magnetic moment of the muon 


Gm = 21 + .001 165919 + .000000002) (32) 
Gexp = 2(1 + .001 165923 + .000000009)_ , (33) 


are in perfect agreement. The theoretical value, in addition to the QED radiative 
correction, also contains a contribution caused by the virtual creation of hadrons 


Aa (bade i — (70-22) tO ae (34) 


The two graphs responsible for this contribution are shown in Fig. 5.24. Here the 
hatched blobs stand for a multitude of complicated hadronic states coupling to 
the virtual photons. While it is impossible to calculate these processes from first 
principles, their contribution nevertheless can be deduced quite reliably using ex- 
perimental data on the electromagnetic production of hadrons. A further correction 
to the g factor of the muon is caused by the weak interaction. In the Glashow- 
Salam-Weinberg standard model which unifies electromagnetic and weak interac- 
tion there are three (lowest order) additional graphs involving vertex corrections, 
see Fig. 5.25. Their combined contribution has been calculated as 


AG ved) = Ol) 110m aa (5) 


Thus a rather modest increase in the accuracy of (33) and (34) will allow a check of 
the prediction made by the standard model. Finally we mention that the comparison 
of gi, and géxp also provides information on the existence of new particles,'? on 
the mass of the Higgs boson, etc. 


'8 J. Bailey et al., Nucl. Phys. B150, 1 (1979). 
J. Reinhardt, A. Schafer, B. Miiller, W. Greiner, Phys, Rev. C33, 194 (1986). 
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5.7 The Infrared Catastrophe 


The result (18) of Example 5.6 for the form factor F;(q*) of the electron is obvi- 
ously incomplete. The expression is infrared divergent, i.e. it increases infinitely if 
the fictitious photon mass jz tends to zero. In order to understand this apparently 
absurd behaviour we recall another process, in which an infrared divergence oc- 
curred: The process of bremsstrahlung, discussed in Sect. 3.6. The scattering cross 
section for the emission of photons calculated there diverges, too, if the emission 
of arbitrarily soft photons is taken into account. We shall now show that these two 
divergences cancel each other and that the result 1s independent of the photon mass 
jt, which had been introduced, after all, only as a means of computation. 

Indeed, it is not sufficient to sum up only the graphs of Fig. 5.22 in order to 
describe the scattering process of the electron. In addition to the purely elastic 
scattering there is also the possibility of inelastic scattering, in which a photon of 
frequency w is emitted, and the outgoing electron correspondingly has a somewhat 
reduced energy. The crucial point is now that every experimental apparatus has only 
a finite energy resolution AE. The emission of a photon with w < AE thus cannot 
be detected. Purely elastic collisions and collisions in which photons with a very 
long wavelength are emitted are nondistinguishable, and consequently their cross 
sections must be added. This is sketched in Fig. 5.26. The scattering amplitudes of 
the graphs corresponding to elastic scattering as well as to the bremsstrahlung of 
a photon are summed up coherently, while both contributions must then be added 
incoherently (because the quantum-mechanical final states are different). The sum 
must then be taken over all photon energies from the lower bound y up to the 
value ALE. 
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To describe the correction quantitatively we compare the S-matrix element for 
elastic scattering at a Coulomb potential (3.8) to the corresponding result for the 
emission of bremsstrahlung, (3.193) and (3.201) in Sect.3.6. In the limit w — 0 
we find 


am Ge eee last 
ae eee cee (1) 
ae 4 207 i aa. 


Thus the S-matrix element for elastic scattering at the Coulomb potential for pho- 
tons of long wavelength separates into an expression for the elastic scattering and a 
factor that depends on the photon energy. We can include the latter as a correction 
to the form factor of the electron. To do this we must first sum over the photon 
polarizations \ that are not observed and integrate over the energy: 
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Fig. 5.26. Processes in which 
photons with long wave- 
lengths are emitted which 
cannot be distinguished from 
elastic scattering 
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The polarization sum can be evaluated with the aid of (3.220) from Sect. 3.6: 
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Now we restrict ourselves to the nonrelativistic limit |p|, |p'| < m. Noting that 


p-k=Ew-—p-k=my,/1+4+|pl*/m2w—-—p-k 
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and analogously for p’- k, we neglect terms of higher than second order in |p|. 
With the momentum transfer gq = p'— p (4) reduces to 
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Se la| i -“ =| (5) 


- 2wV mw? |q|2w2 


Now the integration over the photon energy in (2) is performed, taking into account 
|K|? = w? — pw? and |k|d|k| = wdw: 
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This integral can be evaluated with the aid of 
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The result is (uu << AE) 
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This result has to be combined with the form factor due to the virtual radiation Example 5.7. 
corrections according to Fig.5.26. Denoting by F\(q?) the square-bracket factor 
from Example 5.6, (20), we get 


LFt(g2)|° == [Fi(q?)|? + / dN, \FP*(q2, EP 
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In the last step only the contribution of lowest order in a has been taken into 
account, to generate the ‘infrared-corrected’ form factor F{(q’). The momentum 
dependent part of this function modifies the strength of the interaction at the vertex 
according to ey, > Fi(q*)Yy. 

As we have already said, this expression for the form factor of the electron 
is independent of the photon mass y. In a careful analysis the problem of the in- 
frared catastrophe has turned out to be fictitious. It arises if one does not account 
for the fact that the electron is always surrounded by a “cloud” of photons of 
long wave-lengths, which can be virtual (vertex correction) as well as real (soft 
bremsstrahlung). Inconsistent results are obtained if one tries to separate the elec- 
tron from its radiation cloud, for instance by insisting on a final state without 
photons. It can be shown, in fact, that in every scattering process of charged par- 
ticles an arbitrary number of photons with long wavelengths is emitted. Purely 
elastic scattering does not exist in a theory with massless particles. This origin of 
the infrared catastrophe was recognized very early on.?° In higher orders of per- 
turbation theory the catastrophe can also be removed by combining internal and 
external radiation corrections. 

The energy AE in (8) is determined by the experimental arrangement and the 
result depends on the resolution one has achieved. In particular, in the study of 
high-energy collisions in elementary-particle physics, radiation corrections must be 
carefully evaluated and taken into account in the interpretation of experimental 
results. 
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5.8 The Energy Shift of Atomic Levels 


Besides the (g — 2) anomaly of the magnetic moment, the “vacuum fluctuations” 
predicted by QED show up most clearly in their influence on the energy of bound 


20F Bloch and A. Nordsieck: Phys. Rev. 52, 54 (1937); D.R. Yennie, S.C. Frautschi, H. 
Sunra: Ann. Phys. (NY) 13, 379 (1961). 
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Fig. 5.27a—c. Graphs for self- 
energy and vacuum polariza- 
tion in an atom 
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states in atoms. Since atomic transition energies can be measured by spectroscopic 
methods with extreme accuracy, the calculation of level shifts provides a sensitive 
touchstone for the theory. The exact treatment of this problem is, however, very 
difficult. After all, we are dealing with bound states, which can interact with the 
charge Ze of the atomic nucleus any number of times. Therefore one must not use 
free plane waves, as was done in the preceding scattering problems, but one has 
to use the solutions of the Dirac equation in the Coulomb field. This is depicted 
in terms of graphs in Fig. 5.27, where the double lines stand for the exact electron 
propagator in the Coulomb field. (a) shows the self-energy (which now automat- 
ically contains the vertex correction). (b) denotes the vacuum polarization. Both 
sketched graphs are of first order in a with respect to the emission of the virtual 
photon, but they take into account the interaction with the nuclear charge in any 
order. The corresponding calculation can be performed with the aid of the exact 
Feynman propagator of the Dirac equation in the Coulomb field. This is a rather 
difficult task and can be handled only with the help of numerical calculations. 


: LO = a be te aos 
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Fortunately the circumstances in light atoms (Za < 1) allow for an approxima- 
tive method of high accuracy. Its basis is the fact that the atomic binding energies 
are of the order of magnitude of (Za)*m, and thus electron states in light atoms 
are highly nonrelativistic. One can thus split the evaluation of the graph (a) into 
two steps. 

(i) If virtual photons of high energy w > K >> (Za)*m are emitted, the effect 
of the Coulomb potential can be neglected and one may use free states for the 
calculation. 

(1) If the virtually emitted photon has low energy w < K < m on the 
other hand, then the initial, intermediate and final states are all nonrelativistic. 
Thus one can simply use ordinary quantum-mechanical perturbation theory for the 
Schrédinger equation. 

This procedure will work successfully if one can choose the separating energy 
K such that 


(Zayn <K<m (1) 


is valid. In light atoms this poses no problem. Adding the energy shifts obtained in 
both regions must yield a result independent of K, as long as (1) can be fulfilled. 


The Contribution of High Frequencies. We shall calculate the energy shift of an 
atomic state 7), due to the emission of virtual photons of high frequency w >> K. v 
denotes the quantum numbers (nj/m) of the state. We use the form factors F, (q°), 
F2(q”) for free states, calculated in Example 5.6. In first-order perturbation theory 
the energy shift then assumes the form (cf. Example 5.6, (20)) 
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6E> =e i d>x wh (a) 


Q te 3 = il Can 
x In— —=——} Ad® ——y-: 

(1 jc 3 | (oes 2 2m * BE) @) 
Here we have used q? = q? — q? — (iV,) (iV") = —(07/0t? —A). Since we arc 
dealing with a static potential 4°(a), only the space-like part, i.e. +A, contributes. 


Ze 
A(z) = —— 

(x) ia (3) 
is the Coulomb potential of the nucleus. Only this component of the four-potential is 
different from zero in our case. E = —VA?° is the corresponding field strength. We 
have used °c, 0A° /Oxy = yo OA®/Ox* = 71/2) (0% —HIDE* = iN E* = 
—iy- E. The term —1/5 is due to vacuum polarization; the term proportional to 
+y . E describes the effect of the anomalous magnetic moment. 

In order to ensure that only high-frequency photons are considered, we would 
have to perform the derivation of the form factor F\(q*) once more, with the 
restriction that the region of integration extends over frequencies w > K, but 
without the photon mass pz. The result of this calculation, which we do not want 
to go through here, leads to an elimination of the infrared divergence, just as in 
Example 5.7, (8). The cutoff parameter K now plays the role of AE, which is the 
energy below which no photons are observed. In (2) one must then replace 

m 5 


m 
Sy 4 
In yet (4) 


With this the energy shift reads 


6E> =6EY) + 6E? , (5) 
where 
(ye ee yee 6a 
ae ee ae gr) Weed cy 
and 
—1ea 
(oo i VAY) (6b) 


and where we have used the bracket notation for the expectation values. The 
contribution (6b) of the anomalous magnetic moment can be further transformed. 
To do this we notice that -+y is an odd operator, which connects the large and small 
components of the wave function ~,. To get a nonzero result, one must use the 
nonrelativistic approximation (for brevity we drop the index v) 


eee (7) 
v=() 


Example 5.8. 


286 


5. The Scattering Matrix in Higher Orders 


Example 5.8. 


0 


With (7) and y = ( a the matrix element in (6b) reads 


ly VA) = | Bx [60 -VA)X-x"(0 - VA) 


oo / d°x[¢*(o VA Ya - Ve) +(e -Vd"Yo- VA)4) - 
2m 
(8) 


Now we can simply use the Schrédinger wave function for ¢. The second term in 
(8) we transform by partial integration 


- = / dx(a -Vd¢d*\(o -VA)¢ = i / d’x ¢*a -V[(a - VA°)¢| 
(9) 
Then the identity 
g:Ao- B=A-B+ia-(Ax B) (10) 
is used twice: 
¢'(a -VA Ya -V¢)— ¢*a-Vi(o- VA°9)| 
= ¢* [((VA°) - (Vd) +i - (VA) x (V¢)| 
— $*{[(W* +io -V x V)A"]¢ + [(V¢)- (V4°) + io - (Vd) x (VA]} 
= —¢*(V’ A) + 2id*a - (VA) x (V4). (11) 


In the last term the angular-momentum operator L = —ir x V can be introduced 
if one takes into account the spherical symmetry of the potential and thus VA° = 
(r/r)\(dA° /dr): 


ne 0 paz 
2id*o - (VA) x (Vo) = —2¢ cee (12) 


With (8), (11), and (12) the energy shift thus reads 


0 

2) ea an 1 dA 
aky = es (WI y)+4( SEs. 2p (13) 
The explicit calculation of the expectation values occurring in (6a) and (13) pro- 


vides no difficulties. 


The Contribution of Low Frequencies. We want to evaluate the energy shift 5E< 
due to emission and reabsorption of soft photons with frequency w < K in nonrel- 
ativistic perturbation theory in the sense of the approximation scheme discussed at 
the beginning. The unperturbed problem is described by the Schrddinger equation 


. we 
Aoty = (-E oF 7c) W=EWy . (14) 


In addition, there is the perturbation operator 
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A ie 
eee (3) 


where A is the potential of the radiation field (in transverse gauge). Since H’ creates 
and annihilates photons, the energy shift in second-order perturbation theory results 
as 


sas = 57 bale Pe 
: me oe Ere) , 


Here one must sum or integrate over all electron states v’ and over the momenta 
k and the polarizations A of the virtual photon. With the normalization and phase- 
space factors of the photon field (16) becomes 
+ ik: : 
SES = Ser / @k 4ra |(v/|2ie ®e(k, A) - V|v)| 
: 2w(27)3 (2m)? Ey —Ey-w 
UK 


(17) 


The photon field is introduced according to Sect.3.6, (3.170). The normalization 
factor of this plane wave is just ,/47/2wV. For a further simplification we now 
make the “long-wavelength approximation” and replace exp(ik - x) by |. This is 
justified because the typical length scale of the state ¢, is given by the Bohr radius 
ag = 1/(Zam). This leads tok. @ < Kag = K /(Zam) and one can choose K 
such that the exponent remains small in the region allowed by (1). 

Generally for the transverse polarization vectors, the following “completeness 
relation” holds: 


2 
2 
[4% Dei Neh» = 54by (18) 


A=! 


This can be checked by using the polarization vectors 


e(k, 1) = (cos@ cosy, cos@siny,—sing) , (19) 
e(k, 2) = (— siny, cos 9, 0) 


and integrating over [ d(cos @)dy. 
The summation over polarizations and the integration over the photon solid 
angle are easily performed: 


; ee” 2 
i di » [uli VIE) = 34a] VI) (20) 
Then (17) reads 
s pi? 
2a (uv |o|v) | 
oe = 21 
SE =e MOS ip aa ; (21) 
0 Vv 
with the velocity operator 6 = p/m = —iV /m. Equation (21), however, does not 


yet correctly describe the physically observable energy shift, because it contains 
the contribution of the low-energy photons to the mass renormalization. On can 
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Example 5.8. realize this by recognizing that there is also a shift for free states. For free electrons 
the velocity operator is diagonal and the shift simply reads 


ik 

2a v 

DES = = [vdeo : (22) 
0 

One gets the physical energy shift by subtracting expression (22) from (21). With 

(v|v?|v) = 3,/|(v’|v|v) |? the expression renormalized in this way reads 


(6E)ren = 6EX — bE 


free 
2 ; 1 1 
a OETA ae 
ae ea Me ||v)| Gest 3) 
0 Vv 
2a A [Bry -— Ey 
= so f aw S- |(u'|alv) ——_— (23) 


If we bear in mind that K is to be large compared to all energy differences E,, —E,, 
the integration over w yields for (a) E,, — E, > 0 


K 
-| dw ae K+(E, - E,) 
a 2) = aera 
0 
K 
~ — In ———— 
ars Go 
and for (b) FE, — E,, > 0 
K yep =e K 
/ dw 7 
Qi = (EL a Ey) oe i a 
0 Ey —-E,s-+e 
Ee (2 ee) 
=—— | 
[i iE = Ey a Se | 
~ —In = 2 
au i, (25) 
This leads to 
2a K 
6 ea = — ee Fy = oo 
(5E ron = 3 daly [6|v) P(E — Ey) In Ey El (26) 


The evaluation of this sum can not be done analytically. It is useful, however, to 
rescale the logarithm according to 


K 2K (Za)?m /2 
= a 
n [j= FI ne In(Za) + In ren 


(27) 
where in the last term the energy differences are referred to the unit of binding 
energy (the Rydberg). The first two terms are independent of v’. The corresponding 
sum over intermediate states reads 
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SS y'|o|v) (Ey — E 
Dok \o|v) |" (Ev v) Example 5.8. 


= SC vole") Ey - EB). (28) 


p! 


This expression can be evaluated by a commutator trick frequently used for “sum 
rules” of this kind. Because of (14) we can replace the energy eigenvalues by the 
Hamiltonian Ao 


] ae “ - A 
S = 50 (WloAole’)(u/olv) + (lalu’)(v/ Adv) 


— (v|Hob|y')(v'|a|v) — (v||v')(v' Alu) ) 


] mets, iets Reaen 
= — (v|2pHop — Hopp — ppHh|v) 


2m 
] nm A 2 ee aA 
= Fz VIP Holp — p[p, Ho]\v) 
| Aamo 
= Fae LP, [p, Holly) ’ (29) 


where the closure relation has been used. Because of 
[p, Ho] = —ie[V, A°] = —ie(V A") 
we get 


aes WV) (30) 


The energy shift due to long-wavelength photons is thus 


(6ES)nn = fin — 21n(z 
Zaym/2 
= v)P(By — Ey) In oe | G1) 


The Total Energy Shift. Now the contributions of (6a), (13), and (31) must be 
summed up. As one can see, the logarithmic terms with In(2K /m) just cancel each 
other. As intended the result is therefore independent of the choice of the separating 
energy K ! The total energy shift is thus given by the following well-defined result: 


corms.) 3 13 2 40 
eee eee = — 21n(Z VA 
ee G fecug °)) Na alg) 
ea aA® 
—S-L 
= 2am? (2 r dr » ) 
2a ANA 2 (Zaym /2 
aa ) — E,) In. 32 
Dale |o|v) (EL )In iz, —E,| (32) 


Now we want to evaluate the matrix elements of (32) as far as possible. The 
potential (3) satisfies 
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V°A® = 4nZe83 (x) (33) 
and thus 
(v|V7A°|v) = 4rZelp(0)|° (34) 


The density of the nonrelativistic wave function in a hydrogen-like atom at the 
origin has the value 
Zam? 
peop = eee, | (35) 
7H 

This means that the first term in (32) contributes only for s states (/ = 0). 

For the second matrix element we use the squared expression for the total 
angular momentum, J = L + S, and thus 


w-s)=s|u+y-4y-F]=5(_/ 4) EO) 


where the upper (lower) expression is valid for the case 7 =/+1/2 G =/—1/2). 
For s waves (36) vanishes. Because of (1/r)(dA°/dr) = —Ze/r? the expectation 
value of the operator 1/r? is required. Nonrelativistic quantum mechanics yields 
for this problem, which is in principle elementary, 


I °Za)m? 
ee 37 
(» r3 ) i + 1)2l + Dr ony 
Finally, we define the quantity 
n> 2 (Zam ]2 
—— lily\| (Eee in 
Taye IY lOly)I Er — Evin (38) 


which is also known as the Bethe logarithm and must be evaluated numerically. 
Inserting (34-38) into (32) we finally end up with the expression for the energy 
shift of an atomic level, 


4m A 1 
OL nl = 3nd oD {i =F E = 2In(Za)| 10 
3 1 


Op ome jw! - sw) - 


for states with j = / + 1/2. Compared to the unperturbed binding energies 


a (Za)’m 


Be = In2 


(40) 


(without spin-orbit splitting) the energy shift is suppressed by a factor a(Za)* 
and thus is very small. Nevertheless the influence of 5£,,;; can be experimentally 
measured with very high accuracy. In particular (39) predicts that the degeneracy 
of states with equal total angular momentum /, which is still valid in the Dirac 
theory for point-like nuclei, is broken. The classical example of this is the energy 
splitting between the states 2s, 7. and 2p;/2 in the hydrogen atom. It was measured 
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for the first time by Lamb and collaborators”! with newly developed methods of 
microwave spectroscopy and is called the Lamb shift. 

Figure 5.28 shows a drawing (not a scale) of the innermost energy levels of the 
hydrogen atom. For each of the states 151/2, 21/2, 2p1/2, 2p3/2 the QED shift 6£,,1 
with respect to the Dirac energies (dashed lines) is shown. One should note that 
in reality there is additional structure arising from the interaction of the electron 
with the magnetic moment of the proton (spin S = 1/2). As a result the hyperfine 
splitting transforms each energy level into a doublet of states with different values 
of the total spin F. When quoting the Lamb shift one always refers to the central 
energies of the doublets, tacitly removing the hyperfine structure.” 

To calculate the value of the Lamb shift, the sum L,, of (38) must be evaluated 
numerically. The result is 


L20 ~ —2.81177 9 


(al) 
Lo ~ +0.030 02 


2 


Thus we get in hydrogen (Z = 1) 


4m 19 
bBo, = 3-95 a(Za)* |—2.81177 — 2In(Za) + = 
= = a(Za)*(+7.662 05) 
67 


21. WE, Lamb and R.C. Retherford: Phys. Rev. 72, 241 (1947). 

22 The hyperfine splitting of the hydrogenic ground state (SEM — 1.420405 751 766 7 GHz 
which gives rise to the famous 21 cm hydrogen line) is one of the best studied physical 
observables (known to an accuracy of 10~'*). Unfortunately theory is not on a par with 
this experimental achievement since predictions depend on the detailed internal structure 
of the proton which is not known well enough. Therefore the last 6 digits in the quoted 
number have to remain unexplained. 


Fig. 5.28. The QED correc- 
tions to the energy levels of 
the K and L shell in the 
hydrogen atom. The dashed 
lines indicate the position the 
unshifted Dirac levels. The 
heavy line marks the Lamb 
shift 
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= FH BIO se 1 
= +1039.3MHz , (42a) 


where in the last step the energy was converted into a frequency using 6E = 27hy 
(i = 6.58212 x 107!° eV sec). Analogously it follows that 
4m 


I 
= 4 ges 
bEap, py = 553 ZO) (+0.03002 :) 


— " (Za)4(—0.09498) 
67 


Sse lie oy 
SS OMe (42b) 


The resulting hydrogenic Lamb shift is thus 
Lr — §Eys,. — SE ap. = +1052.2MHz . (43) 


This contains a contribution of —27.1 MHz due to vacuum polarization (the term 
—1/5 in (2)). The prediction in (43) is in quite good agreement with todays mea- 
sured value”? 


L&? — +1057.845+0.009MHz . (44) 


To understand the order of magnitude of L the nonrelativistic calculation (31) 
is quite sufficient. The latter was performed by Bethe** immediately after the 
discovery of the effect by Lamb and Retherford. With the quite arbitrary choice of 
the cutoff energy K = m he obtained the value L = 1040 MHz. To understand the 
experimental value (44) fully, however, the contribution of the high-energy photons 
must be taken into account. To achieve a still better quantitative agreement, several 
contributions of higher order must be included,” in particular a(Za)> and a*(Za)4, 
as well as recoil corrections due to the finite nuclear mass; see Table 5.2. The result 
is today’s theoretical value for the Lamb shift?® 


ptheor _ 4 1057.855 + 0.014 MHz , (45) 


which is in excellent agreement with the experiment. The binding energies in 
hydrogen in the framework of quantum electrodynamics are thus understood with 
a relative accuracy of 10—"', a remarkable success! The achievable agreement is 
limited by the uncertainty in the knowledge of the proton radius. 

Using the method of recoilless two-photon laser spectroscopy it has recently 
become possible to directly measure the energy difference E>,, pe Es, y toa high 


precision.”’ The results are in full agreement with QED predictions. Note that 


*3.$.R. Lundeen and F.M. Pipkin: Phys. Rev. Lett 46, 232 (1981). 

“HA. Bethe: Phys. Rev. 72, 339 (1947). 

*° For example B.E. Lautrup, A. Peterman, E. de Rafael: Phys. Rep. 3, 193 (1972). 

*° See the review J.R. Sapirstein and D.R. Yennie in T. Kinoshita: Quantum Electrodynamics, 
(World Scientific, Singapore, 1990). 

FRG Beausoleil, D.H. MacIntyre, C.J. Fort, E.A. Hildum, C. Couillard, T.W. Hiansch, 
Phys. Rev. A35, 4878 (1987). 
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Table 5.2. Contributions to the energy 
splitting Eos, 7. — Erp, ,. in the hydrogen 


atom. 

Contribution AE [MHz] 
a(Zay' +1 050.559 
a(Zay 227 129 
a(Za)° —0.419 
a’(Zay* +0.101 
recoil +0.358 
finite nuclear radius +0.127 
sum 1 057.855 


the accuracy of these measurements in principle can be increased nearly without 
bound. In contrast, the original Lamb shift measurements encounter a natural limit 
since the 2p,/2 state has a short life time leading to an energy broadening of the 
order 100 MHz. Thus modern measurements of the Lamb shift already determine 
the position of the resonance signal to an accuracy of 10~* of the line width. The 
direct measurement of the 1s — 2s energy difference, on the other hand, is not 
hampered by this problem: the ground state of course is completely stable and the 
251 /2 level is metastable (life time ~ 1/7s) so that line broadening of this transition 
is negligible. 

Today’s efforts aim at the determination of level shifts in hydrogen-like ions 
with high atomic numbers Z. Such highly charged ions up to U?'* can be generated 
in heavy-ion accelerators. The relative strength of the radiative corrections should 
be much larger in such systems than in hydrogen. For an adequate theoretical 
understanding it is necessary, however, to avoid the approximations we made in 
calculating the Lamb shift but to use instead the full propagator of the Dirac 
equation with Coulomb potential.*® The result then is accurate to all orders of the 
expansion parameter Za. 

Values for the energy shift of the ls state in various one-electron atoms are 
depicted in Fig. 5.29. This figure shows the energy shift divided by the fourth power 
of the nuclear charge Z or, to be more specific, the function F(Z) which is defined 
by 


4b 
6E\s = — nL (2) (46) 
ere 


The measured values are in good agreement with the curve representing the theoret- 
ical prediction. In the heaviest ion studied, U?!+, a group working at the ESR heavy 
ion storage ring at GSI (Darmstadt)? has measured a value of 6£\, = 413+ 6SeV 
which has to be compared with the theoretical value of 6£\; = 454 eV. 


28 p J. Mohr: Ann. Phys. (NY) 88, 26 and 52 (1974); P.J. Mohr: in Physics of Strong Fields, 
W. Greiner (ed.) (Plenum, London and New York 1987). 

29Th. StéhIker, P.H. Mokler, K. Beckert, F. Bosch, H. Eickhoff, B. Franzke, M. Jung, T. 
Kandler, C. Kozhuharov, R. Mooshammer, F. Nolden, H. Reich, R. Rymuza, P. Spadtke, 
M. Steck: Phys. Rev. Lett. 71, 2184 (1993). 
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Fig. 5.29. Comparison of the 
experimental and theoretical 
results for the energy shift of 
the 1s state in single-electron 
atoms drawn as a function of 
the of nuclear charge Z 
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in a field theory (the Ward identities). With A. Salam he has investigated the connection 
between the weak, electromagnetic and strong interactions, preparing the way for unified 
field theories. W. also contributed to statistical mechanics, working on the two-dimensional 
Ising model. 
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6. Two-Particle Systems 


6.1 The Bethe—Salpeter Equation 


For many purposes it is necessary to have a better description for the interaction 
of two particles than the perturbation theory we have discussed so far. This is 
particularly so if we deal with bound states: the particles stay together infinitely 
long and they can therefore interact arbitrarily often as depicted in Fig. 6.1. It is 
clear that this situation cannot be described by the summation of a few Feynman 
diagrams. If one of the particles is much heavier than the other the problem can be 
considerably simplified: one solves the Dirac equation for the light particle with an 
additional external potential, which is produced by the heavier particle. Because of 
the large mass ratio the influence of the lighter particle on the heavier one can be 
neglected. 

The interaction of two particles with equal or comparable masses is much 
more difficult to describe since the “recoil effects” cannot be neglected. The most 
famous example of this is positronium, i.e. the bound system of an electron and a 
positron. Here one cannot distinguish between the source of the field and the test 
particle. One must rather treat both particles on an equal footing. There is a further 
complication due to the fact that the interaction propagates with finite velocity, 
leading to “retardation effects”. In a correct relativistic theory there is no preferred 
common time coordinate. The wave function of the two-particle system depends 
on two time coordinates and therefore its interpretation is difficult. 

In the following we want to write down an exact equation for the two-particle 
system, at least in principle, even if it turns out that it is too difficult to find an 
exact solution for this equation. Then we shall study an approximation that again 
leads to a kind of Dirac equation with an interaction potential (the Breit interaction, 
see Exercise 6.4). 

In order to study the behaviour of two equal particles a and b, we generalize 
the definition of the propagator. Looking only at one particle, the wave function 
of that particle is described by a spinor w(x) with four components. As shown 
in Exercise 6.1 the corresponding initial value problem is solved by the Feynman 


propagator Sp (x2,%1): 


Nea | PCs Coma eiGae ae (6.1) 


where we have to integrate over a closed three-dimensional hypersurface that in- 
cludes the space-time point x2; mu(x1) is the exterior normal vector of this hyper- 


surface. 


Fig.6.1. The particles in a 
bound state can interact in- 
finitely often 
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This relation can be extended to the two-particle case. Obviously such a system 
must be described by a wave function %p(x;,x2) that depends on eight coordi- 
nates: six space coordinates (1, x2) and two time coordinates (t), 2). Furthermore 
Wab(*1,%2) has two spinor indices, i.e. 4 x 4 — 16 components! The indices a 
and b refer to the spinor spaces of the two particles. The appearance of two time 
coordinates, in contrast to the nonrelativistic many-particle theory, makes the in- 
terpretation of this wave function more difficult. Alas, this cannot be avoided if 
one wants to treat space and time coordinates in the same way. 

In analogy to (6.1) we can define a propagator for the two-particle wave function 


Daley / do(x1) d(x) S(xy, x43x1,22) A)A Cea) Wapler,x), (6.2) 


where one now has to integrate over two three-dimensional hypersurfaces which 
include the points x; and x4. As in Exercise 6.1, (6.2) can be specialized to the 
case of two space-like hypersurfaces, i.e. to an integration over d>x, at a fixed 
time coordinate t,. 

If the two particles do not interact, the wave function simply is given by a 
product 


Wao (1,2) = Va (xiv (ea) (6.3) 
so that (6.2) factorizes into two integrals of the form (6.1) if one sets 
Gat eee) = iS# (3, x1) 15? (x4, x2) ; (6.4) 


Going beyond this trivial case we have to consider what happens if the two particles 
interact electromagnetically. In perturbation theory (expanding in powers of the 
coupling constant e) the first correction to (6.4) can be found easily,! it is given 
by the one photon exchange diagram 


3 4 3 4 3 


= aS GC: Apres (6.5) 
1 2 1 2 I 2 


The bubble denoted by S represents the full two-particle propagator whereas the 
unconnected fermion lines represent the free two-particle propagator S° given in 
(6.4). Using the Feynman rules we can translate (6.5) into the formula 


5” Or3, x43 x 1X2) = iSe (x3, x1) Shae X2) 
+ [ats d*x¢ iS! (x3, X5) iS? (x4, x6) 
oa (Gat9 a eto) “(s,%6 (ies yf] iS (xs, x1) SP (6, 20) 
ee A (6.6) 
' For simplicity we assume that particles a and b are distinguishable, since otherwise ex- 


change graphs would appear. The case of a particle interacting with its antiparticle will 
be considered in Example 6.2. 


6.1 The Bethe-Salpeter Equation 


200 


Note that in this and the following equations there are two independent spinor in- 
dices. For example the 4x4 matrix yj, gets multiplied by the matrices S?(x3,x5) and 
S8(xs,x1), whereas y° is multiplied by S2(x4,x6) and SP(x6,x2). The two-particle 
propagator therefore has the character of a 16 x 16 matrix. In (6.5) and (6.6) we 
have written down only the first term of an infinite series. The result of the infinite 
series can be represented in terms of a “black box” by a function K (%3, x43 x1, x2) 
which is called the interaction kernel. The exact form of (6.5) then reads 


4 3.44 3 4 


7 5 6 
: + xt (6.1) 


or, written out explicitly, 
ea 2) = 196 Gan 1S, a2) 
a i doxs d4 xg déxq d*xg iS¢ (x3, Xs) iS? (Coney) 
x K (x5, x63%7,%8) SE (%7,21) ISP Ge, x2) - (6.8) 


We have not gained much by doing this since K is an extremely complicated func- 
tion. Only in first-order perturbation theory does the kernel become very simple, 
that is, according to (6.6) 


K@? (xs, x63%7,%8) = (—iea) Yn Wp (xs, %6) (—iep)7? 54 (5 — x7) 64 (x6 — x8) -(6.9) 


The complete function K is a sum over infinitely many graphs of arbitrarily high 
order. Some examples are shown in Fig. 6.2. To go beyond perturbation theory 
one can apply some cunning and combine at least a certain subset of the terms 
contributing to the infinite sum K. To that end we define the notion of a reducible 
interaction kernel. It is characterized by the fact that it can be split into two 
unconnected parts by cutting two fermion lines. Correspondingly a kernel is called 
irreducible if it is so densely interwoven that such a dissection is not possible.” 


(a) (b) ( (d) 


c) 
Hoy Ed: Bed. . 
(e) (f) (g) (h) 


2 The cut has to be applied in the “horizontal” direction. The graph (a) to (c) in Fig. 6.2 
thus are not reducible. 


Fig. 6.2a—h. A few typical 
graphs contributing to the 
perturbation series for the in- 
teraction kernel K 


SP ond 
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(b) 


Fig. 6.3. Examples for a re- 
ducible (a) and an_ irre- 
ducible (b) third-order inter- 
action 


Examples of reducible and irreducible graphs are shown in Fig.6.3. In Fig. 6.2 
only graphs d, f, and h are reducible. We shall denote the sum of all irreducible 
contributions to K as the irreducible interaction kernel K. 

It is obvious that each reducible graph can be described by joining together 
several irreducible graphs from the set which contributes to the kernel K. But this 
can be obtained by a simple modification of (6.7): 


3 4 aa 
1) 7 | e (6.10) 
1 2 acy: 
or, written out explicitly 
SETCaysetestes) = Gee ra) OU euurs) 
+ / d*x5 d*x6 d*x7 d4xg iSB(x3,x5) iSP(x4, x6) 
x K (as, X63.27, x8)S (x7, 8341502). (6.11) 


In this equation the complete kernel K has been replaced by the irreducible ker- 
nel K, but in return for that we have also replaced two independent one-particle 
propagators by the complete two-particle propagator. The fact that (6.10) is equiv- 
alent to (6.7) becomes immediately clear if one solves (6.10) iteratively, i.e. if one 
repeatedly inserts the left-hand side of (6.10) into the right-hand side: 


(6.12) 


Therefore the iteration of (6.10) ensures that all possible combinations of irreducible 
Feynman graphs are combined and in this way one gets the complete sum K 
from K. . 
The irreducible kernel K contains an infinite number of Feynman graphs as 
well and cannot be calculated exactly. Nevertheless, compared to (6.7), (6.10) has 
a decisive advantage: looking at (6.12) one sees that the solution automatically 
contains an infinite series of interaction, even if K itself is calculated within per- 
turbation theory at low order! As we have discussed at the beginning of this section 
the inclusion of an infinite number of interactions is necessary if one is interested 
in bound systems. 

For many practical purposes one restricts oneself to the lowest order of the 
irreducible kernel K (Fig. 6.2a), i.e. to the one-photon exchange 


ee 
Ks (ss Nas 07, ce) = ar ogee ee) (6.13) 


given in (6.9). This prescription is called the ladder approximation. This name 
suggests itself if we look at the iterated equation (6.12): 


6.1 The Bethe-Salpeter Equation 


al < ff pede bed RE]. a 


In this approximation a Lorentz frame can be found in which only one photon is 
exchanged at a given time, but this process can be repeatcd an arbitrary number 
of times. Nevertheless, one has to be aware that there is a multitude of possible 
graphs. Within the ladder approximation one considers only a very special class 
of them owing to the restriction of K, even though this class contains an infinite 
number of graphs. The quality of this approximation can only be proved by its 
success. 

We want to remark that in principle one should not use the free Feynman prop- 
agators Sp when calculating (6.11). Instead one should use “dressed” propagators 
that contain the interaction with their own photon field to all orders (cf. Chap. 5). 
Then one has taken into account all self-interaction graphs in (6.10). In the same 
way one should use the exact photon propagators and vertex functions when cal- 
culating K. The renormalization problems related to that will not be discussed 
here. 

In order to get an equation for the two-particle wave function we insert (6.11) 
into (6.2): 


vanes, 2x4) = ff doer) dere) if 3,31) SP 4) er) AC an) 
ae / do(x1) da(x2) / dad xed x4 xe iS (a, x 1S, 6) 


x KR” (xs,X63%1,%8) S (x7, Xg31,X2) (x1) Ax2) Wao (a1,%2) 
(6.15) 


or, if we abbreviate the first term by ¢a,(%3, X4), insert (6.2) in the second term and 
rename some indices, 


Wan (X1,%2) = Gap(%1,X2) + [ats d4*x4 d4x5 d4x6 iSE (x1 , x5) Sp (2, X6) 


 K (xs,x65x3,4) Vap(%3)%4) (6.16) 


This is the Bethe-Salpeter equation.> It is a complicated inhomogenous integral 
equation of the Fredholm type. Its mathematical structure is the price we have to 
pay in order to go beyond perturbation theory. 

hav (X1,X2) is the free two-particle wave function. If one is interested in bound 
states, i.e. localized states, dap(x1,x2) drops out of (6.16) and the integral equation 
becomes homogeneous (see the supplementary remarks at the end of this section). 
The Bethe—Salpeter equation (6.16) can also be written in another form if one 
multiplies with the free Dirac operators (iV, — mq) and (i¥4 — mp) on the left-hand 
side. Since the one-particle propagators obey the relations 


Gye) Se O14) — 9 Cras) 


(6.17) 
(Gis — my)S¥ (21X06) = &4(x2 —X6) 


3 1A. Bethe and E.E. Salpeter: Phys. Rev. 82, 309 (1951) and 84, 1232 (1951). 
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it follows that 
—ab 
GY — ma)G¥ — mo)es(X1,X2) = — [as d*x4K (x1, x23%3,%4) Wan (%3,4) - 
(6.18) 


In this form the Bethe—Salpeter equation is an integro-differential equation (in eight 
variables). For practical purposes there is another useful form of this equation, 
obtained by transforming it into momentum space. 

If we define the wave function in momentum space as 


1 i G “x: 
Xab(P1, P2) = Ont [anate 2) Cine (6.19) 
then the Fourier transform of (6.18) reads 


(2n)4 | tuate eli tP2°2) GN, — mg GV — mp)Wav(%1,X2) 


I sate ayer : 
7 [as "xy 4x3 d4xg MPV tP2IR™ (0), x95.x3,X4) Wap (X35 X4) - 


- (any 
(6.20) 


On the left-hand side we integrate by parts so that the gradient operators act on 
the exponential function, and on the right-hand side we insert two delta functions 
ONCE =e) ita sae 


aa fas dx, [(-iV, — ma(—iVs — mp) ella 1 tp22)) Ales oe) 


I 
T 
x ellis te22)K™ (xy, x9313,%4) Wan (x, xd) : (6.21) 


Using the integral representation of the delta function, 


1 of i 
3-2) = oa / dip cones) a (6.22) 


one can express the right-hand side of (6.21) as a product of momentum-space 
wave functions and the interaction kernel in momentum space: 


ab 
K™ (p1,P25)3,P4) 


1 
— 4 4 4 4 ‘ Se) aceon RW 
= Qn fe x1 d* xp d4x3 d4x4 eller tP2%2—-P313—P4 x4) (x1, 95.%3,x4) 


(6.23) 
The Bethe-Salpeter equation in momentum space then reads 
(1 — ma)(~2 — mp)Xab(P1, Pr) 
sab 
== | dtp ars er. prsph.eDx@hr)) (6.24) 


When treating a two-particle system it is always advantageous to transform to 
absolute and relative coordinates. For simplicity we assume that both particles 
have the same mass m = mg = mp, and we define 
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1 
SB aby 0 = ria pa) 5 (6.25) 
or 
1 1 
Pi =a es PD alee P ; (6.26) 


: =rab 
Since the interaction described by the kernel K “°’ must conserve momentum, i.e. 
Pi + p2 = P| +P}, one can make the ansatz 


sab zrab 
K* (pi, P2i PP) = OP — PK pp'sP) (6.27) 
Using (6.26) and (6.27), (6.24) then reads 


(sp +0" m) (GP - 9 m) xea(PsP) 


== f atp'a'P’ OP}, P>) 


dpe) 
I a I b 
(Sp tem) (SP a" —m) x0?) 


= i Ae ae ene Oe (6.29) 


yb /, pl ! ! pt 
Kone 1 0 (P= Pisaua 2) (GAD 


or 


since the Jacobian determinant for the transformation of the volume element 
in (6.27) is equal to one. In (6.29) P plays only the role of a parameter. One 
can look at a wave function with a given value K of the “centre-of-mass momen- 
tum” 


Xab(p,P) = 5'(P —K) Xap) - (6.30) 
Integrating (6.29) over P and defining p’ = p +k, one gets the final result 


eae i 
G K +p -m) (5 1 — p? -m) Xab(P) 
—_ / de K? (p,p +k K) Xap +®) - (6.31) 


This integral equation has discrete eigensolutions for K and — in principle — it 
allows us to determine the spectrum of a bound system of two fermions. The 
binding energy Eg can be read off from the eigenvalue K in the “centre-of-mass 
system” defined by p, + P2 = 9, where it takes the form 


K= Om = 8,,0) & (6.32) 


Unfortunately the interaction kernel K” is very complicated and cannot be written 
down in a closed form. But even if one restricts oneself to the simplest case of the 
ladder approximation (6.13), the structure of (6.31) is still so complicated that one 
will not succeed in finding exact solutions. Only a simplified problem, the bind- 
ing of two spin-0 particles with a scalar interaction,’ can be solved completely. It 


4 G.C. Wick: Phys. Rev. 96, 1124 (1954); R.E. Cutkosky, ibid. p. 1135. 
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turns out that the Bethe—Salpeter equation is beset with a number of serious dif- 
ficulties (unphysical states, wrong limit m, /m, — oo, etc.). For problems within 
the framework of QED, especially those concerning the spectrum of positronium, 
perturbative approximation techniques are adequate (however, the ladder approxi- 
mation does not suffice, one must take into account also the graph from Fig. 6.2e). 
Furthermore the numerieal solution of the Bethe-Salpeter equation is an impor- 
tant tool for calculating bound states in the realm of elementary particle physics 
(quark—antiquark systems, i.e. mesons).° 


Supplement. In the following we want to justify our assertion that the free solution 
Pab(X1,X2) of the Bethe—Salpeter equation drops out if one studies bound states. 
The argument is based on the energy and momentum balance. 

For the integration limits a(x/) and o(x}) of the initial value integral (6.15) we 
choose space-like hypersurfaces with tj = t; = ¢ in the distant past: 


apo) = [ex pox S27 (x15 2}, £) iS fo (x2; 25, £1) yore CU Gara ee. 12) 
(6.33) 


Because of t; > ¢ and f > ¢ only that part of the Feynman propagator contributes 
which propagates forward in time, namely (cf. Problem 2.1) 


te (G2). 28) / Fp ieee (6.34) 


The two-particle wave function 7,4, with equal time argument ¢ should have the 
following form: 


? : Bp 
Uy i ay ye BU OCIS: Nap —= 0) ae (6.35) 


Here the first factor describes the time development with the total energy Ko, 
whereas the second factor describes the motion of the centre of mass with mo- 
mentum K’. x(a — x4) is the wave fuction of the relative motion of the bound 
state. 

Ko and K have to satisfy the usual dispersion relation 


Ki-K*=M? , (6.36) 


i.e. seen from the outside, with respect to the centre-of-mass motion, the bound 
system behaves like a single particle. However, its mass M is reduced by the 
binding energy Ep (the mass defect): 


M=2m-E, . (6.37) 
Now we insert (6.34) and (6.35) into (6.33) 
Pab(X1, X2) = [ @xfass [a'p' BAe 7 Polit) gtip! (1-2) 
x | Bp =A, (p)e Poa) etip (ara) 
E 
pee ERE GIs SAN Gay a) (6.38) 


> An extensive bibliography on the Bethe-Salpeter equation and its applications can be 
found in: N. Nakanishi: Prog. Theor. Phys. Suppl. 95, 78 (1988). 
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Next it is useful to transform this to centre-of-mass coordinates and relative coor- 
dinates: 


l 
fp be i ee zi jy (6.39a) 
or 
/ I ; 1 
p= a 5 = xX — at (6.39b) 


This yields 


dar(X1s¥2) = / Bp! Aye v™ / Pp Aypye?™ 
ome (nye (pp) dix &2P OP) of 98 xap(a). 
(6.40) 
Therefore, the relation 
IES = ps2) (6.41a) 


must hold. On the other hand (6.40) leads to an analogous condition for Ko. This 
is because ¢, is only independent of the arbitrary choice of the starting time ¢ if 
the oscillating factor vanishes, 


Ko=potpP, - (6.41b) 


For a somewhat more rigorous derivation of this argument one could take the aver- 
age over some time interval, in order to eliminate strongly oscillating contributions, 
e.g. by the prescription 


IP 
lim i on 
T——co 
MP 


Using (6.41) the dispersion relation (6.36) takes the form 


(Ce) ep) i 


Pab(X1 x2) = 


or 


2m? + 2popp —2p-p'=M? , 
1 
J? + p/m? + p? — pp! =m? — >(Am* — M’) 


This equation cannot be satisfied if there is a mass defect due to binding, M* < 
(2m), for the following reasons. For p = p' = 0 the left-hand side is larger than 
the right-hand side, and this also remains true for finite momenta (where p || p’ 
is the most favourable case) , since ,/(1 +x?)(1 + y?) — xy 2 1, which can be 
verified immediately by taking the square of this expression. Thus we have proved 
that the inhomogeneous term of the Bethe-Salpeter equation, a, from (6.33), 
vanishes for bound states. 


(6.42) 
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Fig. 6.4. A four-dimensional 


space-time volume V with 
surface S 
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6.1 Solution of the Initial-Value Problem for Fermions 


Problem. Using Gauss’ theorem in four dimensions determine the wave function 
W(x) at points x within a space-time volume V provided that its value is known on 
a closed surface S, see Fig. 6.4. Derive an analogous relation also for the adjoint 


spinor W(x). 
Solution. Gauss’ theorem in four dimensions takes the form 
PF 
[a's on = [doce Puce) ; (1) 
OX 
V Ss 


Here F’,, is a vector field and n“(x) is the exterior normal on the surface element 
da(x). We choose the function F,,(x’) = iSp (« —x’)y,W(x’). Then the divergence 
entering the volume integral is given by 


(iSp & —x')ybe’)) 


/ 
Ox i 


= (ings (x -x')) Wwe’) + Sr (x = 2 ain (i oy v6") 


i (; = Sp@ — «') qd!) + mSp (x — x" )b(x") 
Oe 


. © 
SE ) MB gee te WE (2) 
bb 


I 


Here we have made use of the fact that ~(x) fulfills the free Dirac equation. The 
expression in square brackets reduces to a delta function, since the equation 


(ong -™) SeG@ =x )=6G@ —x) (3) 


defining the Feynman propagator is equivalent to 


a 


Sp (x -*9(inugey +m) =-6(@—x’) , (4) 


which can be shown using the momentum space representation (2.19). Therefore 
the left-hand side of (1) becomes 


/ OF / i i / 
pats ae )= jars (—d*(x — x’)) YW’) 
V V 
= —¥) (5) 
if x € V. The right-hand side of (1) becomes 
[doce yFulenh(e') =i [doce See x une We 6) 


S S 
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with the result 


wee) =i f doce’) See —x'yleWO') (7) 

5 
This result can be specialized by choosing a four-dimensional volume V delimited 
by two flat hypersurfaces at constant times, e.g. t; and ft, see Fig. 6.5. The side faces 
are assumed to lie infinitely far away, so that the volume V comprises the whole 


three-dimensional space but only a restricted time interval. The normal vectors are 
ny = (—1,0) and nz = (1,0). Then (7) takes the form 


UG) =i i dx! Se(x — x(a") — i i Oo Be ey 


with t) <t < fo. 


If the wave function has only components with positive (negative) frequencies, 
then it follows from the properties of the propagator (see (2.25, 2.26)) that only 
the integral at the time tf) (f2) contributes so (8) is in agreement with the result of 
Exercise 2.4. Therefore (7), which solves the boundary-value problem for a spinor 
field, is the covariant generalization of the former result of Chap. 2. 

The calculation for the adjoint spinor w(x) proceeds in an analogous fashion. 
We now choose the vector field as F,,(x') = —ib(x yp Sex’ —x). Using the Dirac 
equation for the adjoint spinor 


W(x) oe + m) =O (9) 


and (3) the left hand side of (1) can be reduced to —y(x). Thus in analogy to (7) 
the adjoint spinor satisfies 


ies) i dole’) Wx')He")Se@! —x) (10) 
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Fig.6.5. A special choice 
for the space-time yvolume 
bounded by flat hypersur- 
faces at constant times ¢; and 
ta 
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6.2 The Bethe-Salpeter Equation for Positronium 


Problem. Until now we have assumed that the interacting particles a and b are not 
related to each other. What will change in the case of a particle—antiparticle system 
such as positronium (ete~)? Derive the Bethe—Salpeter equation in momentum 
space (6.31) considering the interaction kernel K in lowest order. 


Solution. The electron positron system can be treated in very much the same way 
as the electron electron problem. In the expansion in terms of Feynman graphs the 
direction of the arrow of one fermion is inverted. As we have already discussed in 
connection with Bhabha scattering (Section 3.4) the exchange graph describes the 
process of virtual pair annihilation. 


ft. o-- 0) 


Constructing the corresponding two-particle wave function we take into account 
the antiparticle character of the positron by choosing an adjoint spinor (incoming 
electron «+ outgoing positron). For the case of no interaction this means 


Pho 1,22) = Bar) P00). (2) 


Without interaction the explicit form of the electron spinor would be a plane wave 
w(x) = u(p,s)e~”™1, In the same way the positron spinor would be given by 
(x2) = wp',s’) etir’ In accordance with the Feynman rules the incoming 
electron is thus described by u(p,s) and the incoming positron by v(p’,s’). The 
propagation of an adjoint spinor was derived in Exercise 6.1, (12): 


bx) =i f dace) le") Hle") Se’, 2) (3) 


For the two-particle wave function this means 


CEN doer) dos) Sour (5524821429) 
x tiv (x1) 4-1-2) ed eat ; 20) 


Note the reversed order of the primed and unprimed indices of the matrices Ht. 
This becomes clear by writing ¢y,/(X1) Yy/7/(%1,x2) 4’, (x2) and is related to the 
reversed order of #y in (6.1) and 7 in (3), respectively. The two-particle propa- 
gator reads as follows: 


(4) 


Sig 3s ce) 
== yam) Spr o(X2,X4) a [ass d*Xx¢ d‘x, d*xg Lal (x3,X5) 


x Seiad Oe) ny are (X5,63X7, Xg)ISpyy(X7, X1)ISp, 7! (X2, Xg) 9 (5) 
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Equation (5) differs from (6.8) only by the “reversed” Feynman propagators for 
the positron. This shows up especially in the exchanged primed and umprimed 
indices of the matrices Sp,/,(x7,x1) and Sp,,(x2,xg) for electrons and positrons, 
respectively. This has the same origin as the change of the positions of the indices 
in both matrices # in (4). Here one must observe carefully the ordering of S, #, 
and ~ in (6.1) and (3). The positron propagators always have “exchanged” indices. 

Now one can again introduce an irreducible interaction kernel K and iterate 


(5). 
Spl OS ee) 
= 1 8351) ISP a 2, 04) [atss dx d*x7 d*xg Sp pp! (%3,%5) 
Bone gna) Mri te ksytgs 07, Xe )9)17 7, Xe X1; 20)! (6) 
Inserting this into (4) yields the integral form of the Bethe-Salpeter equation 
Wo (%1, 2) 
== (agli) ae [ats Gad xsd X-6 


X 1S ryt, X5)ISpo¢oX6,X2)K plot r!(X5, Xo 5X3,X4) Wr rt (3, Xa) > 


For bound states (i.e. localized states) the free solution $,,o(%1,x2) can again be 
omitted. 
In order to get an integro-differential equation like (6.18) we make use of 


ay oa M) ww Sev! (1,5) = Mes ae 5%) Oui! (8a) 
and 
(iW, ar Wie Saeed lope) = —64(x2 == Xa) One! : (8b) 


Equation (8b) can be derived immediately from the integral representation of the 
Feynman propagator in momentum space. Applying the Dirac operators from (8) 
to (7) and renaming some indices yields 


iv a ™) ppt! (iV, + M)otg Wyo (1 2) 
— [as d*x4 ane Cate, aa ea) Wess, xa) (9) 


in analogy to (6.18). . 
This result can be transformed into momentum space, too. Again defining the 


interacting kernel as 


na l 4 4 4 4 
KGa PPPs) am | 4 Mid Xd x3 a Xs 
aa OK ya) (10) 


we can directly use the previous calculation with the result 
i 1 
5 i ay m ge! 8) 
(Grte m) Ge as yee e 
be 


= f ae’ R pour sP'sP)xoe(0'sP) (11) 
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Fig. 6.6. The lowest-order di- 
rect and exchange graphs. 
The fermion lines are “am- 
putated”, i.e. they do not en- 
ter the expression for the in- 
tegral kernel K 
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This equation differs from (6.29) only by the second Dirac operator and the plus 
sign in the interaction term. 

In order to write down the kernel K in lowest order of the perturbation series 
in e the contributions from direct scattering and virtual annihilation must be taken 
into account. The corresponding Feynman graphs of Fig. 6.6 can be translated into 
formulae: 


—§) 
Ne PP? SP\,P2) 


= ( S )8 d*x, d*xy ds chaher elit +P2°"2—PyX{—P2*)) (mje)? 
20 


x (frie x2) 18, 6% — x1) 8 G2 — x4) 
— YpeiDeap (ei, x1) 78, 51 — x2) Gxt — x3) 


= —— | dx; d*xz ell Pi +02-P2)21(_ je), 9 IDgag (x1, X2 
(2rj8 Yuu Yro 8 


a i ° ° 
= Ons fax ae eller tray 14 72)*1](_je)y?y2 98 iDeaa (x1, x1) 


(12) 
Le a LB Co 
1 ry xj 7) 
7 x2 il x2 
vy ie V T 


In the first integral we now substitute u = x; — x2, v = x, + x and in the second 
u = XxX, — Xx), v =x, + xj. After ordering the terms in the exponent we find that 
the integration over v breaks down and yields a delta function of 4-momentum 
conservation. The integration over u yields the Fourier transform of the photon 
propagator. The result is 


=0 (ie ‘ a 9 
siyeaedleley en :P\,P>) = 5*(P im ie) at You VeoiDrap(P =) 
Go: : 
~ OP — PY) ae Yo IrviDrapP) (13) 
with 
2 Pio P!=pi+p, , 


1 1 
p= ia = [i 5 = B71 a) 
or 
ob) ay) 


—0 Re = =I a .p , le B 
Se alense via) it (27)4 Viv ea aa = 10) ) a (21)4 ae Dene) © (14) 
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Asin (6. 30) we now separate off the centre-of-mass momentum P. After integrating 
over P in analogy to (6.31) one gets the Bethe-Salpeter equation for the electron 
positron system in the ladder approximation: 


| 1 
(5 K +p =m) (5 K —s+m) Sone 
= [Mair + Vanni) x(p)| Leone IED) 


with the direct interaction 


—ie2 
Vac x OV ne = Goa Wve | AD" Draale —p') xr") (162) 
and the annihilation interaction 
Acar = ic* @ 8) Al ! 
[ anni x(p)| po (2n)4 Vno Vv FaplK ) d P Xvr(p ) : (16b) 
In the Feynman gauge the photon propagator is 
4g 
Drap(q) = - ae (17) 
and the interaction terms take the form 
d‘p / 
Vae X00) = Fos el 9-9 aan Exe Ne (182) 
ice 1 407 / 
Vanni X(P) = es Fal mo Ghai 10¢ Yox(p )| ) (18b) 


where we have not written out the Dirac indices. The direct term (18a) has exactly 
the same form as for a system of two particles of different kinds with opposite 
charges, e, = —éq, (cf. (5) in Example 6.3). The annihilation interaction enters with 
the same power of e, but nevertheless it is much weaker since the denominator 
is very large, namely K 2 = (2m) for weakly bound systems. In practice one 
therefore first solves (15) who the annihilation interaction and then treats (18b) 
as a perturbation. 


Supplement. One can bring the Bethe—Salpeter equation (15) into a form that is 
symmetric with respect to particles and antiparticles by Ci the charge conjugation 
transformation. The charge conjugated wave function reads® 


Pe = Cp =Cyv* . (19) 
The transformation matrix C satisfies the condition 

CC aan (20) 
and furthermore 


Oe (21) 


Q 
2 
Op 
Q 


6 See W. Greiner: Theoretical Physics, Vol. 3, Relativistic Quantum Mechanics — Wave 
Equations (Springer, Berlin, Heidelberg 1990), Chap. 12. 
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6. Two-Particle Systems 


We apply the charge conjugation matrix C on the right index of the two-particle 
wave function y and introduce a transformed wave function w: 


Dred) = Canora (a) (22) 
or in compact notation 

Wp) =xpyCc? . (23) 
In turn we can use (21) and get 

xXpP)=o@)(CTy 1 =yp)Cc . (24) 


This transformation is inserted into (15) and the equation is multiplied by C—! from 
the right-hand side. Because of (20) only the relative sign between momentum and 
mass terms in the Dirac operator is changed. After some manipulation one gets 


(G+d-m) (F-s-m) vo) 


a ap. 
=a Bape 11 Made 9’) 
sD 
wer, Cf atp Trade]. (25) 


LAL ==> Sees! 


6.3 The Nonretarded Limit of the Bethe—-Salpeter Equation 


We continue to study the Bethe—Salpeter equation in the form (6.31) within the 
ladder approximation and introduce an approximation in which it takes the form 
of a simple Dirac equation with an interaction potential. 


To this end we first have to determine the interaction kernel K~ Ge Bae) 
in momentum space. In the ladder approximation (6.9) according to (6.23) one 
essentially has to take the Fourier transform of the photon propagator Dp(x — x’): 


hee (Pp) » PsP] 1) Po) 


] , 
dx, d4x5 dx! day} l@rnitp2™ —Py XP 5X5) 


~ Qns 
x (ie) (—ies) 7 iDe@ — ¥2)640 — xf) 6G — x4) (1) 
Transforming to the new variables u = x; — x) and v = xX} + x2 yields 


(—1€q) (—iep) yf b 


Sil) 
Ko (P1,P25 PtP) = (2 ny Vulv & [(r1 ep) a (Pp; + p>) 


x iDp” ea Pz) = 501 - P4)) (2) 
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or, according to (6.27), 


fp —1€, ep 
A Oe) soe ee PP) (3) 


In Feynman gauge, which we have used so far, the momentum-space representation 
of the photon propagator reads 

4ngt” 
gq? + ie 


DeY(q) = i dtx elf DEY(x) = (4) 


Thus in momentum space the Bethe-Salpeter equation (6.31) in the ladder approx- 
imation takes the form 


1 1 
(; BO ae -m) (5 ae -m) Xab(P) 
oe 
=ieses | Sa DE Wb xa +H) (5) 


The integration kernel in (5) is still too complicated for practical purposes. The 
problem can be simplified if one neglects the frequency dependence, 1.e. if one 
replaces 


DE’ (ko, k) > Dz" (0,k) (6) 


As we shall examine further in Example 6.4 this means that one neglects the 
retardation of the interaction. If we multiply (5) by 742, we get 


1€g€p 


Fxav(p) a (Q7)4 


/ dtk oeyerky? DEY O, k) xan(p + 1) (7) 
with the abbreviation 

P 1 1 » r 

a, (Sve Panes = m) % (srk — yppY — m) (8) 


In the centre-of-mass system characterized by p, +p, = 0 the vector K representing 
the total momentum is purely time-like, that is 


K = (2m — £p,0)=(£,9) , (9) 
so that we get 

i 1 1 

ey & — q+ p— Bam + po) (GE +a»: p—Pom - po) 


e & - Fie) +o) (58 - fisip) ~ po) (10) 


with the free Dirac Hamiltonians 
A, (p) = Qa: p+ Gam 3 (11a) 
Ay(p) = —ayH- p+ Bom . (1 1b) 
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Using the approximation (6) it is possible to separate the frequency integration. 
We define a new wave function that depends only on the spatial components of 
the momentum vector: 


AND = i Ao HOD) (12) 


After performing the 4p integration on the right-hand side of (7) we thus get the 
approximate result 


Bs i€ge CT a 
Pp yeato) = “Ef ab airbat DEO, W) baslD + 8) (13) 


or, written in a shorthand notation, 


F(p)xas(p) =I'(p) (14) 


To make use of this equation one must integrate over the variable po on the left- 
hand side of (13) according to (12). To this end we invert the operator F (p), 1.€. we 
bring it to the right-hand side. This can be done by the following trick: introduce 
projection operators for the components of the wave function with positive and 
negative frequency, namely 


w(p) + H,(p) 
2w(p) 


where w(p) = +/m? + p*. Because of H?2(p) = w(p) one can verify right away 
that the operators (15) fulfill the usual rules for orthogonal projection operators: 


A" (p) = withn =a,b_ , (15) 


Ci) =A A Oe ena (16) 
Furthermore there is the important relation 
A, (pA. (p) = AL. (p)An(p) = tw(p)AL(p) (17) 


After applying the projection operator (15) the Hamiltonians in (10) can thus be 
replaced by the frequency w (times the unit matrix): 


14 (P) AL @)F @)xa0(P) 
= ($2 +o) +00) (48 Fup) —po) BOAO) » (18) 


where all of the four combinations of signs are admitted. The Bethe-Salpeter 
equation (14) then becomes a system of four projected equations: 


1 i ‘ 6 
(52 oP) +p) (5800) -po) x20) = MOALOre), (19) 
with the projected wave functions 


x+4(p) = AL(p) AY (p)xa0(p)- (20) 
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In a completely analogous way one defines the projected wave functions ¢4+4(p) = 

4 (p)A®(p)¢an(p) by integrating over po (cf. (12)). Making use of (17) the oper- 
ator on the left-hand side of (13) has been replaced by a simple number, which can 
be brought to the right-hand side by division. Thus it is also possible to eliminate 
the frequency variable po on the left-hand side of (19) by integrating according to 
(2 jake: 


b++(p) = | Pox2@) 


1 I \ Seg 
= | dp mA or Ol 
[om zE =u(p)+ po 7E Fup) — po ee 


To make (21) unique we have to determine how to treat the poles when integrating 
over Po. In this context we remember the rule that we have already used frequently, 
which states that the condition of causality can be fulfilled by giving the particle 
mass a small negative imaginary part, i.e. m — m — ie, and consequently also 
w(p) — w(p) — ié. This means that 


1 1 
at / onan Eo ar: 
(22) 


where 
Tap) = AL(p) AL) (p) 


The po integration can be performed using the theorem of residues, where the 
integration path is closed by a half circle in the upper or lower half plane. This is 
possible because the integrand falls off like 1/ \po|* for large po and therefore does 
not contribute to the integral. The integrand has two poles at 


1 
Po— 58 + w(p) id , (23a) 
1 
jy = wee a= w() 10% (23b) 
As we have already emphasized, both signs in (22) can be chosen independently. 
If both signs of 6 in (23a) and (23b) are equal, then both poles are in the same 


half plane. Since one can close the integration path in the other half plane, where 
the integrand is regular, the theorem of residues yields 


¢4-)=¢-1(p)=9 . (24) 


In the opposite case one gets 


foe) 

Omi 

ee ee (25) 
z—ayidzt+b+id a+b 


Cx) 


and therefore 
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2m1 


Ve) = ip Ones T'+4(p) , (26a) 
21 
Mae yl)) = Be cae) Pep) (26b) 


Owing to (24) and (26) the complete wave function d(p) = $44 +¢4+-+¢-4+ 
g@—— then obeys the integral equation 


A,(p) , A_-(p) 
2w 


(p) = 2m Ge8 ore 2 Ip) . (27) 


We eliminate the denominators in (26) and subtract the resulting equations: 


(E — 2u(p))¢4+4(p) + (E + 2w(p)) d——(p) 
= =a) = 1 )) (28) 
According to (17) the frequency w(p) can be replaced by the Hamiltonians H,,. To 
do this in a symmetric fashion we identify 
SIL. + 2wp__ 
= (-wAt Ab — At wt +wAt A? + At?) 
= (—A4 AH, — A% A’ H, — At A? A, — A* A* Ay) b 
= (A AY + At AP) (—Aa — Ap) 
= (1— At Ae — At £8) (—H, — By) 
=(-, oe 
In the last step the contributions from the mixed projection operators Ag, Ab have 


vanished since, because of (16), one can replace H, by +w and then use (24). If 
we now define a mixed projection operator 


Ap) = Ay4(p) — A-_(p) = AGA? @) — ALA? (Dp), (29) 


then the right-hand side of (28) simply becomes —2niA(p) I(p). Equation (28) 
then becomes the Bethe-Salpeter equation in the nonretarded approximation: 


(E — Ha(p) — Ai,(p)) 6(p) = —27i A(p) (py), (30) 


where in the ladder approximation I"(p) is given by the right-hand side of (13). 

Equation (30) can also be brought into a more familiar form if one assumes 
that the solutions with negative energy can be neglected, i. if one makes the 
approximation 


Ap) -— J (31) 


in (30). Equation (30) will now be transformed into coordinate space according to 


a é 
sory = f err ow), (32) 


” EE. Salpeter: Phys. Rev. 87, 328 (1952). 
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1.e. using I’(p) defined in (13), (14) 


d*p ~ip-r 5 s 
lay P(E — Ha(p) — As(p)) $(p) 


a ak 
= €a€h / oe ees / on WWW DF Ok) Op+k) , (33) 
or, with (32), 
(E — A, (iV) — fe oe o(r) 


= («. &b lS (27 eer ng Mu De O, i) o(r) 
CHEaCr) ~. (34) 


To arrive at this result the integration variable p was shifted to p +k in (33). 
Equation (34) has the same form as the ordinary Dirac equation with an effective 
interaction potential U(r). In order to calculate this potential it is advantageous to 
use the photon propagator in Coulomb gauge (cf. Chap. 4, (13-15)). In this gauge 
D}° depends only on the spatial components k, so that here the approximation (6) 
(neglecting the frequency dependence) has a less drastic effect than in the com- 
monly used Feynman gauge of (4). Thus we insert 


—4r (kik An (kiki 
Di Rar e ee (eaceidrag ae a 
Di =r (ge) > ee (Tee 8) oy 
4n 
OO i 35b 
Ds (k) + ep (35b) 
DI = ES =O . (35c) 


The interaction potential then reads 


Ppl | fa,-Kas-k 
Us) See | (a 


1 
SS — = ; ——| , (G6 
Gm® |e ee a) + Ten oo 


One of the Fourier integrals we need, 


ak eik-r =A (37) 
(Qn) |kl2 9 4ar ” 


is the familiar Coulomb potential. The other one can be derived from this with a 
few tricks. Using Vx (1/|k|?) = —2k/|k|* we write 


By eas pier (2k) (0k) k) ma ak ct (b, a) 
/ “Ss On’ ke ON re Lp 


Lav) [coe Wa 8) 
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or, after partial integration, 


1 
ES (b- ik-r pe ee 
: avo | aay | yO Vee) ep 
ac. al 1 
= —(a- : SS i —— 39 
(a Vi)b-7) | Oo Fae = Fa VF 39) 
On evaluating the gradients we have 
I (a-r)(b- 7) 
= — — |a-b- ———_.——_ : 40 
: Aye ile (a g Fe 0 


Thus the effective potential reads 


= Gh i-z (2.05 + @e-7)fe0-7)) | (41) 


This potential is known as the Breit interaction. We shall derive it in an alternative 
way in Example 6.4. 


BSE —- ——— ————_—ESSES—E—EEE SSS 


6.4 The Breit Interaction 


The interaction between two Dirac particles is described covariantly by the ex- 
change of virtual photons. We will attempt to describe this interaction in a nonrel- 
ativistic approximation by a potential U(r) (which does not depend on the time 
coordinate). Of course this should lead to the Coulomb potential in the static limit. 
In addition we want to calculate the relativistic corrections up to the order (v/c)°. 

We shall proceed as follows. First we shall calculate the S-matrix element for 
the one-photon exchange and then we shall examine which potential U(r) yields 
the same result in the desired approximation. As we have discussed in Example 3.2 
the S-matrix element for the graph 


(1) (2) 
Pe f 

x y 

1 2 
Wf me 


has the form 
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S=-i fate [ay Poy. —H iw) (1) 
with the photon propagator Dr and the two transition currents 
Ip) = en BP) UM) 
i”) 
oe (2) 


In the second line the time dependence has been separated off, thus defining the 
transition frequency AY E; ") _ £®). The 4-vector index has been omitted for 
brevity. If the particles are not 1 denen one must subtract the exchange term 
im (1); 

Inserting (2) and the Fourier representation of the propagator (in Feynman 
gauge) into (1) yields 


d*k iw, ~4re 0 ~x) ie) 
Sy at ee | lp Pg 9 Oa 
(Oma Hie 7 


(3) 
The ¢, integration yields a 6 function. With k = (w,k) we get 
d eae 
Sf =4ri [ as NP sas — we) baer 
+ik-(y—2) 
2)4,) Z 4 
Pore) | 5 C 


After introducing spherical coordinates we can carry out the integration over the 
momentum with residue integration: 


fore) 1 Qn 
3 ae +ikr cos 0, 
dvk a = ay [Hat [ d008 8 fae = 
Cer Se, We Wea ie 
0 — 
ty k 
1 ikr —ikr 
~ Qn r i k? — w? — ie Cae 
0 
i | k tkr 
—oo 


The poles are located at k = +(w + ie’sgn(w)). The residue integral (which must 
be closed in the upper half plane) thus encircles only one pole yielding 


ak ev ik-r etilelr 


dca a Oe (6) 
(27)? w2 — k? + ie Arr 


If one also carries out the Hea a over w and ¢,, then the S-matrix element 
reads 
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ele | 


55 = - 2716) +0) [as | Py Pe) —- on (7 


As usual the 6 function ensures the conservation of energy. Apart from that, the 
magnitude of Sg is determined by a coupling between the transition currents a 
and ne with a frequency-dependent interaction. 

ia order to understand this more deeply we go back one step and keep the time 
integration. Using we” = lug? |, which follows from (7), we get 


(AP e+ [wt |-/y—2]) 


: 7 i (2) (e fi fi & 
Sai fay fajPane®' fax §_@) . 
If we consider a scattering process in which the energy of particle | is transferred 
to particle 2, then we <0, and eab= = —wh, so that, with (2b), (8) can be cast 
in the form 
sai far fay Punarean , 0) 
where 
iat ¢—ly—al) 
e fi 
ADey.t) = f ax jf?) = 
: B ly—2| (10) 


— 
= f be et -ly-a) 


Thus (9) implies that the transition current ie (y) interacts with the electromagnetic 


field that was emitted by the current TO) of the other particle at an earlier time, 
where the time difference is given by |y — 2| = |y — x|/c. Therefore (10) is just 
the retarded potential. The frequency-dependent factor in (7) is thus responsible for 
the retardation due to the finite propagation velocity of the interaction. For small 
particle velocities (v/c < 1) we are therefore justified in replacing the exponential 
by the lowest-order terms of its Taylor expansion: 
ellval-ly-al/c 1 i i ; 
SS ee ==S = 11 
ly — a] Fea 52 |r| ly “| ( ) 


In the following we will write out the powers of the velocity of light c explicitly. 
The approximated $-matrix element reads 


Sq = —2ni6 (of? + wf?) Pale 


elles 
x De (y)By (aye = _—, PO eyyat? Ce) 


~ —2716 (wf +o?) ae fax [dy 


2 
x BH yyy ey (1 — a . 2) 


] d 1 
x ( ial zeny - x\) VOW) . (12) 


ge — | ie 
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In (12) only the terms of lowest order in v/c are to be taken into account. Since 
ca is the velocity operator in the Dirac theory the consistent approximation is 
I | | 1 
Oe = ee Le ee ape 
( Aiea 5 neacie 
reonica Ol ee eT 
ly—a] 2c? 


i 
chee tl waly— el , (13) 


up to the order 1 /c?. If this is inserted into (12) the contribution of the term of order 
1/c obviously vanishes owing to the orthogonality of the wave functions pe? and 
a”. The last quadratic correction term in (13) looks somewhat unpleasant, since 
it contains wy and thus depends on the initial and final states. Here one can take 
advantage of a commutator trick. The wave functions are assumed to be stationary 
eigenstates of a Hamiltonian, so that 

Aa) P(e) = EY? Y(@) 


AO ar) bya) = EY) 
and analogously the equation involving H®(a). Therefore, one can replace in 


(13) each energy by the corresponding Hamiltonian, if one makes sure that it acts 
immediately on the wave function. With wt) = —wty) one gets 


—w2 |x — y| = @ = a) fe - £) lz — y| 
= |e — y|AOA® — Aa — yA 
me Ala = y|H™ ae HVA ae — y| 
= RON ie aN (15) 


(14) 


Thus one has to evaluate the double commutator of the distance function |x — y| 
with the Hamiltonians of the two particles. These Hamiltonians are of the form 


HO = col” -p, + Ame? + AL) , - 


where only the momentum operator does not commutate with |a — y|. Hext here 
denotes the interaction with a possibly present (stationary) external potential, which 
does not change the following considerations. Using [p,f(x)] = —iVf(x) we get 


(A, (7, ja — yl] =a -iVe) [a -(iVy)|e-yl] - a7 
The differentiation of ja — y| = \/>>,(%x — ye)? does not present any difficulties 
and leads to 
aa a. @—ya®- (a —y) 

jz — y| jz — yl? 
Obviously the third term in (13) and the first term in (18) can be combined. The 
final result reads 


Sab (wh? ab wf?) e1e2 ii dx dy YO" (yyw) 


| Dy a). + (a -n) (a -n) 
v SES ee aa 


[A (a — wll] =| (18) 


je—yl 2x — yl were (19) 
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with the direction vector n = (a — y)/|a — y|. Equation (19) can be interpreted 
in such a way that the particles scatter at each other via a (nonretarded) effective 
interaction U(x — y), namely 


Sg = —2nié (w4? + wf?) ij d>x / d°y 
x By "aU (a — ywPMdy(a) . (20) 


The effective interaction operator has the form 


ee ae Ce eee a) 
= Ug 2 i - na) (21) 


As expected the first term is the Coulomb potential between the particles. Addi- 
tionally one gets a correction term Ug, quadratic in the velocity, which is known 
as the Breit interaction. It is interesting to note that (21) agrees with the retarded 
interaction of two classical particles if one replaces the Dirac matrices by the 
classical velocity a) — v;/c. 

If one makes the nonrelativistic approximation also for the wave functions 
Le (21) can be reduced to a sum of contributions that one recognizes as spin- 
orbit and spin-spin interactions. For further information see e.g. H.A. Bethe and 
E.E. Salpeter: Quantum Mechanics of One- and Two-Electron Atoms (Springer, 
Berlin, 1957), and Example 6.5. 

The Breit interaction is very useful for the calculation of energy shifts in many- 
particle systems and in positronium (where one also has to take into account the 
Feynman graph for virtual pair annihilation). However, one must keep in mind 
that (21) is only an approximation. Its use is strictly justified only in perturbation 
theory. If one simply includes the potential U in the Dirac equation as an interaction 
potential, this can lead to wrong results. In particular one has to avoid the mixing of 
solutions with positive and negative energies, which can be done by the introduction 
of projection operators.® 


CHI r= ee 


6.5 Nonrelativistic Reduction of the Two-Body Equation 
Applied to Positronium 


We have learned earlier in this chapter that a two-fermion system within QED has 
a formally exact description in terms of the Bethe-Salpeter equation. One has to 
construct a 4 x 4 = 16 — component two-body wave function and a two-body prop- 
agator S?”. For an exact description one would need to know the interaction kernel 
K*>, which is formally represented by an infinite sum over all possible Feynman 
graphs. In practice, however, this is too demanding and the Bethe—Salpeter equa- 
tion can be applied only in a simplified form, i.e. the ladder approximation. In this 


* J. Sucher: Phys. Rev. A22, 348 (1980). 
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example we will use the ladder approximation to sketch the derivation of a nonrel- 
ativistic Hamiltonian for the positronium system, which is one of the cornerstones 
of QED. 

Although we shall start from the full two-body problem, it is reasonable to 
reduce the corresponding 16-component equation to those components which are 
largest in the nonrelativistic limit. This both helps in practical calculations and 
leads to an equation that has a clear physical interpretation. The justification for 
this procedure, of course, rests on the fact that positronium is a very weakly bound 
system. The electron and positron are localized in orbitals having twice (owing 
to the reduced mass) the hydrogen Bohr radius, which is large compared to the 
Compton wavelength 


The binding energy is of the order a’?m, which is very small compared to the 
rest mass 2m. In the ordinary single-particle Dirac theory the nonrelativistic ap- 
proximation leads from the 4-component Dirac equation to the 2-component Pauli 
equation. In an elegant and systematic way this reduction is achieved using the 
Foldy Wouthuysen technique.’ 

The idea of this method is to apply a unitary transformation Ug which eliminates 
the “odd” operators © contained in the Hamiltonian. The name odd is given to 
those operators which couple the large and small components of the Dirac spinor; 
typical examples are the matrices a and 7. Correspondingly those operators which 
are diagonal with respect to the large and small components are called “even”, 
designated by the letter €. Examples of this class of operators are I, 6, &'. The 
task then is to construct a unitary operator Us such that the odd parts of the 
Hamiltonian are eliminated. If the original Hamiltonian is written in the form 


H=fm+€+O , (1) 
according to Foldy and Wouthuysen the transformed Hamiltonian reads 

A =U,;'HU; 
ig 


8m3 


1 
Bee oF Be 


CON tos 2 
2m 8m2 = (2) 


[ [O, é] ’ O} = 
This procedure has been generalized by Chraplyvy!® in such a way that it can be 
applied to the two-body problem. 

The principal idea of the method remains unchanged. However, the Hamiltonian 
H now consists of 16 x 16 matrices, which are constructed from direct products of 
the 4 x 4 one-body Dirac matrices referring to particles 1 and 2. Generalizing the 
notion of even and odd operators we now have to distinguish between four cases: 


even even operators (€€); ¢.g. I, Burge. SHOE y®). 
even odd operators (EQ), e.g. a2), >); 


9 See W. Greiner: Theoretical Physics, Vol. 3, Relativistic Quantum Mechanics — Wave 
Equations (Springer, Berlin, Heidelberg 1990), Chap. 11. 
107 Vv. Chraplyvy: Phys. Rev. 91, 388 (1953) and 92, 1310 (1953). 
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odd even operators (O€), e.g. a, y; 
odd odd operators (OO), e.g. awe a2), yD). 2), 


Here we have used the shorthand notation 
a =a@l and aV=lea . (3) 


The operators of type (EO), (OE), (OO) couple between the 16 components of 
the two-body equation, while (E€) operators are diagonal with respect to large 
and small components. Thus if we are able to find a unitary transformation Us 
that eliminates the operators (O€), (EO), (OO) then the 16- -component equation 
will decouple into a set of four independent 4-component equations. One of them 
will contain the Pauli approximation to the two-body equation while the remain- 
ing three equations describe the admixture of negative-energy states and can be 
shown to vanish in the nonrelativistic limit. In analogy to the Foldy Wouthuysen 
transformation operator Gh, a unitary operator Ue can also be constructed for 
the 16-component two-body equation that decouples the large components to any 
chosen order in 1/m. 
We start from the general two-body Hamiltonian 


Hig = 8 m, + Bm + (EE) + (EO) + (OLE) + (00) . (4) 


As shown by Chraplyvy in a lengthy calculation, which we will not reproduce 
here, the transformed Hamiltonian has the form 


Ay = ie Ay 0p 


BO 


(1) 
2m 


= BY my + Bm, + (EE) + wey = 
my 


oe Ca ees! 
ami 08) — 5 (EO) + ga lle), (€21_,(08)]_ 
2 


= 1) — 


t aa [[(EO), (EE)]_ ,(EO)|_ + 7 8), (OO)}, (EO)| 
2 


Bo ate B® 


2 
Een Oot oe (5) 


In principle Ay still acts on a 16- -component wave function. However, now it is 
possible to separate off a 4-component equation that contains “large components” 
only. 

In the case of the ordinary single-particle Foldy Wouthuysen transformation 
this is achieved by replacing each 4 x 4 Dirac matrix 


simply by a, which is a 2 x 2 matrix, e.g. 


i Oo 
B= ( ) — llox2 
Ve! 4x4 . 


The analogous replacement in the two-body case reads, e.g. 
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Bo a Es; = Vax4 ; 


= 16x16 


p = : = Max 


=I 16x16 


Application to the Positronium System. We start from (34), Example 6.3, which 
was derived from the Bethe—Salpeter equation 


(E — HUY) — H GV) 60) = UME), (6) 
where U(r) is the Breit interaction defined in (41), Example 6.3. Here 


H = a) p+ BOm 
H® = —a® p+ Bm, 


Written out explicitly (6) reads 


(1) (2) 
e\e OA? a 
HO(r) = {a ay ta ae) as ee ar 
(10) (2). 
_ EOI Or) =ED(r) . (7) 
2r2 
The positronium system is described if we set my) = m =™m, e, = —e2 =e. To 


apply the reduction method discussed above we have to identify the various types 
of even and odd operators in the Hamiltonian: 


2 
EO) = -a”. 
es ate" . (8) 
: Oe ee) oa: 
OO = += BO ee a 
From this the following ingredients entering (5) can be deduced: 
(OEY =(EOP =P’ (9a) 
(Os) —=C€O) —p = eS 


{ (oe), EEN. (8)]_ + [LEO EN, EO]_} 


= 2e l(a” ae a?) (5 x p) + 4n8°(r)| , (9c) 
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Example 6.5. 


[OE], (OO)}, ,(EO)] , 


p 
20 (5-2) nla? 0") (5x0) 
On (Ae. 
lg ee _3(a i) (a? 7) | Ef a g® 0) & 
and 
oA (a 7) (ar) 
(007 = E = 2a) « (2) 4 STO) (9e) 


We insert these expressions into (5) and perform the replacement BO) — 1, 
B) — I, etc., as discussed above. The wave function consists of a direct product 
of two Pauli spinors. This corresponds to the approximation that both particles 
are described by the two upper components of their original bispinor. Thus the 
generalized Pauli equation reads 


Ay bolr) = Edn(r) (10) 
where 


Pel =M)+HA, +A.+H34+ 4 


and 

e2 a 

Fo = =a ti ’ 
r m 

ie os 

1 Ano 9 

e [pr ~ es 

VE Se E +r (5-p)p] + Grote : (11) 

3e? yr 
es On 13) 

Bae a cae) 
2 [o).¢2@ 3790. ry(o® .r) 8 

aa a ee ee ee OO 


Terms of the order e* have been neglected. The various parts of the two-body Pauli 
Hamiltonian have an intuitive interpretation. Ho is the nonrelativistic Schrédinger 
operator (the rest mass has been subtracted from (10)). H; describes the first-order 
corrections due to the velocity dependence of the mass. H> contains the classical 
relativistic correction to the interaction of two charged particles due to the effect 
of retardation and the Darwin term due to Zitterbewegung. H3 is the interaction 
between the total spin s = s(4+s8@ = (6) +¢®)) and the relative orbital angular 
momentum of the particle, L = rx p. Hg is the magnetic dipole interaction between 
the magnetic moments of the electron and positron (spin spin interaction). 

With some more thought we come to the conclusion that the Hamiltonian (11) 
does not contain the whole truth about the positronium system. We have treated 
the two particles as independent objects having opposite charge. Because we are 


6.2 Biographical Note 


Sei, 


dealing with a particle antiparticle system, however, the process of virtual pair 
annihilation also has to be taken into account. Thus the annihilation interaction 
introduced in Exercise 6.2 has to be included. We will not go through the steps 
leading to the nonrelativistic limit of this interaction but only quote the resulting 
additional contribution to the Hamiltonian: 


er 


BG = Fal 


34+ 0°). a) &(r) 
Note that this interaction only contributes for states with angular orbital momentum 
L = 0 (because of the delta function) and total spin S = 1 (since 0!) - ¢@) = —3 
for singlet states). 

Including the Hamiltonians H, to Hs as perturbations to the Ho problem will 


lead to the energy levels of positronium!! correct to order a’. 


6.2 Biographical Note 


SALPETER, Edwin Emest, American physicist. *3.12.1924 in Vienna. S. studied at Sydney 
University (Australia) and at the University of Birmingham where he got his PhD in 1948. He 
became research associate and later professor at Cornell University and Director of Cornell’s 
Center of Radiophysics and Space Research. S. worked with H. Bethe on few-electron 
systems and the quantum mechanical two-body problem (the Bethe-Salpeter equation). S.’s 
main field of research has been astrophysics where he worked on nuclear fusion mechanisms 
in stars, the structure of collapsed stars, interstellar matter etc. 


'1 See for example M.A. Stroscio: Phys. Rep. 22, 215 (1975). 
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7. Quantum Electrodynamics of Strong Fields 


Up to now, our considerations in this book have mainly treated the behaviour of 
electrons (or positrons) under the influence of weak perturbations. In this chapter we 
want to deal with phenomena that occur in the presence of strong electromagnetic 
fields.! 

We shall see that a novel “effect of zeroth order” occurs in this case which can- 
not be described by perturbation theory as usual: the ground state (the “vacuum”) 
of the theory becomes unstable and changes at a certain strength of the potential. 
At first, we shall discuss the process qualitatively. 

Normally, i.e. in weak fields, the energetically lowest stable state is charac- 
terized by the fact that no (real) particles are present; in the case of QED this 
means neither electrons nor positrons. In the absence of an external field the Dirac 


equation possesses only continuum solutions with energies E, = +,/mjc* + p*c?. 
The vacuum state is determined by the requirement that all positive energy states 


are empty and all negative energy states are occupied (see Fig. 7.1). 


empty 


occupied 


In Dirac’s hole picture this means that neither free electrons nor free positrons 
(i.e. holes in the lower continuum) are present. The formally infinitely large energy 
and charge of the “Dirac sea” are unobservable in principle and are “renormal- 
ized away”. Therefore, the physically observable vacuum (without electromagnetic 
field) is free of particles and is electrically neutral. We now switch on an external 
electromagnetic field A,,(x). The approximation of an external field means that 
A,(x) is assumed to be given classically and that it is not be influenced by the 
electrons. In reality such a field is very well represented by that of an atomic nu- 


! Detailed presentations may be found in W. Greiner, B. Miller, J. Rafelski: Quantum 
Electrodynamics of Strong Fields (Springer, Berlin, Heidelberg 1985). 


Fig. 7.1. The vacuum of the 
Dirac theory in the absence 
of an external field 
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Fig. 7.2. The spectrum of the 
Dirac equation in the pres- 
ence of a weak external bind- 
ing potential 


Fig.7.3a,b. The vacuum of 
the Dirac theory in the case 
of a strong external potential. 
(a) Subcritical: the vacuum 
is neutral. (b) Supercritical: 
a positron is emitted sponta- 
neously and the vacuum gets 
charged 
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cleus with charge —Ze since its mass is extremely large compared to the electron 
mass (m,/m,. ~ 2000). Macroscopic fields and coherent electromagnetic radiation 
can also be described in terms of an external field. 

In order to realize the essential effect we consider an electrostatic potential well 
A(x) of finite extent. If the potential is positive, electrons can be bound in the well. 
This means that one or more electronic levels £), E,... are lowered into the energy 
gap between E = +moc? and E = —moc*. The corresponding wave functions are 
spatially localized in the region of the potential well. The basic structure of the 
vacuum will not be changed, however, because it is still energetically favourable 
to have the lowered states unoccupied (Fig. 7.2). 

This seems to change if the potential is so strong that E; becomes negative, 1.e. 
if the binding energy Ez = moc? — FE, surpasses the value moc”. By adding one 
electron to the system, more energy can be emitted than is contained in the rest mass 
of the electron. This leads to the curious phenomenon that according to mass—energy 
equivalence the system becomes lighter than it would be without the electron! 
However, since charge conservation must be fulfilled rigorously there is no way to 
produce a single electron; only electron—positron pairs can be created. The energy 
threshold for this is 2c? and hence a system with empty energy levels remains 
stable also in the range —moc? < E; < 0 (Fig.7.3a). Things change, however, as 
soon as a state falls below the threshold E = —mgc?. An electron—positron pair can 
then be created without the need to expend additional energy (e.g. from an incoming 
photon). There is even a surplus which is available as kinetic energy, namely 
Exin = Ep —2mgc? = |E;|—moc*. When passing beyond a certain critical potential 
strength the following will happen: An ete pair is created spontaneously. The 
electron is attracted and stays inside the potential well, whereas the positron is 
repelled and thus escapes with kinetic energy E,in (Fig. 7.3b). 

This process may also be interpreted in the following way: as the potential 
strength is increased the state E, “dives into the lower continuum” and merges with 
it. If it has been empty previously then the Dirac sea now contains an additional 
hole which physically corresponds to a positron. After a certain length of time 
(we shall calculate this time more precisely) a new stable ground state is formed: 
the previously empty (in the subcritical case) potential well is now filled with 
one electron or, in other words, the previously neutral vacuum has decayed into a 
charged vacuum. Of course, global charge conservation is not violated by this. The 
emitted positron carries a positive unit of charge to infinity, i.e. it escapes from 
any arbitrarily large but finite volume surrounding the potential well. 

The charge Qy,- which the supercritical vacuum assumes depends on the 
strength of the potential, namely on the number of levels £,,£y,... that have 


% passed below the threshold —moc? and are thus submerged. If there is no magnetic 


field present, all levels are twofold degenerate (equal energy for both spin orien- 
tations s, = +1/2), so that Qya. runs over the values 2e,4e,... with increasing 
potential strength. 

Before we give a quantitative description it is useful to consider qualitatively 
the structure of the quantum-mechanical wave functions in the various cases. We 
are looking for eigensolutions ~ of the stationary Dirac equation with a scalar 
electromagnetic potential Ag(x) such that 


(ca “p+ Bmoc? + eAg(x)) (LO) = ae Ga) 
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Here it is essential that the energy E and potential V(x) = eAo(x) occur in the 
combination £ — V(x). This means that Hue boundanes of the energy gap (which is 
in the range between +mmgc? and —moc? in the field-free case) are shifted locally 
by the potential. This is shown in Fig. 7.4 for the case of an attractive potential 
well. 

Inside the energy gap is the classically forbidden region, where only exponen- 
pally decaying wave functions are possible. Outside the gap, ic. for |E —V| > 
moc’, there are oscillating souaens: Since Ao): 1s assumed to vanish asymptoti- 
cally, we obtain for E > moc* and E < —mgc? oscillating continuum wave func- 
tions that extend to infinity. The effect of the potential well is to deform these wave 
functions. In ordinary weak potentials this distortion does not lead to a qualitative 
change of the character of the wave function. In Fig. 7.5 two typical wave functions 
of the upper (a) and lower (b) continuum are sketched. (The picture is somewhat 
schematic since strictly we have to deal with four-component spinor functions.) It 
is the attractive potential which makes it possible that there are spatially localized 
bound wave functions at discrete energies in the region —mgc? < E < +moc? 
(case (c) in Fig. 7.5). However, if the potential well is deep enough one (or more) 
of the bound states can fall below the threshold —mgc*. The wave function then 
necessarily has to change its character, because it can no longer decay exponentially 
but extends to infinity. Its shape is displayed as case (d) in Fig. 7.5. 

We can now distinguish three regions: in the interior of the potential well the 
wave function resembles that of an ordinary bound state; outside it oscillates as a 
continuum wave. Both regions are connected by a zone in which the energy is in 
the “forbidden” energy gap. 

This situation strongly reminds us of a process familiar from nonrelativistic 
quantum mechanics, namely the tunnel effect that occurs, for example in a@ decay or 
in solid-state physics. Tunneling is possible whenever a particle must pass through 
a region of space without having the classically required energy as, for example 
shown in Fig. 7.6 for a potential barrier. 

A particle sitting in the potential well is in a “quasi-bound” state. It can tunnel 
through the energetically forbidden region of the potential barrier with a certain 
decay rate (probability per time). We can now say in full analogy that a hole in 
the overcritical bound state tunnels through the energy gap between the upper and 
the lower continuum in order to escape as a positron. 

It is well known that the decay rate in a tunnel process decreases exponentially 
with the width and height of the barrier to be passed (the ““Gamow factor’). This is 
also valid for the decay of the neutral vacuum. This explains why spontaneous pair 
production is not observed in macroscopic electrostatic fields. Potential differences 
of several megavolts can be easily produced but typically they extend over a range 
of meters which makes the pair production rate extremely small. A rough estimate 
tells us that pair production becomes considerable if the potential AV = eAAo 
changes by a value of two rest-mass units 2mpc* over a characteristic length scale 
which is set by the Compton wavelength of the electron XY = h/moc. Because of 
E = —VAv this leads to a critical field strength of the order of magnitude of 


AAy — 2moc? Amc? _ 12 x S11 keV 
Ax  eh/mc eh  e 386fm 


V 
a 16 
Eo © =2.6x 10— . (7.2) 
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Fig. 7.4. The energy gap of 
the Dirac equation in the 
presence of an electrostatic 
potential well 


Fig. 7.5. Schematic represen- 
tation of the Dirac wave 
functions of a deep potential 
well: (a) free electron state, 
(b) free positron state, (c) 
bound electron state, (d) res- 
onance in the lower contin- 
uum 


Fig. 7.6. Illustration of the 
tunnel effect in nonrelativis- 
tic quantum mechanics 
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+moc 


— moe 


We shall encounter this critical field strength once again in Sect.7.3 where a ho- 
mogeneous electric field will be studied. Field strengths of magnitude E,, occur 
only in microscopic systems.” On the other hand the size of the potential region 
has to be large enough that (by the uncertainly relation) localization of the wave 
function is possible. There is only one experimentally accessible system in which 
the decay of the vacuum may be examined: a heavy atom with very high nuclear 
charge number Z. 


* We shall not take up here the matter of possible laser fields of very high intensity. 
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7.1 Strong Fields in Atoms 


Nature provides atomic nuclei as an almost ideal source of strong external electric 
fields. A nucleus of charge Z and mass number A produces a spherically symmetric 
electric potential of the form 


—Ze?* /r Hele ye Sek 
VO) — 2 (4) { / , (7.3) 
—(Ze* /R)f(r) for r<R 
where the charge radius R of the nucleus is given approximately by 
R=1.24'Ffim . (7.4) 


If one models the nucleus as a homogeneously charged sphere with a sharp edge, 
which is sufficient for most purposes, then the bottom of the potential well is 
parabolic, i.e. 


. 
f= ; (3 = a) (7.5) 


As a crude but simple approximation one sometimes uses f(r) = 1, corresponding 
to a charged spherical shell. The three cases are shown in Fig. 7.7. 

The potential in the interior and the maximum electric field strength (at the 
nuclear surface), e.g. for a uranium nucleus (Z = 92,A = 238), are very large, 
namely 


Dh 2, 
Feel] = :> ~ 26.7 MeV ~ 52 moc? 


and 
iy, V 
Bon = = Se ut ae 
R2 cm 


While these numbers by far exceed the values of 2moc? and E,, one cannot call 
the electric field of a uranium nucleus supercritical. In addition the region of space 
over which the field extends has to be large enough to make the localization of a 
quantum-mechanical wave function possible. This condition is not met in ordinary 
atoms. In contrast to the situation shown in Fig.7.5 the electronic levels here are 
not bound very deeply. 

In order to investigate the behaviour of the states the Dirac equation (7.1) has 
to be solved for the central potential (7.3). The procedure is described extensively 
in Chap. 9 of the volume RQM and we shall only briefly repeat it here. 

The angular-momentum operator and the parity operator commute with the 
Dirac Hamiltonian Hp = @- p+ {mo + V(r) for a potential of the form (7.3). 
Hence the wave functions can be classified according to their angular momentum 
j and parity 7. The ansatz for the bispinor wave function is 


= 1 Hi ee) GG 
Wim (x) = a Geka.) (7.6) 


with the two-component spherical spinors 


O55 


Fig. 7.7. The Coulomb po- 
tential of a point nucleus 
(solid line), of a homo- 
geneously charged sphere 
(dashed line) and of a 
charged spherical shell (dot- 
ted line) 
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Xnm(Q)= S> (Yj |m - ppm) Yim-wQDxu (ey) 
p=+1/2 


where x1/2 = ($); X-1/2 = (). «is the eigenvalue of the operator K = G(o-L+1) 
and has the value 


—U7+1) =-G+4) for j=l+} 
1 =4¢%+4) for j=l—-3 


The Dirac equation (7.1) reduces to a system of two coupled ordinary differential 
equations of first order (Ah = c = 1) 


d K 

=u =—-u+(E+m—V(r))w , 
dr r 

d K 
—un = —(E — m — V(r))u + — 
dr is 

For all energies E > mo, E < —mpo, (7.8) possesses continuum solutions which are 
regular at the origin (r = 0) and oscillate asymptotically (r — oo). In the energy 
gap —moy < E < mp only at certain discrete energy eigenvalues E£,; are solutions 
found that fulfill the regularity requirement at r — 0 and r — oo simultaneously 


and are thus normalizable: 


(7.8) 


le @) 


fetew=1 (7.9) 


0 


The system (7.8) can be solved numerically without difficulty in order to determine 
the solutions for arbitrary potentials. For some potentials the solution may also be 
found analytically. For this purpose it is useful to rewrite the system (7.8) into a 
single differential equation of second order. 

A closed solution is obtained in the case of a pure Coulomb potential, V(r) = 
—Za/r for all r. It is composed essentially of confluent hypergeometric functions. 
The energy eigenvalues satisfy Sommerfeld’s well-known fine-structure formula, 


! 
2 2 
ZQ 
fan i re 
nj 0 | (- [2/5 <5 | 


with the principal quantum number n = 1,2,.... Obviously this formula is no 
longer valid for charges Za > |«|, because then the root y = VK? — Z2a? becomes 
imaginary. This is seen especially clearly for the most deeply bound 1s-state (« = 
—1,n = 1) whose energy is E}; = mox/ 1 — (Za)*. The function £),(z) breaks off 
with vertical tangent dE), /dZ — —oo as Za > 1. 

We recognize the reason for this behaviour in the shape of the wave function 
near the origin. For r — 0 the Coulomb potential dominates: | V |>> E,mo. By 
elimination of uw) in the system (7.8) (cf. Exercise 7.1), we get the differential 
equation for u, (r > 0): 


(7.10) 


l Za) =e 
uff + auf + SO 0 Gail 
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The regular solution of (7.11) is 
Gye 2 for ps0, (7.12) 


The exponent becomes imaginary in the case Za >| « |. If we construct a real 
solution it will oscillate with infinite frequency like sin(,/(Za)? — «2 Inr + 6). 
Since such a singular wave function is not acceptable, there is no solution of the 
problem of an electron in a pure Coulomb potential for Za >| « | 

This is because we did not formulate the problem correctly. In reality the source 
of the Coulomb field has finite extension so that the potential V remains finite as 
given in (7.3). In this case the singular behaviour (7.12) of the wave function at the 
origin does not arise. The energy levels can then be traced continuously beyond 
the point Za =| « |. 

Solving the Dirac equation with the truncated Coulomb potential (7.3) is more 
involved compared to the case of the pure Coulomb potential. A way to do this is to 
construct at first two solutions nar ae in the inner region and ae, oe) in the outer 
region. In each region there are two linearly independent solutions of the system 
(7.8) of differential equations of first order. The inner solution is required to be 
regular at the origin, r — 0, whereas the outer solution should decay exponentially 
at infinity,  — co. Both solutions have to be matched at a point Ro that can in 
principle be chosen arbitrarily. We can do this by making the ratios of the large to 
the small component of the wave function equal, 


ut')(Ro) = u\)(Ro) 
uS(Ro) uS(Ro) 


(7.13) 


This condition is not fulfilled in general. The two solutions can be joined continu- 
ously to a total wave function regular at both boundaries only for certain discrete 
energy eigenvalues (which can be determined by iteration). In contrast to (7.10) 
this procedure normally cannot been done analytically. 


RRS ———— 


7.1 The Wave Function at the Diving Point 


Problem. The Dirac wave function at the diving point (where the energy eigenvalue 
is E = —mo) can be determined analytically with relative ease. 

a) Write the radial Dirac equation (7.8) as a differential equation of second 
order for u; by elimination of wp. 

b) Show that, in the case of the Coulomb potential V(r) = —Za/r, at the pecu- 
liar energy E = —mo the wave function u; satisfies Bessel’s differential equation, 
and find the solution regular at infinity. 

Hint: use the substitution 9 = /8moZar. 

c) Find an equation which determines the critical charge Z,, of the Is-state 


for the truncated Coulomb potential (V(r) = —Za/R forr < R, V(r) = —Za/r 


3 For a resolution of this problem see P. Gartner et al.: Z. Phys. A300, 143 (1981). 
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for r > R) by matching the solutions in the inner and outer regions according to 
(M3) 


Solution. a) We differentiate the differential equation (7.8a) with respect to r, 
which gives 
hee 5m = ~ul —V'iww+(E +m —V)u . (1) 


Applying (7.8a) once again we can eliminate uz from this equation, 


uy + Eu 
—————— y 
2 E + Mo — V ( ) 
By use of the second differential equation (7.8b) we eliminate w5, 
K 
u, = —(F — mo — Vow + ee (3) 
The result from (1), (2), and (3) is 
y! 
i 
uy + pia, — 
+1) «& a 
Davy one oo eee 4 
+(e -1ye —mg- SEED (4) 


b) At the special energy E = —mp (4) reduces by use of the Coulomb potential 
V =—Za/r to 


l 2mZa (Za) — «? 
ul of — (Aue _ Carne Mm =0 (5) 
The suggested substitution 
o = 8m Zar (6) 
leads to 
d _ AmZa d 
lie Ca 
d* = (4mpZa? ied Ge 
Hie ee ee (7b) 
di 0 odo do 
Insertion into (5) and multiplication by 9? /(4Za)* leads to 
ge ia Al(Zay> — x] 
ig! + agit {Io fm = ®) 
This is just the differential equation obeyed by the modified Bessel functions 
l ie 
taf (1+4) =0 ; 
f a Bp f (9) 


This differential equation is solved by the linearly independent solutions K,,(@) 
and J,,(@). The function /,,(@) is to be rejected since it increases exponentially at 


7.1 Strong Fields in Atoms 3137] 
a sm Atoms 887 
u(r) = cK, ( V 8i9Z ar) (10) Exercise 7.1. 


with a normalising constant c that is of no interest here. The index of the Bessel 
function is purely imaginary in the case Za >| « |, being given by 


y=2/(Zay—K? . (11) 


The lower component of the wave function follows from (2) 


1 
i= =: E 8moZar Ki, (/8m9Zar ) SF ons ( V8moZar') F (12) 


where K;,, denotes the derivative of the Bessel function with respect to its argu- 
ment and (7a) has been used. Remarkably, the “critical wave function” decays 
exponentially as a function of \/r for large values of r, since? 


Kiv@) > foe for z—0o . (13) 
A 


The limit r — 0 is more involved. By use of the (9.6.7), and (6.1.31) of Abramowitz 
we get 


2 
Rey [_—— sin (vin = + argl(1 + iv) (14) 


As we have already discussed in connection with (7) this means that the wave 


function oscillates like sin (VZa? —«? Inr + 5) ; 


c) In order to obtain a wave function regular also at the origin the solutions 
(10), (12) have to be matched to an inner solution uw") at the nuclear radius R. Since 
the potential in this region is constant, Vy = —Za/R the free spherical solutions 
of the Dirac equation can be taken (RQM, Chap. 9). They are 


Wee pin) 


uf =o! sgns ——> Br Br), ae, 
e E-Vy)+ ; 
where j; denotes the spherical Bessel function and @ = ,/(E — Vo)? — Hig ihe 
order of the Bessel functions is / = —K—1,/ = —« fork < Oand/ = 60 =6el 
Toten), 
In the special case & = —1 (s)/2 states) (15) reads 


ae 8 Se 


ie 2 ee a Se cos br) 
2 0 Mig aor 


The matching condition (13) for the inner and outer solutions then has the form 


(16) 


sin GR E Venn Zak; (17) 
| BBR _ cos BR B 5 V/8mpZaR Ki — Ki, 


4M. Abramowitz, I.A. Stegun: Handbook of Mathematical Functions (Dover), Chap. 9.7. 
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Exercise 7.1. 


Fig. 7.8. Graphical determi- 
nation of the critical nuclear 
charge for s-states. The full 
(dashed) curve is the left- 
(right-) hand side of (18). 
The curves intersect at Zo, = 
172, 242,324,... 


to be evaluated at the energy E = —mpoc*. The second factor on the left-hand 
side can be approximated by 1 because of | VY [>> mo. By the same reason 
GB ~| Vo |= Za/R. Then (17) may be rewritten 


oKi,(0) 
Ki,(9) 


where 9 = \/8mpZaR. This is a transcendental equation for Z. Its solutions are the 
critical charges for the states 1s1/2,2s,/2 etc. The Figure 7.8 displays the graph- 
ical solution of (18). To obtain reasonably realistic values of Z,, the following 
assumption was made for the nuclear radius R as a function of Z: 


=2Za)co(Za) (18) 


R =(2.5Z)'8 x 1.2 fm 


Figure 7.9 displays the result of numerical calculations for the energies of several 
bound states as a function of nuclear charge Z. The energy levels descend progres- 


sively with increasing Z. The energy of the lowest state (1s, = —1) becomes 

negative when Z > 150. The 1s level finally reaches the value E), = —moc? at 

a critical charge ZS ~ 173. The same happens for the 2p, /2 State with K = +1 
2P\ /2 


at Zor ‘© ~& 185, whereas higher states reach the lower continuum at much larger 
nuclear charges. 

The large gain in binding energy of the levels having « = +1 is accompanied 
by drastic changes in the wave functions. The radial density r27(r)y(r) of the 1s 
wave function is plotted in Fig. 7.10 for the three nuclear charges Z = 100, 135, 
and 170. A scaled representation has been chosen that does already account for 
the “trivial” shrinking of the atomic radius like 1/Z. As is well known the non- 
relativistic 1s hydrogen wave function is of the form 


3/2 
Ue (2 ) euies 


aB 
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Fig. 7.9. The lowest bound states of the Dirac equation for atoms with nuclear charge Z. 
The Sommerfeld energies of the states with « = —1 (51/2) and & = +1 (np,/2) break off 
with a vertical tangent at Za = | (dotted curve). With the finite nuclear radius taken into 
account all levels reach the edge of the lower continuum E = —moc? at a corresponding 
critical charge Z,,. The bound states can be followed into the lower continuum as resonances 
(the energy width is magnified by a factor of 10) 


with Bohr’s radius ag = Xe/a = 52918 fm . The corresponding density is inde- 
pendent of Z in the representation used in Fig. 7.10. We see that the influence of 
relativistic effects is still rather small in normal atoms (Z < 100). If one proceeds 
into the range Za > 1, the wave function entirely changes its shape and shrinks 
to a fraction of its normal extent ag/Z. A total “collapse” of the wave function 
is avoided only by the finite nuclear radius R. The strong increase of the electron 
density at the origin #(0)'~(0) as a function of Z can be seen even more distinctly 
in the inset of Fig. 7.9. The nonrelativistic Z-dependence again has been factored 
out by scaling with Z~*. The Dirac 1s wave function increases in density by a 
factor of about 1000 at large Z compared to the nonrelativistic value. This effect 
is even more drastic in the case of the 2p;/2 state which nonrelativistically has a 
node at r = O but whose density progessively resembles that of the 1s state at 
large Z. This increase is effected by the lower component wz of the wave function 
which normally is small. 

The physically most interesting effect occurs if the critical nuclear charge Zo, 
is surpassed. As we have discussed in the previous section, the bound state “dives” 
into the lower continuum of the Dirac equation and two (because of the spin 
degeneracy, m = +1/2) positrons can be emitted spontaneously. This shows up 
mathematically by the fact that the continuum contains a resonance. The previously 
bound state does no longer exist as a discrete eigensolution of the Dirac equation 
but is mixed with the continuum. This admixture is concentrated around a mean 
resonance energy &, in a narrow region with width I’. This is shown schematically 
in Janes 76101, 

The figure illustrates how a state that has been discrete in the subcritical po- 
tential (a) is spread over a large number of neighbouring continuum states in the 
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Fig. 7.10. The radial elec- 
tron density r7q'w of the 
1s state divided by Z as a 
function of the radial dis- 
tance times Z. The nonrel- 
ativistic density is indepen- 
dent of Z in this scaled rep- 
resentation. In contrast, we 
see that the Dirac wave func- 
tions shrink strongly in the 
range Za > 1. The inset dis- 
plays the electron density at 
the origin scaled by Z~~ as 
a function of Z 


$*O)~0)/Z [a5] 


nonrelativistic 


3 rZ[ag] 


supercritical case (b). The continuum has been discretised for better illustration in 
Fig. 7.11. We achieve this by a trick: we enclose the system into a box and impose 
a boundary condition at the surface that is fulfilled only for discrete energy values 
(which are, however, very dense in the limit V — oo). 

For a quantitative description of the resonance the Dirac equation (7.8) with the 
supercritical potential has to be solved for various energy values £ in the lower 
continuum. An inner solution nO oe regular at the origin can again be given 
similar to the case of bound states. The outer solution pe. ee is not determined 
uniquely, however, because the two linearly independent solutions are both bounded 
at r — oo and thus both are admissible. Therefore the matching condition (7.13) 
does not give a restriction for the energy F, i.e. we obtain a continuum. The 
condition (7.13) now determines the asymptotic behaviour of the solution. We will 
not carry out explicitly the construction of the continuum solutions here but refer 
to the literature.° 

One can construct real wave functions whose radial part displays the asymptotic 
behaviour (7 — 00) 


Uy | pig COS(pr | a2\) 
uz ftp \—-J/E —mo  sin(pr + 4) 
for E > mo and 
a 1 (f-E—mo cos(pr + A) a) 
u2 J/TP \V/—-E +m sin(pr + A) (7.14) 


> B. Miller, J. Rafelski, W. Greiner: Nuovo Cim. 18, 551 (1973). 
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moc” moc? 
ZS ig JES Ho 


— moc? —moc* 


for E < mo. Herep=,/E*-—me, A=6g + diog with 


2pr us 
6 =» (in 41) -2 P TONS 
| 4 a 


where y = ZaE/p. dog is a phase shift growing logarithmically with r. It occurs 
also in nonrelativistic quantum mechanics and is due to the long range of the 
Coulomb potential. 6g is the physical phase shift which is determined by the shape 
of the potential in the inner region. The wave function (7.14) is normalised “on 
the energy scale”, that means 


i dx U},(a)Ug (x) = 6(E — E') 


Normally the phase shift 6g is a function only slowly varying with energy (its 
value is zero at the edge of the continuum, E£ = mo). When calculating the wave 
function of the lower continuum in the case Z > Z,,, however, we find that there is 
an energy region where the phase shift 6g suddenly varies strongly. d¢ rises about a 
value of 7 in a narrow energy range E,-I < E < E,4+T. This is the characteristic 
signature of a resonance. Inspection of the space dependence of the corresponding 
wave function shows that the probability density at small distances is strongly 
enhanced compared to the off-resonance case (| E — E£; |>> I’). Quantitative values 
are shown in Fig. 7.12 for nuclear charge number Z = 184. In the displayed case 
the ls resonance has a width of I ~ 0.004 moc? ~ 2 keV. The wave function 
in the inner region 1s enhanced by a value of 50 corresponding to a factor of 2500 
in density. 

A phase analysis of the continuum enables us to follow the Is state having 
turned into a resonance as a function of Z also in the supercritical case. We al- 
ready encountered this result in Fig. 7.9: the state moves even deeper into the the 
continuum and its width increases rapidly starting from a value = 0 at Z = Z,,. 
However, I always remains very small compared to mo in the physically accessible 
range of Z values. 

Since the exact continuum solutions of the Dirac equation are rather incon- 
venient it is useful for our physical understanding to have an analytic model of 
the resonance. In Example 7.2 we shall present a formalism that yields an easily 
interpretable closed expression for the wave function We. 


341 


Fig. 7.11. A state that is dis- 
crete in the subcritical case 
Z < Ze becomes distributed 
with a certain width over 
many neighbouring contin- 
uum states in a supercritical 
potential Z > Z,, 
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Fig. 7.12. Resonance enhance- 
ment of the s;/2 lower con- 
tinuum wave function (4 
component) and rise of phase 
shift 6 displayed for a su- 
percritical nucleus with Z = 
184. 6 is the scattering 
phase without resonance 
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7.2 Fano’s Formalism for the Description of Resonances 


It is a common problem in applications of quantum mechanics that an initially stable 
system becomes unstable and can decay if a small perturbation is switched on. 
Mathematically speaking one starts with a system characterized by a Hamiltonian 
Hp which possesses (at least) one discrete and normalisable eigenstate ¢9 with 
enerey Loe: 


Ho¢o = Endo - (1) 
Furthermore, Hp is assumed to have a continuous spectrum, 1.e. 
Hobe = Eve (2) 


for a certain range of energy values. (In the case of spontaneous positron production, 
which is of interest here, this range is -co < E < —mpoc’). We require that the 
wave functions wg asymptotically (r — oo) are stationary standing waves. The 
following orthonormality conditions hold: 


(dol¢o) = 1, (3a) 
(belo) =0 , (3b) 
(Ons) CS IP (3c) 


The continuum thus is normalised “to a delta function”. An additional interaction 
is added now, in the form of a perturbation potential V’: 


H=H+V' . (4) 
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Here it can happen that the discrete state #o is “lost” under the influence of the Example 7.2. 
interaction. It amalgamates with the continuum (it is “embedded” into it) which is 
now described by the equation 


HW, = EW; (5) 
again with the normalisation 
|e oe (6) 


If this occurs it will be no longer possible to keep the system in a localised stationary 
state. Physically, the following happens: The previously stable system decays by 
emission of one of its constituents (since a continuous spectrum is always related 
to a motion to infinity). In a time-dependent description it can actually be shown 
that the probability to encounter the state dy decreases to zero exponentially in 
time after the perturbation V’ has been switched on (Ci@Exercise 74), 

From the point of view of quantum mechanical scattering theory the presence 
of a previously bound state $9 manifests as a resonance with its well known 
signatures: The scattering cross section grows in the vicinity of the resonance 
energy, the scattering phase varies rapidly as a function of E, the density of the 
wave function |Y_(«)|? is strongly enhanced at small distances. We now want 
to examine the properties of the solution of (5) making use of the solutions of 
the unperturbed problem (1), (2). To achieve this we employ a method that was 
developed by U. Fano for the case of autoionisation of excited states in atomic 
physics.° 

The new continuum wave function is expanded as 


We (a2) = a(E)Go(@) + / dE"hgEWe(a) , (7) 


with unknown functions a(E) and Ag/(E) that have to be determined. The integral 

extends over the entire range of the continuum. Note: In (7) it was assumed that 

We is in that Hilbert space that is spanned by the set {¢o, He} . If the spectrum of 

A does contain additional (discrete or continuous) parts, these states could also be 

admixed by the action of V’. Equation (7) will still be a useful ansatz, however, 

as long as the other states are “sufficiently far away” and couple only weakly. 
The expansion coefficients are given by 


a(E) = (bo|Ye) , (8a) 
hg(E) = (he |Ye) , (8b) 


but this does not help us much as long as W is unknown. We now use (5) and 
project onto (¢o| and (w_-|. By use of (3) and (7) the system of equations 
(E — Ey — AE)a(E) = pe Veg (E) (9a) 


and 


© U. Fano: Phys. Rev. 124, 1866 (1961). The cases of several bound states or several continua 
are also treated here. The application to QED resonances was developed in B. Miller, 
J. Rafelski, W. Greiner: Z. Physik 257, 62 and 183 (1972). 
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Example 7.2. (E — E'\hg(E) = Vera(E) + / dE Wee (9b) 
is obtained. The abbreviations used are: 
Ey + AE = (do0|H |¢o) 
= (¢o|Holdo) + (dolV ldo) (10a) 
Ve = (WelA\do) = (We|V'|bo) (10b) 
Ug gn = (he|V ber) : (10c) 


Eo is the original energy of the bound state of Ho. The expectation value AE of 
H — Hy = V’ in this state is equal to the energy shift in first-order perturbation 
theory. The matrix element Vg specifies how strongly the bound state couples 
to the continuum, and Uz; describes the mixing among the continuum states. 
Additionally, there is the normalization condition (6), namely 


a*(E)a(E") + [dette yor” ahs). (11) 


In total the coupled system of integral equations (9a,b) and (11) has to be solved. 
An analytic solution may be found if the coupling term Ug/gv in (9b) is neglected, 


[ 8" Uerprhe(E) ~0 . (12) 


This could in principle be achieved by “prediagonalizing” the continuum wz, which 
means by a unitary transformation 


ae / ABM ys igh (13) 


with suitably chosen coefficients Mzgg, such that (yg/|H|xz) becomes diagonal. 
This is, however, difficult to perform practically. On the other hand the distortion of 
the continuum by Ugg does not change the solution of the problem qualitatively 
so that we shall use the approximation (12) in the following. In order to solve the 
system of (9) and (11) we split the expansion coefficient hg:(E) into 


hg (E) = Ce(E)a(E)=1—Po(T) . (14) 
In this way a(£) is eliminated from (9a) and (9b), i.e. 


E —Ey— AE = [oe Vier Ce(E) (15a) 
and 
(E —E')Ce(E)=V_er . (15b) 
Equation (15b) may be immediately solved formally, 
Ver 
Cr(E) = ELE (16) 


Here the question arises how to treat the pole at E = E’. In the treatment of 
scattering problems usually such poles are shifted by a small imaginary part into the 
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complex plane and the requirement of causality is used. Following Fano we want 
to go a different way, however, that is adapted to the chosen boundary conditions 
(standing waves). Therefore we replace (16) by 


Ver 
Ce(E) =P E)Ve6(E — E’ 
e(E) = Pa, + gE We(E - B") 


(17) 


where P means that Cauchy’s principal value is to be taken in the energy inte- 
gration. Cz/(E) (17) solves (15b) for any arbitrary function g(E) because of xd(x) 
= 0. The unknown function g(EZ) may now be determined by insertion into (isa); 


/ [Vier|? 2 
Be Ry rAi P fd a + ED|Ve| (18) 
or 
(B= IE Se oye (19) 
|Ve|? 


where F(E) is the abbreviation of 


/ [Ver 
E-—E’ 


F(E) =P / d (20) 
a(E) has to be determined from the normalization condition (11). Insertion of (17) 
yields 


a*(E)a(E') [ + i dE" Vin (Pas + o(E (6 ~ 6”) 


x(P + g(E')5(E' — E")) ren| = (E-E’) , (21) 


[Bo — Jee 
or 
1 


1 
a*(E)a(E')(1 + f a8" Ven P oP 


+ G(E)\Ver Pa, + WE )IVe PP 
+ @(E)\VeP5E -E)) = 5 -B) , (22) 
where we have used the following properties of the delta function: 
6(E — E)6(E' —E")=6(E -—E)6(E -E”) , (23) 
jf aerense - 6% ={(E yee (24) 


The product of the two principle-value factors in (22) is troublesome if the poles 
coincide, i.e. E = E’. In Exercise 7.3 we shall show that 

1 ] 
E an — /PH 


1 1 l 2 ee PR Os 
=P (Pe — Ppp) + EEE" — 8") 25) 


P 
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holds for such an expression. Inserting this into (22) together with definition (20) 
yields 


a" (E)a(e)[1 — P——(F(E) ~ FE’) 


ry 
SLO rer, = LCS) iol ae 
+ 1|VeP6(E — E') + g(E)|Vel26(E — B' Ses. (26) 


We now collect the principal-value terms 


sai (FE) + 9(E)|VeP) — (FE) + 9E%e"/?9] 


1 
E—ai | 


1 
= 2 (el 
BoE ) ? 


where (19) has been used for g(£). Obviously all terms without the factor 6(E — E’) 
cancel out in (26) such that a consistent equation remains: 


a*(E)a(E'\(a" Vel? + 9° (E)VeP)6E — E) = 6(E -E') , (27) 
or 
|a(E)|? = ae ae a 
[Mele a A eel el 
— Ty /20 
— (E-EY 4723/4 ’ oe 
with the abbreviations 
Ig =2n|Vel? , (29a) 
pee iy ce AVE SIE (29b) 
The expansion coefficient a(£) can be written as 
1 ae 
a(E) = ———— = —___ 4, 30a 
VeV/QG-(E) + 1 (E-E,yY +72 /4 Goa 
If the matrix element Vg is real we obtain 
We 27a 
a(E) = E/ (30b) 


(E —E,? + 12/4 


Because of (14) and (15) 
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a Ver jE = JP 
i = —— a ee 
elf) ee | Bon aon ) GI) 


holds. This completes the solution of the system of (9a,b) and (11). Let us now 
consider the structure of the newly constructed continuum wave function We(x) 
from (7). Ye is a superposition of unperturbed continuum waves Y,, with maximum 
weight at E = E’ as well as of the bound state #9. The latter is characterized by 
a wave function which is localized at a finite distance, e.g. Bohr’s radius, and 
decays rapidly in the asymptotic region. The strength of this localized contribution 
to Wr(x), 
Ir /20 


(ale )° = |a(E)P = —~=— 


— (E-EY +13/4 2) 


has a maximum at the resonance energy E = E,. (Rigorously this is an implicit 
equation, because E, itself depends (weakly) on E through the principal value 
integral F(E)! F(E) describes the additional level shift due to the coupling to the 
continuum.) If one moves away from £, in energy the admixture (32) falls off 
on a scale determined by the resonance width Ip. Equation (32) has the shape of 
a Breit-Wigner curve characteristic of resonances. The enhancement of the wave 
function YW; near the resonance is displayed schematically in Fig. 7.13 for the case 
of an attractive potential well. 

The asyniptotic behaviour of the wave function YW; for r — co may be examined 
using (7), (30), and (31). For simplicity, we restrict ourselves to the nonrelativistic 
case (the Schrédinger equation) with a rapidly decreasing central potential. The 
unperturbed continuum wave we, then behaves like 


UE Ne Sin(pr Of) (33) 


with momentum p = V2mE and a normalization constant Ne, which is of no 
interest here. The information about the effective scattering potential is contained 
in the phase shift 6g. The new continuum wave function Ye depends on r like 


slr) = a(B)bo + f dB'hg Eber) 


! Ver E-E, 
3 a(E) | dE (P=; + 7 


5(E — B')) Nev sin(p'r + 5p), 
(34) 


where we have used the fact that do(r) asymptotically approaches zero. By use of 
the identity 


] 
pias aan <) (35) 
se 2\x+1e j\.“\-1€ 
the principal-value integral in (34) reads 
Ves 
/ E : ! 
Nev sin(p’r + d¢7 
| ea (p'r + 5g) 
dE'VriN : fe A 
=; | @ = See EF hie 
x Cee _ eea) (36) 
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Fig. 7.13. The wave function 
We(r) in the vicinity of the 
resonance and far away from 
it 
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Fig. 7.14. 


Integration 
tours in (36) 


con- 
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This integral has simple poles at E’ = E& +ie. It can easily be solved by use of the 
theorem of residues if the limits of integration are extended to infinity, see Fig. 7.14. 
(This is an approximation since in reality the continuous spectrum is bounded on 
one side, e.g. 0 < E’ < oo in the nonrelativistic case or mc? < |E"| < oo for 
the Dirac equation.) The integration contour then can be closed by a semicircle at 
infinity. If the principal value of the square root in the complex plane is chosen 


forp = 2m 
sgn(Im{p’}) = sgn(Im{E"})_ , (37) 


then the contour has to be closed in the upper (lower) half plane for the case 
el T(eiP'*), Two of the four integrals in (36) vanish provided that VeNgr is 
holomorphic; the remaining two integrals yield 


lee) 


. it(p’r+6p7) 
1 & 18 T : 

+ | gE VN, Nae ee 38 
=i A ae a ie 

leo 
This leads to 
Ver 
pare pie! sin(p’ iP op | == = —1V_Ne cos(pr ar bz) (39) 


Hence (34) combined with (30a) reads 
Ue(r) a(é)| ~ 1 VeNg cos(pr + dg) + ((E — E,)/Ve)Ne sin(pr + 6)| 
Na 


= VEE) + Tafa — (Ig /2)cos(pr + 6g) + (E — E,) sin(pr + ér)| 
‘ E 


=Nesin(pr+6e+Akz) , (40) 
with the phase shift 
2 
Ag = — arctan Pe/ (41) 


c 

The modified continuum wave Wg(r) thus displays exactly the same asymptotic 
behaviour as we (r) but it is shifted by an angle Ag. As Fig. 7.15 shows the phase 
shift is nearly constant for |E — £,| >> Ig ~ Ig, and has no effect in (40). In the 
vicinity of E,, however, it “jumps” very rapidly by an angle of 7. This behaviour 
is well known from the quantum-mechanical theory of resonant scattering. 

Finally, we express the expansion coefficients a(E), hg/(E) in terms of the 
phase shift. ae (30b) yields 


AD) = ee 
a V(E — EY + 2/4 
| tan’ Ar sin VAY 
= —~,/———— = (42) 
Wer 1 + tan Ar VE 
and (31) becomes 
sin Ag Veo 
he (BE) = ie 
tet (E) a eae BeAr AP ate - EY) 
sin Ag Veo 
= P = _ fl 
ae Se cos Agéd(E — E’) (43) 
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phase Fig. 7.15. The additional 
phase shift A, in the vicinity 
of the resonance 
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7.3 The Product of Two Principal-Value Poles 


Problem. Prove the identity 


1 1 


| pane 


I 1 1 
ies Gee 7) ee OE = 2). 


which displays the behaviour of the product of two principal-value singularities as 
a function of E’ — E. 


Solution. A formal proof can be easily given by use of the identity 


| 
3 se ie 


= eae (2) 
x 


which holds in the limit ¢ — +0. The left-hand side can then be written as 


| : tt 1 ‘ / it 
i = is 2) 
= a7 ee ) i Smee } 


_ | ce ee 2) 
“(© bt ea Se) ee) eS 
ge Ue 1 NG = (3) 


The relation 


1 1 I 
‘ae (Pg a a =a 


= == +in6(E — e')) 


E-E'+1€ 
I a I 7 1 =% it 
‘ (Gaye Pe ee =n a) le 
(4) 


holds for the first term on the right-hand side of the conjecture. The delta function 
in the first factor can be omitted, because the second factor vanishes for E = E’, 
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1 1 1 
ie ee Ff eae} 
_ &E-E") | &(E'—E") 
1 ega ne p= Ae 
_ (E i! jE aL ie") a (E' a [Eg = ic’) 
~ (BE! Lie(E’ — BE" —ie (E = BE ie") 
6(E — E") 6(E' — E") 


Ree sep (5) 


Keeping in mind that e«,¢’,e’” are infinitesimal quantities whose value does not 
matter, the first factor can be cancelled in the denominator. Comparison of (5) and 
(3) proves the conjecture (1). 

Remark: A less formal proof can be given by use of the integral representation 
of the principal-value distribution 


i fp 
Poss pu senue (6) 
—o0o 


The validity of (6) can be shown by performing the limit 


é CO 
lim : du sgn ue" el#| 
109) 
: 0 +o0 

= tin = = f duwe@-™ 4 f deve ter 

e—+0 2 

—0oo 0 

| a 7 
T2500. ive, is eg) S02 oe ee w) 


Further calculations using this representation can be found in the work by U. Fano 
quoted at the beginning of Example 7.2. 
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7.4 Time-Dependent Decay of the Vacuum 


Problem. In order to describe the decay of a supercritical system as a function 
of time, we make the following gedankenexperiment. The potential strength is 
increased suddenly at the time ¢ = 0 so that the state which previously was bound 
slightly subcritically becomes a resonance in the lower continuum. The subcritical 
system is restored at t = T by reducing the potential strength. By use of Fano’s 
formalism (Exercise 7.2), calculate the final hole probability in the bound state and 
the spectrum of the emitted positrons depending on the “diving duration”. 
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Solution. We use the notation of Example 7.2. The Hamiltonian is now a function 
of time, namely 


jaky tor 7? <0 
fete tig ey ee for 9 = 7 eee) (1) 
ae tor f= F 


A time-dependent wave function Y(t) has to be constructed in such a way that it 
describes a bound hole state ¢o for t < 0. A piecewise ansatz can be made for 
W(t) in the three regions: 


doe” Eo! io 0) 
W(t)= 4 f dEt(E)U; eo ™ io) <r (2) 
cope H0"—P) 4. f dE c(E)bg e~2"- fort > T 


The expansion coefficients ¢(E) or co and c(E) are independent of time since by 
assumption the wave functions Wr or we and ¢o are eigenstates of the Hamiltonians 
Hf or Ho. Hence they develop freely with a time dependence exp(—iEFr). Y(t) is 
required to be continuous at ¢ = 0 and t = T. This means that 


ne / dE (Ee 3) 
and 
/ dE &(EWge— =" = cody + / dEc(E\ve . (4) 


By projection onto (W_| or (¢o| and (wWe|, equations determining the coefficients 
é(£) and c(£) are obtained using (3a,b,c) and (8a,b) of Example 7.2: 


é({£) = a*(E) (5) 
and 

aS / dE @(E)a(E)e (6a) 

Cr = / dE' OE h(E) e 8? (6b) 
Here two Fourier integrals over Fano’s expansion coefficients |a(E)|* or 
a*(E)hg(E‘) have to be calculated. The integration interval extends from E = —oo 
to E = —mpc?. In order to be able to proceed with an analytical calculation we 


make an approximation’ and replace the upper limit by E = +00. The integrals 
can be solved by residue integration with the assumption that the matrix element 
V_ = (We|V"|%o) is an analytic function of energy. 


7 A finite integration interval leads to a nonexponential decay law. In relation to this problem 
see L. Fonda et al.: Rep. Progr. Phys. 41, 587 (1978). 
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Using Exercise 7.2, (32) the discrete expansion coefficient follows as 


+00 
D) 
ae pe ee 2 eg ee a (7) 
(CE 18 ab IE 
Here the integration path has been closed in the lower half-plane. The relevant 
quantity is the squared absolute value of co, 


y= ap ae. (8) 


The probability of finding a hole in state @o after a time T thus decreases exponen- 
tially as determined by the decay width Iy = Ig.. In order to see how the positron 
probability correspondingly builds up with time, the integral 


+00 
Ves? ae as ant 
yee | rg as 6(E — E' ey 
ae) / pots ie | is ( ye 
(9) 


(2.9) 


has to be solved using Exercise 7.2, (30a) and (31). We reformulate the principal- 
value term: 
Ve Ve ; 
SS ie 
ay eee (10) 
which is useful because a pole in the upper half-plane does not contribute. Equation 
(9) then reads 
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Only the pole at the point E’ = E, — iI /2 contributes in the residue integration. 
The second term in (11) can be simplified since |Vg|? = Ig /27. We then obtain 


Ve ae Ve : 
‘a E ~ : e 1ET yan ip —ikyT —IoT/2 ; 
Op nD Se ea s (4) 
The energy spectrum of the produced positrons is given by the absolute squared of 
the expansion coefficient c(E). With the assumption that I; depends only weakly 
on £ and can be replaced by I we obtain 


dP Io/2n 2 
= Oe = _— a WE-—E/)T .—ToT /2 
dE le) (E Ey Tea! fs Us 


It can be easily checked that the norm of the wave function W(t) is conserved in 
spite of the diverse approximations, i.e. 
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Two limiting cases of the spectrum (13) can be discussed, see Fig: 76; 


dP aP 
dE IoT > 1 WB 
It ol <i 
(a) (b) 
width I width 1/T 


a) [oT > 1: If the ‘diving time’ is large compared to the natural decay time 
1/Io, a Breit-Wigner spectrum with line width I results: 


dP Io /2x 


dE (E—E,? + 12/4 aS) 


b) [oT < 1: If the potential is supercritical only during a short time interval 
T, then 


JP I Wasa he [ene el a6) 
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This is an oscillating function with maximum at E = £, having a width decreasing 
with the inverse of 7. The peak height increases quadratically and its contents 
linearly in T until saturation is reached at T > 1/To. 


SSS — ——————— 
The method presented in Example 7.2 can be immediately applied to the case of 


a supercritical atom. The eigenstates of the subcritical Hamiltonian (Z < Z,,) can 
be used as a basis for the expansion of the supercritical wave functions 


Wr —4 a(E)do ap [a bel We . (7.16) 
The perturbative potential V’ then is of the form 

ie V(Z) = V (Zer) ~ Z ame ZO) ; Cal 
where U(r) depends on the shape of the truncated Coulomb potential according to 


(7.3). The bound state “dives” into the continuum with a linear dependence on the 
charge excess Z’ = Z — Z,, because of (29b) and (10a) of Example 7.2. A value of 
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Exercise 7.4. 


Fig. 7.16. The spectra of 
emitted positrons in the lim- 
its of a large (a) and small 
(b) time of supercriticality 7 
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about Ey; ~ —moc? —Z’ x 30keV is found numerically. The width I’ grows about 
quadratically with Z’ according to (29a),(10b). At small diving energies (near the 
threshold), however, it is strongly suppressed owing to the Coulomb repulsion of 
the wave function tb, in (10b). 

In Exercise 7.4 we showed with the help of Fano’s formalism that a hole in 
the Is state decays by positron emission if the potential is made supercritical. An 
exponential decay law holds; (inserting h) 


MOS ae. (7.18) 
The lifetime 7 of the hole is determined by the inverse of the width 
ey ae a1 


Typical decay times are of the order r = 10—!9 s. A stable state is reached after the 
positron emission (or if the 1s state had been occupied right from the beginning). 
The K shell of the supercritical atom is now filled with two electrons; hence, the 
new vacuum state has a double negative charge. The resonance property of the K 
shell of a stable supercritical atom could be noticed only in the following situation: 
in positron scattering on such an atom a sudden strong increase of the cross section 
should occur at the energy ES = |Ejs| — moc? since the positron can penetrate 
into the potential well and stay there for some time. 

We still have to demonstrate that the supercritical continuum W, does in fact 
contain the charge distribution of the K shell. To this end we calculate the total 
charge density p(r,Z) of the lower continuum assuming that all of its states are 
occupied by electrons with charge e. This is of course a mathematically undefined 
and badly divergent quantity. However, we obtain a meaningful expression if we 
subtract the charge density of the continuum in the subcritical case from it: 


Aplr) = plr,Z) — ar, Za) = de ( i dE UE (r)Up(r) — i dE oh ve) | 
(7.20) 


where the integrals extend from —oo to —mpc?. With the wave function (7.16) we 
get 


Apr) =2e|( | aE\a(E)P) doo + fa ([ ae a" (EYherE)) dhs 
+ [ ae’ ( [a a(eng(E)) Ph ido 


He | Aes | ane ( i dE hin(E\her(E)) Wh Wer — / a vbve| 
(7.21) 
The factor 2 takes account of the spin degeneracy. The integrals over the expansion 


coefficients (in brackets) can be evaluated approximately with residue integration. 
As is calculated in Exercise 7.4 (set T = 0 there!) the following relations hold: 
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fe la(E)* =1 , je a*(E)hg(E) = 0 
Sunilarly it can be shown that 

ju hen (E)hg(E) = 6(E' — E") 
Using these relations the incremental charge density is: 


AOI (Iso + facie? — f aE We) 
= eldo(")P (7.22 


The ‘excess charge’ of the supercritical vacuum thus corresponds exactly to a 
doubly occupied Is state! 

This result has a further very profound interpretation. The virtual particles which 
occupy the ‘empty’ states of the Dirac equation are responsible for the effect of 
vacuum polarization. Using tools from quantum field theory it can be argued that 
the corresponding charge distribution has the form 


pro) = 5 | Dob -Soi6@P) - (7.23) 
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Here we sum over all states of the spectrum. The “Fermi surface” F’ denotes the 
border between occupied and empty levels. The first sum extends over all states 
of the ‘Dirac sea’ with the energy eigenvalues E < —mgc*. A charge e = —|e| is 
attributed to them (‘occupied by electrons’). The second sum runs over all levels 
of the upper continuum and the bound states that evolved from it. These levels are 
assigned a charge of —e = |e| (‘occupied by positrons’). Equation (7.23) takes an 
average value of both pictures, thus taking account of the equivalence of electrons 
and positrons which is required by charge conjugation symmetry. In the field-free 
case the two sums cancel. For weak potentials a displacement charge distribution 
pvp(r) remains but the integral over it still vanishes. Since the wave functions ¢p 
are pulled closer to the nucleus by the Coulomb field and the @, are pushed out 
(7.23) explains the apparently paradoxical sign of the vacuum-polarization charge 
cloud encountered in Sect.5.3, see e.g. Fig. 5.15. 

The case is entirely different for Z > Z,,. The Is state then moves from the 
second sum in (7.23) into the first sum. Because of (7.22) pyp in this case equals 


pve(r) = 2eldo(r)/° (7.24) 


which means that a real vacuum polarization does occur. This is another way of 
describing the charged vacuum. 
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7.2 Strong Fields in Heavy Ion Collisions 


As we have seen in the previous section the decay of the neutral vacuum in an 
atom 1s expected to occur only if the nuclear charge number exceeds the value 
of Z,, & 173. Since the stable nuclei found in nature, as well as the superheavy 
elements produced synthetically, have much smaller charge numbers the quantum 
electrodynamics of strong fields might appear to be a purely academic problem. 
However, the following considerations open the possibility of an experimental 
access to the field. To examine the effect of a strong field it is not absolutely 
necessary to maintain the field for an infinitely long time. The supercritical source 
of charge only has to be concentrated for a certain time in a sufficiently small 
region of space to allow the electron—positron field to adapt itself to this situation. 

A possible experimental way of producing strong fields is given by collisions of 
heavy ions. A beam of heavy ions is accelerated to an energy of several MeV pen 
nucleon and is shot onto a target of an element that also has a high charge number. 
The high kinetic energy of the projectile makes it possible to overcome the Coulomb 
repulsion and to put both nuclei close together. In the supercritical systems which 
are of interest here, the Coulomb barrier which has to be surmounted to put the 
nuclei into contact amounts to an energy of about 6 MeV/nucleon, corresponding to 
a projectile velocity of about vion = 0.1c. In comparison to this the bound electrons 
in the inner shells move with relativistic velocity, Ve & c. We can conclude from 
the ratio 


Vel /Vion > 1 (7.25) 


that the electrons in the inner shells will be able to adapt themselves at any time 
to the Coulomb field of two nuclei of charge number Z, , 22 at distance R(t) acting 
at that moment. If R were constant with time we would have to deal with a 
stationary molecule. But since the corresponding electron orbitals can be formed 
only temporarily and imperfectly in the collision the system ts called a quasi- 
molecule. 

It is useful for the understanding of this term to consider first the ‘adiabatic 
approximation’. For arbitrarily slow nuclear motion R (the extreme limit of (7.25)5 
the electron wave function ¢, would be described by the solution of the stationary 
two-centre Dirac equation, 


Arcp(R)gon = (a Do Omg | Vict, R)) dn =En(R)bn . (7.26) 


Here V7¢ is the combined Coulomb potential of both nuclei. If we approximate 

them to be pointlike then 
2, Zr 

V7c(r, R) = -—_— - ——__, 727 

ee ee ce 

with the distance vectors R,, Ry of the nuclei with respect to the origin and R = 

R, — R,. The potential (7.27) is not spherically symmetric. Therefore the angular 

momentum-operator J does not commute with Hcp and the solutions cannot be 

classified by their angular momenta. The only valid quantum numbers are the 

projection m of the angular momentum onto the internuclear axis R (Sinecn( 7227) 
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has cylindrical symmetry) and parity in the special case Z,; = Z». In contrast to the 
spherical case (7.6) the partial differential equation (7.26) cannot be separated into 
a “radial part” and an “angular part”, i.e. split into three one-dimensional ordinary 
differential equations. Therefore the solution of thc two-centre Dirac equation is 
possible only numerically and with great effort. 

We do not want to treat the problem in more detail here but cite only the 
essential result. It is contained in the correlation diagram, which depicts the 
eigenenergies E,(R) as functions of nuclear distance R. The curves vary con- 
tinuously between the limiting cases R — 0 (unified atom) and R — oo (two 
separate atoms). As an example, Fig. 7.17 shows the correlation diagram of the 
heaviest experimentally accessible system, uranium + curium with total charge 
Z=2,4+2Z, = 924+ 96 = 188. 
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E{keV 273/20 33; (20 3pi = 
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As expected (we already know the limiting case of the unified system) some 
of the energy levels drop down steeply when the nuclei are put closely together. 
For the lowest state Iso (the greek letters 0,7, 6,... denote the magnetic quantum 
numbers |m| = 1/2,3/2,5/2,... in the molecular nomenclature) there is a critical 
distance R,, at which the binding energy exceeds the threshold 2mgc”. The vacuum 
becomes unstable if the two nuclei approach one another any further, and sponta- 
neous emission of two positrons (m = +1/2) is possible. The critical distance has 
the value R,, = 43 fm in the considered case (U + Cm). The region in which such 
a quasi-molecule can be supercritical is thus rather small, which will turn out to be 
a serious problem. The motion R(t) along the trajectory is strongly accelerated by 
the mutual Coulomb repulsion of the nuclei. Hence the colliding nuclei can only 
approach close enough to cross the critical distance in a short time interval Ap The 
correlation diagram Fig.7.17 can immediately be translated into a representation 
of the energies with respect to the time axis since the function R(t) is known (it is 
a Rutherford hyperbola in the force field F(R) = Z\ Ze" /R*). Figure 7.18 shows 
the result. We can easily estimate that the “dive” of the 1s level into the Dirac sea 
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Fig.7.17. The binding en- 
ergies of the most deeply 
bound states of the quasi- 
molecule U + Cm plotted as 
function of the distance be- 
tween the nuclei &. The fi- 
nite radius of both nuclei is 
taken into account with the 
dot-dashed curves 
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lasts only for about 


2R 
At~——~2x107's5 . (7.28) 


Vion 


This value is smaller by about two orders of magnitude than the decay time of the 
resonance. Hence we can only expect that at most a small fraction of the existing 
holes in the Iso state leads to spontaneous positron emission. This process is 
labeled by arrow c in Fig. 7.18. 


Fig. 7.18. The time depen- 
dence of the quasi-molecular 
energy levels in a supercriti- 
cal heavy ion collision. The 
arrows denote various exci- 
tation processes which lead 
to the production of holes 
and positrons 


The fact that the orbital motion R(t) is rather fast compared to the “typical 

length scale” of the superheavy quasi molecule also has another significant conse- 
quence: the electron wave function does not develop fully adiabatically in the sense 
described above. An electron (or hole) which was in a certain molecular eigenstate 
~; at the beginning of the collision can be transferred with a certain probability 
into different states ¢, by the “collision dynamics”. This can lead to the following 
physical processes as indicated by the arrows in Fig. Zale: 
(a) hole production in.an inner shell by excitation of an electron to a higher state; 
(b) hole production by ionization of an electron to the continuum; (d) and (e) in- 
duced positron production by excitation of an electron from the lower continuum 
to an empty bound level; (f) direct pair production. 

In all these processes kinetic energy can be transferred from the nuclear motion 
to the electrons. 

The dynamical production of positrons (d, ¢, f) superposes with the spontaneous 
decay of the Is resonance (c) and cannot be separated from this contribution. 
The observation of positron emission in heavy ion collisions therefore does not 
automatically mean the confirmation of the predicted vacuum decay. On the other 
hand, excitations of the kind (a,b) provide a good opportunity to create holes in 
the 1so level in the incoming phase of the collision which are then available for 
positron production. Otherwise one would have to deal with bare, i.e. fully ionized, 
atoms which is much more difficult experimentally, 

We now want to move (very briefly) to the field of atomic scattering theory and 
discuss how the various excitation processes of electrons and positrons in the heavy 
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ion collision may be calculated.’ Because of the very large nuclear masses it is 
allowed to treat the scattering in the semiclassical approximation (which we already 
did implicitly in the qualitative discussion). Here, the nuclear motion is given 
classically as a function of time. The time-dependent two-centre Dirac equation is 
then solved, 


indy = Hreo( RO: (7.29) 


In contrast to (7.26) the Hamiltonian here depends parametrically on time via 
the given trajectory R(t). The index of the wave function w; indicates that it 
evolves from a well-defined initial state 4; in the limit ¢ + —oo. Direct solution 
of the system of partial differential equations (7.30) is a very difficult task. The 
problem becomes more tractable if the time-dependent wave function is expanded 
with respect to a complete set of basis wave functions ¢, chosen as suitably as 
possible: 


Hi) =) an(dr(Rye HO. (7.30) 
k 


The sum extends over the entire discrete and continuous spectrum here. y;(¢) is an 
arbitrary phase factor which can be freely choosen. We assume for simplification 
that the basis wave functions ¢, form an orthonormal system, 


(dxlor) = Ou @Bi) 
Inserting the expansion (7.30) into (7.29) leads to 
psi agi + angi — iXiaagi)e"™! = = 2 autren ee (7.32) 


Because of the orthogonality (7.31), projection on (¢,| and multiplication by —i 
yields 


ain = — SS au (eel 5 |r) — if Hrcold) + vad Je Oy 


I 


The contribution of (¢,|¢,) vanishes because of the normalization (¢;|¢%) = 1 


and (dx |b) + (bu lde) = 0. a ; 
The diagonal term / = k in (7.33) can be eliminated by the choice of phase 


t 


Xe) = [4 (oxlthreole (7.34) 
1 
with arbitrary fo; hence 
O : a 
ain = — Sax ( (oul les) = iox{Hrcole) Je CU- XI) (7.35) 
Ik 


8 See J. Reinhardt, W. Greiner: Heavy ion atomic physics, in Heavy Jon Science, Vol. 5, 
edited by D.A. Bromley (Plenum, New York, 1984). 
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The partial differential equation (7.29) now has been reduced to a set of coupled 
ordinary differential equations. The dimension of this system is infinite, however! 
With a suitable choice of the basis #, it may be sufficient to include only a few 
terms in the expansion to achieve convergence. If the coupling matrix elements in 
(7.35) are small, then the aj, vary only a little with time and we can set them to 
be approximately constant on the right-hand side. Equation (7.35) then leads to a 
simple integral over time and we obtain the well-known formula of time-dependent 
perturbation theory. 

If the condition of adiabaticity (7.25) is fulfilled approximately, it is most 
favourable to use quasi-molecular states as the basis, i.e. the solutions of (7.26). 
The system of coupled-channel equations then reads 


an =~ S>au(bel <1) exp E fue ey) , (7.36) 
Igalr 


a) 


since the matrix element of the Hamiltonian, 


($x |Hrcp|o1) = Exba (1.37) 


vanishes between two orthogonal eigenstates. In order to calculate excitation 
probabilities, the differential equations of system (7.36) are truncated to a fi- 
nite number of channels and are integrated starting from the boundary condition 
Aix(t — —o0o) = 6%. The quantity jagz(t +00)|* specifies the probability for 
an electron to be transferred from state i to state k in the course of the collision. 
We now have to take into account that, in general, several electrons are present. 
If we neglect the (comparatively weak) mutual interactions among the electrons, 
their contributions can be summed up independently. The number of electrons Ny 
in a level k which was empty before the collision is then 


Ne = SS lan(00)/? (7.38) 


He 


where the sum extends over all levels occupied before the collision. This is indi- 
cated by i < F with F denoting the “Fermi surface” up to which the electronic 
levels are filled. The entire lower continuum is also included in this set of states. 

The number of holes N, in an originally occupied state / can be calculated in a 
similar way leading to the result 


N= lan? (7.39) 


i>F 


This expression is also valid for the production of positrons (i.e. holes in the lower 
continuum). 

All atomic excitation processes in heavy ion collisions at incident energies 
around the Coulomb barrier can be calculated using the formalism of (7.26), (7.36)3 
(7.38) and (7.39). It is found that the transition rates are very large. The probability 
of knocking an electron out of the K shell in a close collision of two very heavy 
atoms exceeds 10%. Higher levels become almost fully ionized. Measurements of 
K-hole production and of the energy distribution of the ionized electrons (which 
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are called 6 electrons) give important insights about the action of the strong field. 
The predictions of the theory (and thus the concept of the formation of quasi- 
molecules according to Fig. 7.18, which is basic to it) have been confirmed to a 
large degree. In particular we can clearly conclude from the measurements that in 
a Coulomb potential with Za > 1, (1) electronic binding energies of magnitude 
moc? and beyond can be reached, and (2) the wave functions shrink very much, as 
was shown in Fig. 7.10. 

It proves to be very difficult, however, to give evidence about the process of 
spontaneous positron production. To begin with, the formalism has to be extended 
in order to describe overcritical collisions, i.e. Lit fp =) Lo ANd Ree ee NS 
we have seen, the ls state vanishes out of the bound spectrum beyond the critical 
point. Instead it is hidden as a narrow time-dependent resonance structure in the 
continuum states We. A straightforward solution of (7.36) is thus made almost 
impossible. This difficulty can be overcome if we analyse the wave function Wg at 
the resonance energy E, in more detail, see Fig. 7.5d. Besides a localized part at 
small distances an oscillating tail with small amplitude extends to infinity. If we 
cut off this tail, i.e. artificially forbid tunnelling through the particle—antiparticle 
gap, it should be possible to construct a “1s-like” bound wave function ¢,. This 
new state ois is of course not linearly independent from the states Vz of the lower 
continuum. Hence, it must not be inserted into the basis expansion (7.30) of the 
time-dependent wave function. Rather, the bound-state contribution first has to be 
projected out of the continuum. This is done using the projection operator 


P=1-|dis)(bis| (7.40) 


A modified continuum ¢¢ can then be defined which does not possess the resonance 
property any more. ¢¢ is an eigenstate of the projected Hamiltonian 


(E—PHP)|éz) =0 . (7.41) 


If we assume orthogonality to the higher electron states ¢, (with E, > —moc?), 
(7.41) can be written as 


(E —H)|be) = —(dis|H|de) dis) - (7.42) 


Instead of Wz the states 1; and dg can now be inserted in the expansion (7.30). This 
does not change the formalism in principle, but it has an important consequence: 
Since the modified states Ay s and ¢¢ are not exact eigenstates of the Hamiltonian H 
(7.37) is no longer valid. Therefore we have to perform the following replacement 
in the differential equations (7.36): 


(¢2|0/Ot|¢1s) > (¢e|0/Ot\dis) +i(gelH |Ais) (7.43) 


The second matrix element plays exactly the role of Vg in Fano’s formalism, 
Example 7.2. It is responsible for the decay of a Is hole by spontaneous positron 
production with a width 


Ts = 2a\(bzlH dis)? (7.44) 


The first matrix element in (7.43) is effective only if the colliding nuclei are in 
motion. It describes the “induced” positron emission. 
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Fig. 7.19. The calculated en- 
ergy distribution of the posi- 
trons emitted in various 
heavy ion collisions. The 
intensity increases strongly 
with the charge of the par- 
ticipating nuclei. The predic- 
tions shown in this figure 
have been fully confirmed by 
experiment 
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If the positron emission is calculated using the formalism developed above, 
the result, however, is somewhat disappointing. Figure 7.19 shows the predicted 
distribution of emitted positrons dP,+/dE,+ as a function of their kinetic energy 
for central collisions at 5.9 MeV/nucleon projectile energy.’ 

Different collision systems (Z = Z, + Z) = 164, 174, 184, 188) are compared. 
A striking increase in the positron yield with charge Z is seen. One finds, approx- 
imately 
(Di CL a ea 


é 


(7.45) 


This is clear evidence that the strong combined Coulomb field of the two nuclei is 
active here. It must be kept in mind that from a treatment by perturbation theory 
only an increase with Z?Z} is to be expected (compare the Feynman graphs of 
lowest order for pair production in the collision of two charged particles, Fig. 7.20a). 
The result (7.45) stresses the importance of the exchange of very many photons as 
depicted symbolically in Fig. 7.20b. This nonperturbative effect in pair production 
has been fully confirmed by the experiments of the groups around P. Kienle, H. 
Backe, E. Kankeleit, and J.S. Greenberg working at the GSI heavy ion accelerator 
(Darmstadt).'° Besides the strong increase with Z the positron spectra shown in 
Fig. 7.19 give no clear evidence of spontaneous pair production. This should not 
come as a surprise since due to the short collision time At ~ 1072! sec the 
occurence of narrow structures in the emission spectrum would be in conflict with 
Heisenberg’s uncertainty relation. 


I, Reinhardt, B. Miller, W. Greiner: Phys. Rev. A24, 103 (1981). 

‘OH. Backe, L. Handschug, F. Hessberger, E. Kankeleit, L. Richter, F. Weik, R. Willwater, 
H. Bokemeyer, P. Vincent, J. Nakayama, J.S. Greenberg: Phys. Rev. Lett. 40, 1443 (1978); 
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P. Vincent, H. Backe, L. Handschug, E. Kankeleit: Phys. Rev. Lett. 42, 376 (1979). 
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The situation would change if there were a mechanism leading to a time delay 
in the collision. Such an effect can happen if the nuclei have enough energy to 
surmount the Coulomb repulsion and touch each other so that the attractive nuclear 
force sets in, see Fig. 7.21. Let us suppose that the nuclei “stick together” for a time 
I’ and separate again subsequently. Spontaneous positron production should then 
be enhanced in supercritical systems. The holes present in the 1s level are emitted 
as positrons owing to the decay coupling of (7.43) with a lifetime 7 = if Alf the 
time delay T is comparable to 7, a sharp line will build up in the positron spectrum 
whose position is determined by the diving depth of the submerged Is state. We 
already discussed this in Exercise 7.4. Figure 7.22 shows this effect very clearly 
for various assumed times up to 10~7° s in U + U collisions. 

Positron production in heavy ion collision has been examined experimentally 
in recent years, at the Gesellschaft fiir Schwerionenforschung (GSI) at Darmstadt. 
While the predictions of Fig. 7.19 have been confirmed convincingly, in addition 
narrow line structures in the spectrum have been discovered.!! As an example 
Fig. 7.23 shows the positron emission in uranium—curium collisions (Z = 188) at 
a projectile energy of 5.8 MeV/nucleon at which the nuclei just touch each other. 

At first it appeared that the lines originate from spontaneous positron produc- 
tion in a small fraction of scattering events with enhanced collision time in which 
the nuclei stick together owing to the strong interaction. However, lines at about 
the same energy position were also observed in collision systems with subcriti- 
cal charge Z; + Z, < Z., where no spontaneous pair production should occur.!? 
Subsequently it was discovered!? that the line positrons seem to be accompanied 
by electrons of equally sharp energy emitted in the opposite direction! The only 
natural explanation of such a phenomenon seemed to be a scenario where neutral 
“objects” X with masses in the range my = |.5---2 MeV are produced which 


'! J. Schweppe, A. Gruppe, K. Bethge, H. Bokemeyer, T. Cowan, H. Folger, J.S. Greenberg, 
H. Grein, S. Ito, R. Schule, D. Schwalm, K.E. Stiebing, N. Trautmann, P. Vincent, and M. 
Waldschmidt: Phys. Rev. Lett. 51, 2261 (1983); M. Clemente, E. Berdermann, P. Kienle, 
H. Tsertos, W. Wagner, C. Kozhuharov, F. Bosch, and W. Koenig: Phys. Lett. 137B, 41 

1984). 

yy Sah information is found in W. Greiner (ed.): Physics of Strong Fields (Plenum, New 
York 1987). 
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D. Schwalm, J. Schweppe, K.E. Stiebing, P. Vincent: Phys. Rev. Lett. 56, 444 (1986); W. 
Koenig, E. Berdermann, F. Bosch, S. Huchler, P. Kienle, C. Kozhuharov, A. Schroter, S. 
Schuhbeck, H. Tsertos: Phys. Lett. B218, 12 (1989). 
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Fig. 7.20. Pair production in 
the collision of two nuclei: 
(a) Feynman graph of lowest 
order; (b) exchange of many 
photons at large Z. This non- 
perturbative way of pair cre- 
ation can be interpreted as a 
shake-off of the vacuum po- 
larization cloud in the colli- 
sion of two heavy nuclei 


I incident 
~— energy 


contact R 


Fig. 7.21. The attractive nu- 
clear force may produce a 
“pocket” in the internuclear 
potential V(r) 
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Fig. 7.22. (a) Two heavy ions 
are assumed to stick together 
for some time 7. During 
this time the Coulomb po- 
tential is supercritical and 
positrons can be emitted 
spontaneously from the Is 
level. (b) A line builds up 
in the spectrum of the emit- 
ted positrons with increasing 
time T 


Fig. 7.23. Experimental spec- 
trum of positrons emitted in 
U + Cm collisions. A nar- 
row line is visible at ki- 
netic positron energy £,4 = 
320 keV 
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decay according to X — et + e~. There has been widespread theoretical specu- 
lation on the possible nature of such objects.!4 Meanwhile a considerable number 
of positron line structures with varying properties have been observed. Despite 
considerable effort no convincing and consistent explanation of the phenomenon 
has been found. The question of the source of the intriguing positron peaks will 
probably not be settled until more and better experimental data are available. 


4 See, e.g., A. Schafer: J. Phys. G15, 373 (1989). 
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7.3 The Effective Lagrangian of the Electromagnetic Field 


If we consider the electromagnetic field in isolation, it satisfies the linear Maxwell 
equations, and the superposition principle holds. There are no charges in empty 
space in the classical theory, and since the photons also do not bear charge, and thus 
do not interact among themselves, their field is described by the free noninteracting 
Lagrange function (more precisely, the Lagrange density) 


i (=H), (7.46) 

8a 
where & and H denote the electric and magnetic field strengths. Since Ly depends 
quadratically on & and H,, it is ensured that the ensuing field equations are linear. 

The situation changes, however, when we move to quantum theory. Now the 
possibility exists of creating virtual particles, in particular electron—positron pairs, 
by a photon. Since they are charged they can interact with further photons (be- 
fore they annihilate). In particular two photons can scatter off one another. The 
corresponding Feynman graph of lowest order is displayed in Fig. 7.24a. In the 
same way it is possible to scatter photons off an external electromagnetic field, (cf. 
Fig. 7.24b). The crosses denote the external field, which may be provided e.g. by 
a heavy nucleus of charge —Ze. 

In the construction of these diagrams it has been taken into account that ac- 
cording to Furry’s theorem (see Exercise 4.1) electron loops with an odd number 
of photon vertices do not contribute. Hence the process of the scattering of light 
on light, Fig. 7.24a, is of fourth order; its cross section has to be proportional to 
a* and thus is so small that it could not be verified experimentally yet. 

The situation is more favourable for the scattering of photons off the electro- 
magnetic field of a nucleus, Fig. 7.24b. This process, which is known as Delbriick 
scattering,'> scales with (Za)*a? and has been found experimentally!® using high- 
energy photons (several MeV). We also mention the “splitting” of a photon into 
two owing to the scattering at a nucleus!’ (cf. Fig.7.24c), as another interesting 
process that has been observed experimentally. 

The vacuum of QED is a polarizable mcdium owing to virtual processes and 
obtains novel physical properties. One may try to describe this effect by replacing 
the Lagrangian Lo of the electromagnetic field by an effective Lagrangian Ler. This 
will contain corrections in higher orders in & and H and lead to nonlinear field 
equations. In the limiting case of a stationary and homogcneous electromagnetic 
field an “exact” closed expression can be given for Le. This result was found in a 


'SM. Delbriick: Z. Physik 84, 144 (1933); P. Papatzacos and K. Mork: Phys. Rep. 21, 81 
(1975). 

'© See e.g. S. Kahane and R. Moreh: Phys. Lett. 47B, 351 (1973); P. Rullhusen et al.: Phys. 
Rev, €27, 559 (1983). 

7G. Jarlskog et al.: Phys. Rev. D8, 3813 (1973). 
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photon—photon 
scattering 


(b) 


Delbriick- 
scattering 
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photon 
splitting 


Fig. 7.24. (a) Photon—photon 
scattering. (b) Delbriick scat- 
tering. (c) Photon splitting 
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pioneering work by Heisenberg and Euler.!® We shall follow in part a derivation 
given by Weisskopf.!” 

To begin with we recall that there are two Lorentz-invariant quantities that 
characterize the electromagnetic field, namely 


h=H’-E , 


(7.47) 
jh = Jal 18 


The effective Lagrangian can thus be expressed as a function of these invariants 
fen Eo ha) 
S/O UE = JB* JEP SID (7.48) 


We remind the reader that the scalars J; and J can be obtained by contraction of 
the electromagnetic field tensor F,,, which is defined by 


A= OCR Or 
Oi 
18h ge, Jab 
= : 4 
[yy ae i Cs 
le | 0 


We also introduce the dual-field tensor obtained by contraction of F,,, with the 
completely antisymetric unit tensor (the Levi—Civita tensor) 
1 
TE ame Pho = FEUD oe TEP 


0 -H, -H) —A; 
Ay 0 ee 


ee | ee ee : (7.50) 
A; -E, EF, , 0 
We may construct two scalars by contraction of these tensors, namely 
JOP, = GER SII ED (7.51a) 
PE’ Pip = AH - B= 41, 2 C7. Sikb) 


The Lagrange function is gauge invariant because it depends only on the field 
strengths. Let us calculate the energy Wo of the vacuum per unit volume as a 
function of the field strength. Proceeding quite naively we sum up the energy 
eigenvalues Ep, < —m of all the electrons in the “Dirac sea” to obtain the total 
energy £9. From this value the potential energy Up in the electric field has to be 
subtracted. The energy Ey contains the potential energy Up of the electrons of the 
Dirac sea in the extcrnal field in addition to the pure energy Wo of the vacuum. 
Since we are interested only in the pure energy of the vacuum the contribution Up 
has to be subtracted from Eo: 


'S W. Heisenberg and H. Euler: Z. Physik 38, 314 (1936). 

'"V. Weisskopf: Kgl. Dankse Vid. Selskab., Math.-fys. Medd. XIV, 166 (1936); for a modern 
treatment see e.g. W. Dittrich, M. Reuter: Effective Lagrangians in Quantum Electrody- 
namics (Springer, Berlin, Heidelberg 1985). 
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Wo=Eyo—Up , Ey= Soe , (7.52) 
po 
Us => f Px yi Meslay (7.53) 
po 


where Ao(z) is the electrostatic potential. Here the sum extends over all momenta 
p and all spin directions; only the states with negative energy (—) are taken into 
account. Up may be expressed in terms of Ep by a trick. To do this, we make the 
following general consideration valid in quantum mechanics. 

Let H(A) bea self-adjoint Hamiltonian that depends analytically on a parameter 
A and (A) a normalized eigenfunction 


HO) = enn). (7.54) 
The derivative of the energy eigenvalue with respect to the parameter A then obeys 
En OH 
= aeeTe . 35 


a O 
(UE En) ay 


since by differentiation of (7.54) and projection onto (t»| we get 
OH 
OX 


ue = (Un aa vn als Cc vn ) 


One 
The last term is zero because of (,|H = (thy |ey. 

Now we use this general statement by writing for the potential of a stationary, 
homogeneous FE field 


Ajo(xz) = —E- 2 


and use the field strength as the parameter \. Thus 


OH One 
= ie Cpa =! 
U=E-S fess aml 2 ne (7.56) 
po 
and hence 
OE 
= =f, = fo, fend 
Wy = Eo -Uy = Eo a Cay) 


This relation serves to switch from the energy to the Lagrange function. The rela- 
tionship between the energy (Hamiltonian) and the Lagrangian for a system having 
the generalized coordinates g; in general reads 


vy aes (7.58) 


In electrodynamics the potentials 49 and A play the role of the generalized co- 
ordinates g;. Because of the relation H = —A — VAo and H = V x A, there 
is a dependence on a generalized velocity (g;) in the Lagrangian only in the time 
derivative of the vector potential. But differentiation with respect to A is equivalent 
to differentiation with respect to EF. Hence (7.58) can also be written as 
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OL 
=E.—-f€ . (38 
W AE (7.59) 
Thus we find that the change of the Lagrangian density of the electromagnetic field 


is given, up to a sign, by the additional energy density Eo: 


Lea Eye « (7.60a) 
with 
jeg (7.60b) 


In (7.60b) we have indicated that the expression of (7.52) still has to be renormal- 
ized. In particular the energy of the vacuum in the absence of the electromagnetic 
field has to be subtracted, because it cannot be observed. 

In order to calculate Eo we restrict ourselves for the beginning to the case of a 
pure magnetic field, E = 0. The energy eigenvalues can be given exactly according 
to Exercise 7.6: 


el) = —4/m? +p? +lelHQn+1+0) , (7.61) 


where n = 0,1,2,... and o = +1. The density of states per momentum interval 
is |e|H /2ndp, /27; cf. Exercise 7.6. Hence 
Li =—Ey 
ae | lH 
= HNN nee 
= i em dW m? + p? + |e|H(QQn +1+0) 
oO 
lel f - 
e 
= 5a | a [ve +p2+25 \/m? +p? 2k (7.62) 
my J é. 
Here we have taken account of the fact that all states are doubly degenerate except 
for the level with n = 0,0 = —1. The states with quantum numbers n,o = +1 
and with n — 1, 9 = —1 have the same energy. Only for the state n = 0,0 = —1 


can such a partner not be found. 

Obviously (7.62) is highly divergent. As we shall see we can nevertheless split 
off a physically meaningful finite expression. To this end we first regularize (7.62) 
by introducing a suitably chosen cutoff factor. With the abbreviation 


[o.@) 
Fin, >A) = [. ,/m? + p2 +2\e|Hn e*V m?+p2-+2\e|Hn (7.63) 
0 


the regularized equation (7.62) reads 


72 


oye Ee (Gr0.9+ Fe) (7.64) 
ell 


A is a cutoff parameter with dimension one over energy. The limit ) > 0 should 
be taken at the end of the calculation. Physically meaningful quantities must no 
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longer depend on A then. Hence they have to approach a finite limiting value. 
Equation (7.64) may be rewritten using the summation formula of Euler and 
MacLaurin”° 


N N 
ee) 5F (0, yet 5FW,A) 4. fu F(n,X) 
= 0 


oo 


oe = CEO De Oe) ae (7.65) 


Here F(x, ) denotes the k' derivative of the function F(x,\) with respect 
to x. The B2, are Bernoulli’s numbers B, = 1/6,B, = —1/30,Bs = 1/42,.... 
Because of (7.63), F(m, A) and all its derivatives decay exponentially at large n 
(for 4 # 0) so that the limit N — oo can be taken in (7.65), leading to the 
result 


= Ee | Bok Qk-1) 
Dene) = 5F@, nfm F(n,d)— s oni (0,4) . (7.66) 
-_ 0 


Hence, (7.64) can be written as 


oO = on (/« Pa, v= Lae eo, ») (7.67) 


The integral in (7.63) defining the function F(n, A) can be evaluated explicitly. 
Substituting x = ,/p2 + a2/a and a? = m* + 2|e|Hn we obtain 


[e.e) [e.e) 


2 
F(n,A)= [ow V/p2 +a2e™ bakes =a? | ds cn 
0 i : 
2 3p NA 
| d e 
= q’ d. 
2 (=) dd2 * 50 = || 
1 
Ree 
d? —~ Ky(Aa) = aq? —~Ko(z) . (7.68) 
~ Oe eae 


Here Ko(z) is the modified Bessel function of the second kind (the McDonald 
function) and we have substituted z = Aa. 

The derivative K4/(z) is evaluated by use of recursion relations for the Bessel 
functions (sce I.S. Gradshteyn and I.M. Ryzhik: Table of Integrals, Series, and 
Products, Academic Press, 1965, no. 8.486). In particular, Kj = —Ky, 1G SS ee 
K>, and thus 


20 See for example G. Arfken: Mathematical Methods for Physicists (Academic Press, New 
York 1970) Chapter 5.9. 
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F(n,d) = —a? (.K:04) = Ka(.a)) 
= 5 (2Ki(z)—2°Ko(z)) (7.69) 


In (7.67) we need the derivatives of this function with respect to n. Because of 
z= Aa = A\/m? + 2le|Hn, zdz = d*\e|Hdn, the m™ derivative may be written as 


eee ee 
(=) = (#e|H) (=) ) (7.70) 


These derivatives lead just to simple modified Bessel functions (see Gradshteyn/ 
Ryzhik no. 8.486.14): 


1 int 
(5) (27k @)) =) 2 a Ge (7.71) 
With z(n = 0) = Am the regularized Lagrangian (7.67) now reads 


COs a4 / dz z”(K,(z) — zK2(z)) 


Am 
lea = Bp 1 D yes) 
om? £4 Qh) (-x7) Cale) 
x (=1)*7! [m)y?-* Ky_a(Am) — (Am)~**K3_24Am)]. (7.72) 


Let us now consider the structure of this expression. It is a power series in even 
powers of the field strength H multiplied by the elementary charge e, 


LX) = Co(A) + CAYCHY? + > CarON(CHYE (7.73) 
ie 


It turns out that the first two coefficients, Co(A) and C,(A), diverge if the cutoff 
parameter A approaches 0. The higher coefficients Cy, C¢,..., however, are finite 
(see below): The divergence of Co(A) follows from 


ou fe z?(K\(z) — 2K,(z)) = € —oco , (7.74) 
Am 


Co(A) = — 


because the integral converges at the lower bound. The term which is quadratic in 
the field strength results from (7.72): 


GOS = -=2 (Ko(Am) — \mKi(Am)) (7.75) 


The asymptotic behaviour of the Bessel function for z > 0 is 


Kn(z) > (m—D!2"-!2z-" for m>O0 
Ko(z) > —In(z) 


2! 


(7.76) 
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Hence C,(A) diverges logarithmically as a function of the cutoff parameter 
Pel 
Cx(A) > a In(Am). Cat) 


It has been clear from the beginning that divergence problems of this kind had 
to occur. The energies of all states of the lower continuum were summed up in 
the ansatz (7.72, 7.53). The constant Co is just the “total energy of the Dirac sea” 
and as such is not observable. This identification may be verified formally by 
converting the expression for Co into a three-dimensional momentum integral. The 


substitutions pj = 2\e|Hn and d*p, = p.dp.dy in cylindrical coordinates lead 
to 


Coo ue i dnF(n, 2) 
0 


ao © 


le|H 2 2 —Ay/m2+p242|e|Hn 
mes dn | dpz,/m? +p? + 2\e|Hn e 
0 


0 
es) oo a 
meee 
= = Jw: fase fF m? +p2+ pre Av te: teL 
2 0 


3 
2) Be ee pe vite (7.78) 


(2ny 
This is just the regularized expression for the negative of the energy of the lower 
continuum in the absence of an external field. Thus we have to subtract Co in 
(7.73) in order to obtain a meaningful expression. Furthermore the term C)e7H? 
has exactly the form of the free Lagrangian (7.46) so that we can group the terms 
in the following way: 


Le = Lo + L'— Co 
=Lo+ C,(eHy + [L’ — Co — C(eHy’] 


Bee 
= ee 8m Ce”) -— ee GreH) (7.79) 
n= 


Hence the free Lagrangian is multiplied by a constant (1 + 87e?C). Once again, 
the presence of such a factor cannot be observed physically. Since it is effective in 
all experiments, the constant factor only leads to a redefinition of the field strength 
and the charge. We can formally define a renormalized elementary charge by 


/ a (7.80) 
AVI ] aL 87re2 C2 
and the corresponding renormalized field strength by 
er / 1 Sele ae (7.81) 


€R 


The Lagrangian of the magnetic field expressed in terms of these quantities reads 


el 
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oO 
Le HS” Onleatn ee (7.82) 
8a ces 
This expression has the “correct” limit at small field strengths. Thus we may 
consider Hr and ep to be the physically observable quantities. In the following we 
shall omit the index R for brevity. 
The renormalized correction £’ to the Lagrangian then reads, because of (7.76) 
(using K_,(z) = Ky, @)), 


ls Box 2 2k 
poe ah 
a ae tin.) isa eo 


x ae ** Ko4—2(Am) — (Am)? ** Ky, _3(Am)| 


“+ hu mn oa *(eH)** (Am)? 7 (2k — 3)127*-3(\m) 2k +2 


ae SS ei 5 (20 He nm ek = 3)! 
So 
= -55 oven p tah +E (7.83) 
=P , 


It is usual to express this result in terms of an integral representation. To this end 
we write the gamma function as 


oO 
r@)= / dn e—"77—! (7.84) 
0 
and obtain 
le ian 
Li= Ss +) Qle|Hy* Bo, m4 “OBI jan eg 
k=2 js 
[o-@) 
I 5 a = ae le|Hn mae 


0 


Careful inspection of the series in this expression reveals that it is identical to the 
Taylor expansion of the hyperbolic cotangent function, 


1 x 22k ver 
Conia) — vas — a es Oy) : (7.86) 
Introducing the — field strength 
ee |e| 
i eo 
je ere : (7.87) 


we get as the final result in compact form 


oO 
m4 cud z i ae 
EE 0 A) = 3,2 fan Gz coth(H7) + 1 + 37?) . (7.88) 
0 
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The investigation is more difficult for general electromagnetic fields, because we 
cannot find an expression analogous to (7.61). However, the case of a constant 
pure electric field (HI = 0) can be reduced to (7.88) by a trick. To do this we note 
that the result may be expressed as a function of the two invariants H? — E? and 
fH. E according to (7.48). Thus one immediately sees that 


P(E EO) of (ips ai — 0) 
=e (ete)? 0) 


=U = Oss) = (7.89) 
Hence one can use the solution for the magnetic field and replace H by i£ ! 
Because coth(ix) = —icot(x), this leads to 
[e.2) 
ce, H=0)= 2, | anX Encot(En) + 1 E é 7.90 
pd BL Se) er lex neot(E'7) gen | (7.90) 
0 


with the reduced electric field strength 


2 8 le 
ee 7.91 
cece m? Be ) 
For the sake of completeness we also quote without proof the extension to the 
case of constant parallel electric and magnetic fields. This is sufficient for a unique 
expansion of CL’ in the invariants /; and J) (7.47). The required calculation is quite 
lengthy; we refer to the cited original publications. The result reads 


oo 
4 =f) 
m e 
= —— | gi 
L'(H||E) = 5 | 1 


A oh es ‘- | ae iy 
x |-En cot(En)H 7 coth(Hn) + 1 — ales —H*)y?| , (7.92) 


which obviously contains (7.88) and (7.90) as limiting cases. £) +L’ is the effective 
Lagrangian of the electromagnetic field which dates back to Heisenberg and Euler 
(1936). A formally more satisfying derivation based on the “proper time method” 
was given later by Schwinger.7! 

We now examine some consequences of (7.92). First, let us consider the limiting 
case of weak fields, i.e. E <1,H <1. A Taylor expansion corresponding to (7.86) 
up to the third term yields 


Co 
4 ~ ~ ~ ~ 
C= "Oz jan new" (E* + H4 + SE7H?) 
as 
0 
4 
- ee (G2 - Ey 471E- HY] . (7.93) 


By the way, this result is valid in every frame of reference, because it has been 
expressed in terms of the invariants /; and 4. Amongst other things, we conclude 


71 J, Schwinger: Phys. Rev. 82, 664 (1951). 
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from (7.93) that there are no nonlinear corrections for plane wave since both 
invariants then vanish. , 

For the limiting case of strong magnetic fields, i.c. H >> 1, we will be satisfied 
with a rough estimate in logarithmic approximation. With the substitution 7 = nH, 
(7.88) can be written as 

ree T/H 1 1 h( ) 
mH cm — Teoma 

= d = + ———— : 7.94 

8x2 / a (; z ie ) oe 
0 
For r < I the integrand is attenuated by the expression in parentheses (because 
cothr = 1/7 + 7/3 —77/45+.---) and for large r > A by the exponential factor. 
Thus it is a reasonable approximation to replace the integration bounds by these 
values and further neglect the variation of the second term in parentheses and of 
exp (—r/H) in this range. Then we obtain 
4772 E | 4 f72 
m iE m y 
Li=— | —-= nC7 ae 725 
ar flies Ae Tag?) 
\ 
If we compare this to the free Lagrangian Lo, we see that the nonlinear effects 
always stay small in QED, 

Lee lela 

—— = IG 

Lo 37 e m? 20) 
In order to have L’ = Lo one would have to reach entirely unrealistic field strengths 
with the order of magnitude 

H =H,e"/* =10H, . (7.97) 
Of course, this is due to the small electromagnetic compling constant. 

Finally we are led to the most interesting result by considering the Lagrangian 
of strong electric fields. At first the result (7.90) is not well defined, because the 

Im z cotangent has poles on the real axis. The integral for the energy density, 


T 20 3x Rez 


Fig. 7.25. The deformed inte- 
gration contour to be chosen 
in (7.98) 


[e.@) 


ae arpe 1 
a e fas (root) —1+ x7] ; (7.98) 


872 
0 


can be given a value by choosing a contour in the complex r plane. If the poles are 
circumvented in the upper half plane, see Fig. 7.25, the energy obtains a negative 
imaginary part (the sign will become clear later). We calculate its magnitude by 
taking half of the negative residuum at each pole: 


1. 
Im{Zo} = 5 2mi D | Res|rnn 


= 


2) 
—ennm /\elE ; (7.99) 
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In order to understand this result we recall that complex energies characterize the 


decay ofa quantum-mechanical state. In fact the probability of a time-dependent 
State |O(t)) = e~ |) is 


P(t) = (B)|GE)) = eF-E (4) g) = e2mED (7.100) 


In our context this means that the vacuum state, which originally is free of particles, 
decays spontaneously in a strong electric field by creation of electron—positron pairs. 
The particle creation rate per unit volume and time is 


ie mi) 
| eEh \* mc? pme\3 & I mm*c3 
SG) a) ae a en 
“A” a 
oe oe 
time volume 


where the constants fi and c have been written out explicitly this time. 

It is very remarkable that the result (7.101) has an essential singularity in the 
limit e — 0. Thus pair creation in a strong field is a nonperturbative effect which 
cannot be calculated by a series expansion in the coupling constant. 

Finally one has to keep in mind that (7.101) was calculated with the assumption 
that no real particles are present. When the field strength E becomes large, this is 
no longer justified and the reaction of the created pairs on the electric field would 
have to be taken into account by a self-consistent ansatz.?? 

At the beginning of this chapter we gave an intuitive interpretation of pair 
creation in an electric field: in the vacuum continuously short-living “virtual” et e7 
pairs are created and annihilated again by quantum fluctuations. These pairs can 
be separated spatially by the external electric field and converted into real particles 
by expenditure of energy. For this to become possible the potential energy has to 
vary by an amount AV = |e|E Al > 2mc? in the range of about one Compton 
wavelength, AJ ~ h/mce which leads to the value of the critical field strength. 

A more quantitative interpretation results from Dirac’s hole picture. Figure 
7.26 shows the space dependence of the potential energy V(x) = eEx as well 
as the corresponding energy gap of the Dirac equation between mc* + V(x) and 
—mc? + V(x). In full analogy to Fig. 7.5 pair creation results from the tunnelling 
of an electron from the “Dirac sea” through this classically forbidden zone. The 
probability for such a tunnel process is described by a penetration factor (the 
“Gamow factor”) given by 


xX 
(ae exp (2 [ena] . (7.102) 


c= 


with the imaginary momentum 


Gaye — (WV = ex) /c- (7.103) 


22 4 complete solution of this problem is still lacking, see Y. Kluger, J.M. Eisenberg, 
B. Svetitsky, F. Cooper, E. Mottola, Phys. Rev. D45, 4659, (1992). 
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Fig. 7.26. et e~ pair creation 
in a constant electric field 
can be visualized as a tunnel- 
ing process through the mass 
gap of the Dirac equation 


Dirac sea 


x4 denotes the classical turning points where g(x) = 0, W is the energy. We find 


x4 
2 
P ~ exp ae / Vm?c4 — (W — eEx)y dx 
= 


ay 
2 
exp apne | 0 —u* du 
=) 
nm?¢c3 
= ——e : 7.104 
on (Tier) oO 


This is exactly the exponential factor in (7.99) (for the one-pair term, n = 1)! 


LCE >> ee 


7.5 An Alternative Derivation of the Effective Lagrangian 


Problem. The effective Lagrangian of the electromagnetic field in the form (7.88) 
of Sect. 7.3 may also be derived with less mathematical effort. In a first step differ- 
entiate (7.62) twice with respect to the parameter m2 and sum up the series using 
the integral representation 


1 oO 
ie 
ma [ane @ 
0 


and integrate the resulting function twice over m2, Finally a renormalization has 
to be performed. 


Solution. The following expression has to be calculated: 
GE 0), BO 


oo 
el = 
7 ae 2 | dp. Vn FoF +25 m? + p2 + 2e\tin (2) 
n=] 


0 


7.3 The Effective Lagrangian of the Electromagnetic Field 


We formally treat this expression as if it were convergent, ignoring the need for a 
regularization prescription. Double differentiation by m2 leads to 


d*¢! 
= ane 
le|H 1 | | I = l 
= ES | ch,| = eee ee 
(27) 2 a (m2 + p2)3 d (m2 +. 2|e|Hn + p2)3 


The p, integral now is convergent and simply yields 


lee) 


d 1 
* + at? 


Pz |= l 4 
— a2y/p? + a2 10 ie 8 


and hence 


[e@) 


_ lel f 1 1 
ME) =~ ea Cape 7 o 


nl 


The integral representation (1) leads to 


H 
2 2 
A(H) = — ae dy & Hf) S e sta) 


n=] 


0 
ee oO 

-— jan enumn pai oa ) ; (6) 
a 0 n=0 


The sum over n here is just a geometrical series! It can be summed in closed form 
to yield 


oO 
le|H =p 2 
MH) = — Qa2 dno " 1 —e-2lel#n : 


0 
lel Jan sree 


= 1 —e~2lel¥n 
0 
[e-e) 2 
1 eT 
=e i dn ——lelHn coth(lelHm) ) 
a 
0 


Twofold integration over the variable m? yields 
1 
Li= th dn eo” "—le|Hn coth(je|Hn) + C,+C\m? . (8) 
7 1) 


The integration constants C;, C2 can in principle be arbitrary functions of A but 
they must not depend on m?. This is a very strong restriction. From dimensional 
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Exercise 7.5. 


considerations the Lagrange density C’ may depend only on the dimensionless ratio 
H /H.,. In more precise terms the functional dependence on H and m should read 


L'(H,m) = m'f(H [H, jam (ee ) 


mce\3 ,,(\elH h 
The constants i and c have been inserted explicitly in the last step. This demon- 
strates that the factor m* indeed bears the correct dimension of the Lagrangian 


density, namely energy per volume. Taking into account (9) the integration con- 
stants in (7) can only have the form 


H 
Cie, m2 lel , CO (10) 
m 


The effective Lagrangian is connected to £’ as follows (cf. (7.79)): 
Lee = Ly +L’ -—Co=Lont+Lp . ay 


£’ contains ill-defined contributions proportional to (eH) and (eH )?. The finite 
renormalized Lagrangian CL} is obtained from L’ by 


Cea Cee (12) 


Here the constants Co, C,,C2 have to be chosen such that the power series ex- 
pansion of Lp with respect to the field strength H does not contain terms of the 
order < 2. To achieve this we have to choose the integration constant C; = 0. 
Furthermore the renormalization condition leads to 


09 } 
ee cy 
Co = ee jan 73 (13a) 
0 
and 
! Ve oe 
Oa eas 


pecanse x cotha) = 1+ 1/3x* +---, with the substitution of variables 1! 
mn. Since we did not introduce a regularization prescription, these are divereell 
integrals. 

Hence the renormalized effective Lagrangian of the electromagnetic field reads 


rae ! 
m = wy 


ie e ~ - a xe 
0 


with H = H/Ho, = |e|H /m?. This result is identical to (7.88). 


7.3 The Effective Lagrangian of the Electromagnetic Field 
EXERCISE (ee 


7.6 The Solution of the Dirac Equation in a Homogeneous Magnetic Field 


Problem. Show that the energy of a Dirac particle in a homogenous magnetic field 
H = He, is given by the expression 


Epo = £y/m? + p? + lel H(2n +1 —9) 


p: is the momentum in the z direction and o = +1 is the projection of the spin. 
Use the Dirac equation for the bispinor y) = (“) and reduce the problem to the 
differential equation of the harmonic oscillator by elimination of y. Show that the 
density of states per momentum interval in the volume V = 1 is given by 


dN _ |elH 
dp, (20? 


Solution. According to in ROM, Chap. 2, the Dirac equation in two-component 
notation reads (fh = 1) 


in =o -(P—eA)X bedop+md 


in x = 0 (P—e.A)p + edoy ~ mx 


The stationary solutions for a constant purely magnetic field (49 = 0, A indepen- 
dent of time) are obtained from 


(e—m)p=a-(p—eA)x , 
(E+m)x =o -(p—eA)o 


We multiply the first equation by (€ + 7) and eliminate x, 
(2 —m)$=0-(p—eA)o-(p—eA)d . 3) 


Next we use the identity 


(1) 


(2) 


(o -aylo-b)=a-b+ia0-axb (4) 
and the gradient property of the momentum operator p = —iV: 
(<? — m)@ = [(p —e A) +io - (p — eA)x(p—eA)]¢ 
= [(p —eAY —ea-H]¢ 
= [p’ —2eA -pte’A’ —ec-H]¢ 
= [B’ dee ae esis 2xpy)|o : (5) 
The vector potential was chosen to be A = (0, Hx,0) in the last transformation, 
and V- A = 0 and H = V x A have been used. We notice that the right-hand 


side of (5) obviously commutes with the components of the momentum operator 
py and p,. Consequently the ansatz 
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Fig. 7.27. Normalization box 
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Ber) re es = ee (6) 


presents itself where ) is the unit spinor. Insertion into (5) immediately yields 


d? 
(<2 — m)f(x) = ( — Fa + Pp +? + e7Hx? — 2ebixpy — eHo) fx) , 


which can be written as 
d? 2172 Py \? 9) D 2 
ae hei (« = 2) fx) =(2 —m? —p? +eHofx) . (8) 


This is just the Schrédinger equation of the harmonic oscillator in the variable 
€ =x —p,/eH. The “oscillator energy” is fiw = 2\e|H. The eigenvalues thus are 
An = (n+ 1/2)hw = (2n + 1)\e|H. Hence 


e* — m* —p?+eHo =(2n+ Weil ee 


Epo = 4/m?+p2+.JelHQn+1+o0) . (9) 


This is the relativistic generalization of the Landau levels of a particle in a magnetic 
field. 

In order to determine the density of states we note that the energy levels (9) 
are infinitely degenerate since the momentum Py does not appear in the formula. In 
the classical framework our solution describes helical motion of the electron with 
freely chosen momentum components in y and z direction but orbiting around a 
fixed centre, 


=e 
xX = Ai : (10) 


or 


If we put the particle into a box with dimensions L,, Ly, L, (Fig. 7.27), the y and z 
motions are quantized by the boundary conditions and the number of states reads 
a) 


It It 
AN =A ee 
ag Ores P et 


Ap, = eH Axo holds because of (10). We sum over the allowed values 0 < xo < i 
and obtain, as conjectured above, 


L ie le|H 
AN = ~|e|HL, — Ap, = 
an (| Qn Qay 


2 SSS ey 


Ap,V. (12) 
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8. Quantum Electrodynamics of Spinless Bosons 


All considerations in this book so far have dealt with electrons (or muons) and their 
antiparticles, i.e. particles with spin 1/2, which are described by the Dirac equation. 
The theory of quantum electrodynamics describes the interaction of these particles 
with each other and with the photon field in a very satisfying way. In principle, 
nothing prevents us from trying to construct a similar theory also for other kinds of 
particles. The simplest case is scalar (or pseudoscalar) bosons, which have spin 0. 
In the following we want to develop the theory of the electromagnetic interaction 
of these particles, which is also known as “scalar electrodynamics”. We can take 
over many ingredients of the theory from Chapters 2 and 3 either directly or with 
only marginal modifications. 

In contrast to the case of spinor electrodynamics, however, the importance of 
this theory is limited, because there are no elementary charged scalar particles in 
nature. The best candidates for this role are the pseudoscalar mesons, especially 7 
and K. They are unstable and decay by virtue of weak interaction. For example, 
most of the charged pions decay through the channel 


i i eu, ; 


with a lifetime of about 2.6 x 107° s. Since this lifetime is very long on a natural 
time-scale, the pion can be considered stable with good approximation. The follow- 
ing problem is more basic: Unlike elementary leptons (e, 4, 7), which are point-like 
particles, pions have an internal structure. As is well known, they are now regarded 
as being composed of two quarks with spin 1/2. In Quantum Mechanics — Symme- 
tries by W. Greiner and B. Miiller we discussed this fact extensively. Since these 
are subject to the strong interaction, there are massive effects of vacuum polariza- 
tion, and the physically observed pion is a complex “cloud” of virtual particles. 
Even if one considers only the interaction with the electromagnetic field, we must 
not neglect this inner structure. Obviously scalar electrodynamics is completely 
inadequate for describing the coupling of mesons with each other, because this is 
dominated by the strong interaction. Nevertheless, in spite of the limited applica- 
bility it is very instructive to transfer the theory of quantum electrodynamics from 
the spinor to the scalar case. 
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See eae n enn nnn eee eee 
8.1 The Klein-Gordon Equation 


First, let us recall some properties of the relativistic wave equation for spin-0 
particles.' The wave function 4(x) for free scalar particles obeys the Klein—Gordon 
equation 


(O"0, + mojo) =0 . (8.1) 
The related current-density vector is? 
Ju = 1e(P" On — 0,0") 
ies Ooee (8.2) 


which satisfies the continuity equation. In contrast to the Dirac case, here the 
charge-density jp can adopt both signs. The complete system of solutions of (8.1) 
consists of two classes of plane waves with positive and negative eigenfrequencies 
and momenta, 


Pp) = N, ep P2) (8.3a) 
and 

TINGS) cae, eee ae) (8.3b) 
where 


Ep = 4) Mme ip? (8.4) 


The normalization can be determined via the total charge O = f d*xjo(a, 1), which 
is a conserved quantity. The charge of the solutions with positive frequency is fixed 
to the value Q = +e, whereas we require Q = —e for the solutions with negative 
frequency. Thus, in general, a Klein~Gordon equation describes a superposition of 
particle and antiparticle contributions with positive and negative charges, e.g. 1~ 
and 7 mesons. (Neutral scalar particles will not be considered here.) Later on we 
shall return to the physical interpretation of these contributions. 

In the case of the continuum normalization “to a 6 function” one has to choose 


fy 
i= 2E,Qnp’ (8.5) 


and the normalization condition for the plane waves reads 


[te Pi GoW) = 480" —v) , (8.6a) 
/ dx P(x) i Ao PPA) =0 . (8.6b) 


' (See W. Greiner: Theoretical Physics, Vol.3, Relativistic Quantum Mechanics — Wave 
Equations (Springer, Berlin, Heidelberg 1990), Chap. 1. 

> Here we use a notation which is a bit different from that used in Relativistic Quantum 
Mechanics. There the analog of (8.2) contains an additional factor 1/2mo, which is com- 
pensated by a different normalization of the wave function. 


8.2 The Feynman Propagator for Scalar Particles 
In general, (8.2) defines a modified “scalar product” (¢2|1) in the following way: 
Wrlb) = [dk 650)1 Bode) , 8.7) 


for which the positivity condition (¢|¢) > 0 is no longer valid. 
The interaction with the electromagnetic field is introduced as usual by thc 
minimal coupling prescription 
Pp > Pu — CA 
The Klein—Gordon equation in the presence of an electromagnetic field then reads 


[G" — eA")\(6, — eA,,) — m6] ox) = 0 (8.8) 


or 
[a"0, + mé] d@) =—-V oe) . (8.9) 


Here we have formally introduced the potential operator V. Explicitly it is given 
by 


Vb = ie(0,A" + A#A,)6 —e7AMALD (8.10) 


As the Klein—Gordon equation is of second order in the coordinates, the coupling 
term in (8.9) has a quite complicated structure: It contains gradients 0,, and more- 
over is nonlinear in A,, because of the quadratic last term. 

In addition the current density of the scalar field is modified by the presence 
of an electromagnetic potential, namely 


jp = lef On O- 2e* Aud : (8.11) 


Equation (8.9) will be used to calculate the scattering of a scalar particle at a 
given potential A,,. Our experience with spinor QED suggests the development of 
a perturbation theory based on the use of the propagator of the free Klein—-Gordon 
equation. 


8.2 The Feynman Propagator for Scalar Particles 


In complete analogy to our considerations in Chap.2 for the Dirac equation we 
define a propagator Ar(x’—x) that solves the Klein—Gordon equation with a point- 
like unit source: 


(OO! + mp) Are’ — x)= 8G! —x) . (8.12) 


The choice of the minus sign of the source term on the right-hand side is natural 
since the interaction term in (8.9) also has a negative sign. A solution of this 
differential equation can be obtained, as usual, by Fourier transformation 


Delod == dp ees) (8.13a) 
; (27) p?—mé +ie 
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eee a aE Eee 


i.€., iN momentum space, 


1 
In this we have again used the Stiickelberg-Feynman prescription for circumventing 
the poles at p? = mg. We shall soon convince ourselves that this means that the 
wave functions with positive frequency +E, propagate forward in time, while those 
with negative frequency —E, propagate backward in time. The relation to the spin- 
1/2 Feynman propagator Sp is very simple, namely 


Spx’ — x) = (i7,9" — mo)Ap(x’ — x) . (8.14) 


In order to investigate the action of the propagator on a wave function we first 
express Ap(x’ — x) as a sum over the complete set of solutions (8.3). For this 
purpose the po-integration in (8.13) is performed with the help of the theorem of 
residues, in the course of which the contour for t’ >t (t’ < 2) is to be closed 
in the lower (upper) half-plane. This calculation proceeds exactly like that at the 
beginning of the second chapter for the Feynman propagator of Dirac particles, 
and one obtains 


3 Re 
Aree! —ay= f GPa emee'a f Poe 


(27) 2m pi — ae 
: d*p eip-(a'—x) ; ki ; ; 
es ay! a) pe ene +) 
‘| Grp 25, Cee ggpd(cags © 
(8.15) 
Using (8.3) this can be written as 
Ar(x’ — x) = -iO¢@' — 1) :: dp Po") 
166-1) fd OEE) (8.16) 


where we have substituted p — —p in the second integral. 
Now we consider a general wave function (x) composed of contributions with 
positive and negative frequency, 


P(x) = [a arehPo)+ f ap bee ) = PMC) +9) 8.17) 


and apply the propagator Ar(x’ — x). To make use of the modified scalar product 


(8.7) the operator i Oo is sandwiched between the propagator and the wave function 


[axanc’ ~x)i Bo ox) 
=-i fd (ow — 060°) fd SP") i Bo 665) 


EOC =/ BOG) / ax Bx) i on #¢s)) (8.18) 


8.3 The Scattering of Spin-0 Bosons 


If now g(x) is decomposed into components according to (8.17), then the orthonor- 
malization relations (8.6a,b) can be applied. As we had conjectured, the result is 


ii doa = 3) Bo Hx) = -10(t' — dM (x’) + i10(t — tO %’) . (8.19) 


This result is completely analogous to (2.25) and (2.26) of Chap. 2, which were 
derived for Dirac spinors. 


8.3 The Scattering of Spin-0 Bosons 


Along the lines of Chap. 3 we can also treat scattering processes of spin-0 bosons 
with the help of the propagator. Let us represent Ap(x’ — x) by a dashed line 
between x and x’. In Fig.8.la, for example, a free boson runs from the point 
(x,t) to the point (x’,t’) with t’ > ft. It is a particle with positive energy and 
thus charge Q = +e. For the sake of simplicity we shall speak of a pion (that 
is to say m because of the convention e = —|e|). Under the influence of the 
perturbation potential V the particle can be scattered at (a1, t) (Fig. 8.1b). It can 
also be scattered several times Fig. 8.1c. However, in the latter case the propagator 
Ar(x2 — x;) also permits the time ordering f < t,, which means that the 7— 
propagates backward in time from x, to x2, as in Fig. 8.2a. But physically a particle 
am, that is emitted backward in time at the point x; renders the same effect as if 
an antiparticle 7+ were absorbed. Hence one can also draw the Feynman graph in 
the form of Fig. 8.2b so that particles with both signs of charge that all propagate 
forward in time occur. In this language the process in Fig.8.2 then means that 
a m~ comes in and then at the point (a@2,) a m amt pair is created; later on, 
the + annihilates with the incoming 77 at (2), t,), whereas the other 7 keeps 
propagating into the future. 

This stands in complete analogy to the case of spinor electrodynamics; one 
just has to change the names 7+ and e+. Nevertheless, there is one difference: As 
the bosons do not obey Pauli’s exclusion principle, one cannot use Dirac’s hole 
picture; it does not make sense to interpret the 7+ as a vacancy in a sea of 7 
particles whose other states are completely occupied. 


“4 
x 

XS 
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Therefore, without having recourse to this auxiliary concept, we formulate 
Feynman’s interpretation as a postulate for all particles (both bosons and fermions): 
The emission (absorption) of a particle with 4-momentum p" is physically equiva- 
lent to the absorption (emission) of an antiparticle with 4-momentum —p". 

Now we give a quantitative formulation of these considerations and calculate 
the S matrix for scattering processes. For this purpose the Klein—Gordon equation 
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Fig. 8.la—c. Free propaga- 
tion and scattering of a bo- 


son 


Fig.8.2a,b. A am” running 


backward in time is a 7 


+ 


388 


8. Quantum Electrodynamics of Spinless Bosons 


(8.9) for a wave function ¢(x) with the perturbation “potential” V(x) given by 
(8.10) is to be solved. Using the Feynman propagator from (8.12) we get 


P(x) = p(x) + [a Ara —y V0)60)_, (8.20) 


where y(x) stands for a free wave satisfying (0,,0" + mé)p(x) = 0. In the case 
of particle scattering p; — p, the wave function ¢@ must satisfy the boundary 
condition ¢(x, t) > Oe, t) fort + —oo. The S matrix results from a projection 
on the final state (a, t) for t + +00: 


Si = lim (PPO do) 


| 


t—+00 
_ : 3 +)* ares 
= lim, [a of (x,t) i Oo dp (a,t) (Som) 


With the representation (8.16) of the Feynman propagator and (8.20) we get for 
this expression 


Sy = Jim. fd oh" (@,1) i Bo (% e+ [dy doe =P O4,09) 
= lim i de PO*(@,t) i Do Pp, (yt) 

+ lim / dx gP*(@,1) i Do 

Z / dy dp (-iI)0(t — p(w, eS" WP bp, 0”) 


= lim. dx Pop (es thi Oo Cua t) 


— i lim, ih dp ( i dx POC) i Bo $e) i) dy 2 WV 0) bp, (”) 
— 
= sR (ppp), (8.22) 
which leads to 
$= Pe, —P)—i f ay OP 0,0) (8.23) 


because of the orthonormalization relation (8.6) for plane waves. 

Whenever we are concerned with scattering of antiparticles p; Py, we let 
a particle with negative 4-momentum —pr propagate backward into the past and 
project at t + —oo on yl (ar, t): 


Si =~ lim (of ib, (x)) 


a . 3 = . p= 
= Sh ce: Gar Oly dp (x,t) , (8.24) 
where the minus sign is only a convention. Here it becomes clear that — from a 
purely calculational point of view — the antiparticle enters the interaction region 
with momentum py and leaves with momentum Pi. So we obtain 


8.3 The Scattering of Spin-O Bosons 


3 aS 
Si =P @,— pd -i f YAO Oy) (8.25) 
Pair annihilation and pair creation can be calculated in a completely analogous 
Way. 

The expressions (8.23) and (8.25) together with the integral equation (8.20) for 
oy) again suggest a perturbation expansion. For this one proceeds in an itera- 
tive way: in the nth step of the iteration one inserts the expression for the wave 
function $) into the right-hand side of (8.20) in order to calculate the (n + 1)th 
approximation ¢*!). For particle scattering the (formal) perturbation series 


n= Ss” (8.26a) 
n=1 
= doce dono.) 
re 
x (=i)V On IAG nn (I) 1). PP). (8.26b) 


is obtained. However, here an important difference to the analogous formula of 
the spin-1/2 theory arises. Whereas there the expansion (8.26a) had the form of a 
power series in the charge e, here this is no longer the case: every term Se contains 
a mixture of powers between e” and e””. If one wants to keep an expansion in the 
coupling strength e, which is the reasonable way to do perturbation theory, the 
various contributions have to be rearranged and grouped together. The reason for 
this can be found in the form of the interaction potential V from (8.10), which 
contains both a linear term ed and a quadratic term e2A?. 

This feature of V also has an important consequence whenever the terms of the 
perturbation series are represented by Feynman graphs. In scalar electrodynamics 
there are two kinds of photon vertex, as represented in Fig. 8.3. According to the 
four-leg vertex (Fig. 8.3b) (also known as the “seagull vertex” because of its shape) 
the boson can absorb and/or emit two photons simultaneously. Hence in contrast 
to spinor QED there is now a richer “zoology” of Feynman graphs contributing 
to a given process. However, the two-photon vertex contains the factor e?; so if a 
calculation in lowest order suffices, its contribution can, circumstances permitting, 
be left out (for an example where this is not true see Exercise 8.2!). 

Let us now investigate which mathematical factors are assigned to the ver- 
tices when evaluating Feynman graphs. For this purpose we construct an S matrix 
element of first order (according to the expansion (8.26)): 


si = } dt oP" \(—DV @)eM@) 


d* 1 ae , ee 
peor ares 4.7 tidal se? 
= sf?) + sf!” (6.27) 


The contribution that is linear in e can be simplified by a partial integration: 
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Fig. 8.3a,b. The two vertices 
of the coupling between pho- 
ton and spin-0 boson 
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i) d'x oF * e(GA,, + AyOM Ye 


fi \/2E;2E;(2ny3 
el de ee 
: seo | el (pf) + ip} 


Ane aes 


= oh cathe es 

= |(-ievof + pf] TEESE att — PO (8.28) 
In the second line a surface integral at infinity, arising from the divergence 
oH (cl mee aa The) B was dropped. Therefore the one-photon vertex in Fig. 8.3a 
is assigned a factor —ie(py +p’). This expression plays the same role as the fac- 
tor —iey" at the electron-photon-vertex. In addition the S-matrix element contains 
a factor originating from the normalization of the plane waves and the Fourier- 
transformed electromagnetic potential 4,,(q) at a momentum transfer g = Di Pe 
The quadratic coupling in (8.27) leads to 


ae i): d'x eles—PD*AMEx)AM() (8.29) 


1 

a8) 

= 10"e ee 
(6 Iw) TEE On 
The Fourier transform of the product of vector potentials can be changed into a 
convolution integral in momentum space: 


(16) _ 7-2 I ak = is 
Oe SC tw) /iE aE ny i ont | kK)A'(k) (8.30) 


One has to be careful with the interpretation of (8.29) and (8.30) because at this 
vertex there are two separate photons to be emitted/absorbed. Thus the A“ field 
contains two parts, let us call them 44(1) and A“(2), and if one takes the square, 
only the mixed terms are to be considered: 


APA, = (AM(1) + A#(2))(Ay(1) + 4,,(2)) 
— ANA y(2) + AM(2)4y(1) = 24"%(1)A,(2) (8.31) 


because a single photon cannot interact twice. This reasoning leads to an additional 
factor of 2. So one has to assign a factor 2ie*g,., to the two-photon vertex from 
Fig. 8.3b. It is multiplied with the familiar normalization factor and with the product 
of the two photon fields. 

The necessity for the additional factor 2 becomes even more obvious if one 
draws all possible Feynman graphs for a process of second order in Cera inatiie 
case of pair annihilation. As one can see in Fig. 8.4, two photons are emitted. Since 
these are indistinguishable Bose particles, the final state is to be symmetrized. In 
the case of Fig. 8.4a with two separated emissions this leads to the exchange graph 
Fig 8.4c. Also in the case of a two-photon vertex the two photons can be related 
in different ways. But as the exchange graph Fig. 8.4d has the same structure as 
Fig. 8.4b, it is simply accounted for by doubling the vertex factor to a value of 
Des 

Nevertheless, this rule, which can be generalized to arbitrary processes, has 
one exception: graphs that contain a closed photon loop as in Fig.8.5. Here a 
symmetrization has to be performed, too, which yields a factor 2. But if one uses 
2ie* guy for both vertices, one will have double counted. Thus, to correct this, every 
closed photon loop has to be multiplied by the factor 1 io 
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The electromagnetic field A,, in (8.27) can also have the transition current Iii 
of a spin-0 boson as a source: 


AM) = i dy Dex —yy#Q) (8.32) 


Again here two terms of order e and e* occur in the transition current according 
to (8.11), which corresponds to the graphs in Fig. 8.3. This must be so, because 
the result has to be symmetric under the exchange of absorption and emission of 
virtual photons. 

Except for the modified vertex factors and propagators, all further steps in the 
calculation of cross sections proceed as in Chap.3. Compared with the spin-1/2 
theory, the calculations are considerably simplified, because we no longer have to 
sum over particle polarizations, and we do not need the algebra of -y matrices. 

Let us now consider the case of the scattering of a (structureless) pion at a 
time-independent external Coulomb potential. According to Section 3.1 the cross 
section is given by 


1 [Sa? Vaipy 


i al a 27) 


(8.33) 


The S-matrix element in first order was already given in (8.27). For the Fourier- 
transformed Coulomb potential we have 


[ar| 
If one uses a normalization of one particle per box with a finite volume V instead 
of (8.5), i.e. N, = 1/,/2EpV, the incoming (particle) current is given by 


oy —LE Ze4n 
PaO) = il de ayy = 28) oe Sao (8.34) 


_ 1D; Vi 
oa ai = {— ae 8.35 
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Fig.8.4a—d. The graphs of 
second order for pair annihi- 
lation (b) and (d) have the 
same value 


Fig. 8.5. Symmetrization for 
a graph with a closed photon 
loop 
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With the usual replacement (25(Ey — E\)) — T 2né(E; — E;) the cross section 
reads 


2 
1 .. (Ff +) —Ze4n| Vd*py 
do = —~— |(—ie)—==——— 27 b(E; — EN —-| => 
\v;| T ( PE EV? oa la? | (np 
4Z7e4 d°py 
= oe pepe (8.36) 


Thus we are led to the differential cross section for scattering into the solid angle 
element d{2;: 


do _ Ip, ’a|p,| 


Nye ge - AZ a h 
d Sdy |v; | 


la* al 
With the momentum transfer |q|* = 4|p|? sin’ 6/2, cf. (3.38), we can rewrite (8.37) 
as a function of the scattering angle @ in the centre-of-mass system: 
Cc Zea 
dy  4lp|2v2 sin’ 6/2 
Comparing this result with that of Section 3.1 one notices that the cross section for 
electron scattering contains an additional factor (1 — 9 sin* 6/2). This discrepancy 
is caused by the magnetic moment of the spin-1/2 particle; in the limit of low 
velocities both results agree since then the magnetic interaction is negligible. 


In Exercises 8.1 and 8.2 two more processes, Compton scattering and pair 
production, will be calculated. 


iE, ay (8.37) 


(8.38) 


8.4 The Feynman Rules of Scalar Electrodynamics 


The rules for calculating cross sections, which were compiled in Chap. 4, are to be 
extended in the following way, if spin-0 bosons are involved. 

The cross section is calculated according to (4.3). The normalization factor for 
in- or outcoming bosons is 


N=! 


This corresponds to the normalization ,/1/(2E;V) of the external boson lines 
(normalization to one particle in a box with volume V). To calculate the invariant 
amplitude My of a process the corresponding Feynman diagrams have to be drawn 
and translated into algebraic expressions with the help of the following set of rules. 


The Feynman Rules for Spin-0 Particles. 


1. The external lines 
a) incoming boson eee 


b) outcoming boson a 


are assigned a factor 1. 
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2. Every internal boson line is assigned a factor 


ao) = a ee ee 
FP) p* — mp +ie ge or 


3. The vertices are described by the factors 


ie 
a) one-photon vertex: epi, +Py) — > WN =~ 


t 


P P 
iy 
b) two-photon vertex: 2ie*g,, = pee 
P p’ 
7 
‘< n 
4. Every closed photon loop is assigned a factor 1/2. OR 
Ww x 
Z \ 


5. There are no extra factors —1. 


Rule 5 is evident because the changing of boson lines always yields a factor +1 
according to Bose statistics. 


EXERCISE 


8.1 Compton Scattering at Bosons 


Problem. Calculate the cross section for photon scattering at spin-0 bosons in 
lowest order, in analogy to Section 3.7 Check the gauge invariance of the scattering 
amplitude. 


Solution. In lowest order (e7) there are three different graphs, which have to be 
added coherently, see Fig. 8.6. The invariant amplitude can be easily constructed 
according to the Feynman rules: 


MO = (-ieMpy + py + k'Y! X(R!, NViAR; +b) 


le) 1 Prk leenk.A) | ue 
Mj” = (—ie)(py + Bp — 1)” ev(k, NiAr(py — h) 

x (—ie\(pi + Pi — KERN) a 
MO = Die? gt” eR(R', NER) - 


The complete invariant amplitude can be written as 
Mg = e%(k',d') T! ev(k,) (2) 
Here the Compton tensor T"” (p;, pp, k,k’) has been introduced. It has the form 


H(2n, y ee (0 ea 
as ae ee (2p; — k’ pr YY = agit” 


(pi +kYP — mg (pp — bP — mg 
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Fig. 8.6a—c. The three second- | PF h Pf 
order Feynman diagrams for _k’, €’ , ke! i 
Compton scattering on a 
spinless boson Mae pi pie 
| prtk' pr—k 
4 4 
ne on k,e I 
(a) Ip; | Pi 


(b) 


Let us first check the gauge invariance of this expression. As explained in Section 
3.6, the value of the amplitude must not change when the potential is re-gauged, 
€v(k) > e,(k) + kL A(k), ie. 


EE ee Ee, (4) 


Now we rewrite the denominators in (3): 


(9) +k) — mg = pp +2k- pp tk? — mp = 2k-pp th, (Sa) 
(pp — ky? — ms = pf —2k-pp +k? — me = —2k-pp tk? (Sb) 


Hence we find that 


pg, = ie [Prt RM Op +I) | Opi — kM Opp he = FP) 24" 
(p; +k)? — m3 (pp — kK? — me 
= —ie*[(2py + k')" — (2p; — k')* — 2k] 
=-ie?2(pp +k’ —p;-kKY =0 . (6) 


In the same way one can prove (4b). Obviously the two-photon vertex is indispen- 
sible for satisfying the condition of gauge invariance in a given order e” of the 
perturbation series. 

According to the rules of Chap. 4 the cross section now reads 


i aos 


~ 4G? 0 


dy de! 
2B ny 2a 2a)? ie 
(7) 


(27)*5* (pp +k! —p; — k)|Mg? 


where w’ = |k’| is the photon energy. The somewhat tedious integration over the 
final momenta py and k’ was performed in Section 3.7, (3.249), with the result 


| d*py 2k! 


2Ey 2u! 


1 2 
Mor tk! —p-D= 5 | ddy = (8) 


feat 
2w 
Thus the differential cross section is 


do 1 1) 2 5 
di ~ pi Kl 2g duo MV @) 
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In the /aboratory system, where the particle is initially at rest, we have p; = (79,0) 
and therefore p;-k = mow. In order to calculate [My |? we now choose, as in Section 
3.7, the following special gauge: 


E(k) = (0;e.(k,)) with e(k,\)-b=0 , (10a) 
Sah) Ore a eewithie(k’ A bo 0 (10b) 


Because of the transversality of this gauge all terms with «- k and & - k’ vanish, 
and (2) is simplified to 


De eae -p, 2e- 1p 
Vie? | eee FO oe 
A a ( 2mow —2mow! — 


= —2ie*e*(k’,d')-e(k,d) . (11) 


With the help of the gauge (10) the first two terms could be dropped, because 
€- pi = (0, €) - (mo,0) = 0 and €’ - p; = (0,€’) - (mo, 0) = 0. Thus the Compton 
scattering of spin-0 bosons is completely described just by the graph (c)! The cross 
section from (9) reads 
da Cus 

——— = — —~ |e*(k’,’)-e(k, A)? 12 

Fy 7 me ak RN) €,2) (12) 
If one does not observe the polarization of the photons, one has to average over 
and to sum over 4’. According to Section 3.7, (3.286) we have 


1 
5 le) eC, NP = 51+ 005), (13) 
A,r‘ 


where @ is the angle between k and k’. The unpolarized Compton cross section 
then becomes 

do'npol 1 5 wi 5 

—— = =r, —(l1+cos*8) , 14 

oe Oe 2 (1 + cos’ 8) (14) 

with the classical electromagnetic radius of the particle ro = e*/moc?. This result 
is a bit simpler than that obtained for Compton scattering at spin-1/2 particles. The 
Klein-Nishina formula of Section 3.7 is recovered by replacing 


i? 


Ww 
1+ cos*@ > (= + 
Ww 


—- 1) + cos’ 6 

w 

in (14). In the limit of low photon energies where w’ ~ w the cross section thus is 
independent of the spin of the particle. 
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Fig.8.7. The lowest-order 
graph for the electromag- 
netic annihilation of an elec- 
tron—positron pair into a pair 
of spinless charged bosons 
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8.2 The Electro-Production of Pion Pairs 


Problem. Calculate the cross section for the process et + e~ — a+ + a7, in 
the course of which an electron-positron pair annihilates into a virtual photon, 
which then decays into a pair of charged pions. The cross section was measured in 
accelerator experiments and has a maximum of o ~ 1.4 x 10~*°cm? at the energy 
Eto: = 770 MeV (i.e. E = 385 MeV for particles and antiparticles if they collide 
with equal energy). Compare this with the theoretical result. 


Solution. In lowest-order the graph of Fig. 8.7 has to be calculated, where p; and 
pz denote the 4-momenta of the incoming electron and positron and p/ (p3) those 
of the m~ (at). According to Chap. 4 the cross section is given by 


] 
(2m )°(20)* 647) + pr — pi — PIMP 
4,4/(p1 - p2)? — mg 
d"pi dp; 
2E (25)? ZEA On)? 


d¢e= 


(1) 


Now we proceed with the calculation in the centre-of-mass system (which is iden- 
tical with the laboratory system in experiments with storage-ring colliders) so that 
we have 


A= (E,p) 9 2> (E, =p) ’ (2a) 
=(E,p’) ’ Pp, =(E,-p’) : (2b) 


The flux factor is 


(Pi -p2)? —mg = 4/(E2+p2)—mt =2E|pi . (3) 


For the calculation of the invariant matrix element Mj we employ the Feynman 
rules for scalar and spinor particles: 


Mg = —(—ie)(P| — pz). DEY (D1 + pr)U(p2, 52)(—iey)u(p1, $1) 
ey 4n 


=i Geant U(P2, S2)(P1 — P)u(Pi,81) (4) 
With the total momentum 
q =Pi+p2 = (2E,0) (5) 
the differential cross Pee averaged over the initial spins s, and s2, now reads 
# Ul ef 
=; ae Hp i 1) 2) ar 
5159 q 
iat 2 
x ae — py)u(p1,51)| dpi d} , 
a mg ! t SL 8 
= oo 5 + pa - —Pi—P2)Sap\ dp, . (6) 


— g4 2E3\p| 
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8.4 The Feynman Rules of Scalar Electrodynamics 
Exercise 8.2. 


The calculation of the spin sum 
(7) 


| a g 
= 7 > [oe2, 2G - #)u@1,50)| 
51582 
is simplified if one rewrites 
V(P2, 82), — py)u(Pr, 51) 
/ 
(8) 


= U(P2, 82) [P+ #4) - 25] u(p1,51) 
V(P2, 82) + p2)u(p1, 81) — 2 (pr, 52)5u(p1, 81) 


The first term of the sum vanishes because of 


? 


Fiu(pi, 81) = mou(pi, 81) 
U(p2, 52)p2 = —mgU(p2, 82) 
According to the rules from Chap.3 the spin sum can be rewritten as a trace 


s Se (@(pP1, 81)P5v(P2, 52)) (B(e2, s2au(P1, 51) 


5152 
oe + Mo , Pitmo + mo 
2 
Tr (gy Mey, 0) 
The evaluation of this trace according to the rules from Section 3 yields 
1 
S= Te (Tr pop oo 1 — mg Tr p57) 
ms 
(10) 


1 
— (2p1 - Ps pr ph — Me pi-p2— mM), 
0 


where mo is the rest mass of the electron and Mo that of the pion. So in the 
centre-of-mass system we obtain with (2) and the mass-shell constraints E? = 


lpi? + ms, £* = |p’)? + Mg 
S = 5 (26? +p p'\E* pp’) — MSE + InP) ~ mba] 
= 2 (e"\p'P -@-p'?| a 
0 
With that the total cross section (6) reads 
er Pal 42 dp; O(p1 + po — pi — P) [E"lp'? —(@-'Y] 
= a Ew fie’ |?d\p '|dd'd cos 0'5(2E — 2E") 
x (E*|p ‘| — Ipl’Ip |’ cos’ 4’) (12) 
The 6 function describing energy conservation can be rewmtten as 
(13) 


Aas 6 (1p' |~ 6?) 


6(Q2E — 2E') = 5 apy 
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Exercise 8.2. 


Providing the threshold condition L > MQ is met (12) becomes 
+1 
lp |? fe cos 6'(E* — |p|? cos? 6’) 


re! |p'[? 2 
Pee IE? ones 2 
q* E*|p| ( 3/ 


2 "3 2 
ye ee oe (14) 
3q°* E* |p| 


e* 1 1E 


gee 
q E* pie 2p" 


As the electron mass mpg is negligible compared with the incident energy E, the 
exact result (14) can be simplified to 
ror 3° 

yee” 


2 
See 
where (’ = |p’|/E is the velocity of the pions. 

In order to calculate the value of & at the given energy E = 385 MeV, we 
have to insert the appropriate powers of fh and c into (15). Obviously one has to 
multiply by h?c? ~ (197 MeV - fm)’ so that & gets the dimension of an area: 


3 2 
~ retin =3x 107cm?_ , (16) 
with the pion velocity 6’ = ,/E? ~ M3/E ~ 0.932. So the measured cross section 
for pion pairs is much greater than what the result (14) predicts, almost by a factor 
50. 

It is evident that the assumption of structureless particles that interact only by 
virtue of the electromagnetic field is not justified. The reason for the large cross 
section at the given energy is that the virtual photon is first converted into a pa 
meson with the same quantum numbers (Spin 1, negative parity), which then can 
decay into pions or take part in other processes involving the strong interaction. 
This property of virtual photons is described by the “vector dominance” model. 
The “resonance energy” is equal to the mass of this particle, which amounts to 
M, = 770 MeV for the vector meson p°. In fact, a whole family of shortliving 
mesons was observed as resonances in the cross section for ete~ annihilation. 
The purely electromagnetic production mechanism for pions only plays the role of 
a background process. 


SS ee 


er ee ——(eeeseessss 
Appendix 


In this appendix we collect a number of bibliographic references for the interested 
reader who either wants to learn more about Quantum Electrodynamics or is inter- 
ested in the imbedding of QED in the more general framework of Quantum Field 
Theory. 


1. Books which contain details on the formulation of QED and the calculation of 
varlous processes: 

e A. Akhiezer and V.B. Berestetskii: Quantum Electrodynamics, Interscience, New 
York (1965) 

e J.M. Jauch and F. Rohrlich: The Theory of Photons and Electrons, Springer- 
Verlag, New York, Heidelberg, Berlin (1976) 

e G. Kallen: Quantum Electrodynamics, Springer-Verlag, Berlin (1972) 

e |. Bialynicki-Birula and Z. Bialynicka-Birula: Quantum Electrodynamics, Perga- 
mon, Oxford (1975) 

e V.B. Berestetzkii, E.M. Lifshitz, and L.P. Pitaevskii: Relativistic Quantum The- 
ory, Pergamon Press, Oxford (1971) 


2. Two books covering topics related to QED with strong external fields: 

e W. Greiner, B. Miller, J. Rafelski: Quantum Electrodynamics of Strong Fields, 
Springer-Verlag, Berlin (1985) 

e V.L. Ginzburg (ed.): /ssues in Intense-Field Quantum Electrodynamics, Nova 
Science Publ., Commack, N.Y. (1987) 


3. The most recent information on the status of QED experiments contrasted with 
theory has to be extracted from original research papers and from review articles 
published in conference proceedings. In addition the following book provides a 
good overview: 

e T. Kinoshita (ed.): Quantum Electrodynamics, World Scientific, Singapore (1990) 


4. An old but still useful collection of reprints of many of the basic original papers 


related to QED: 
e J. Schwinger (ed.): Quantum Electrodynamics, Dover, New York (1958) 


5. Classical textbooks on Quantum Field Theory, in chronological order: 

e N.N. Bogoliubov and D.V. Shirkov: /ntroduction to the Theory of Quantized 
Fields, Interscience, New York (1959) 

e S.S. Schweber: An /ntroduction to Relativistic Quantum Field Theory, Harper & 
Row, New York (1962) 

e J.D. Bjorken and S.D. Drell: Relativistic Quantum Mechanics, and Relativistic 
Quantum Fields, Mc.Graw-Hill, New York (1964) 
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e D. Lune: Particles and Fields, Interscience, New York (1968) 
e C. Itzykson, J.-B. Zuber: Quantum Field Theory, McGraw-Hill, New York (1980) 


6. Some further references on quantum fields and gauge theories, which emphasize 
the path integral formulation: 

e L. H. Ryder: Quantum Field Theory, Cambridge University Press, Cambridge 
(1985) 

¢ D. Bailin and A. Love: /ntroduction to Gauge Field Theory, Adam Hilger, Bristol, 
Boston (1986) 

¢ R.J. Rivers: Path Integral Methods in Quantum Field Theory, Cambridge Uni- 
versity Press, Cambridge (1987) 

¢ S. Pokorski: Gauge Field Theories, Cambridge University Press, Cambridge 
(1987) 
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worked problems. In their presentation of the subject the authors adopt 
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with a discussion of two-particle states and the interaction of spinless 
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